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ABSTRACT

Khreishah, Abdallah Ph.D., Purdue University, August 2010. Analysis and Design
of Intersession Network Coding in Communication Networks. = Major Professors:
Chih-Chun Wang and Ness B. Shroff.

Network coding extends the functionality of networking nodes beyond the tra-
ditional store-and-forward operations. It allows information from different pack-
ets/flows to be mixed together at intermediate nodes using mathematical operations.
There has been significant prior work that has explored “intrasession” network cod-
ing, where only packets of the same session or user are allowed to be mixed together.
However, intrasession network coding, while providing substantial gains in the pres-
ence of multicast traffic, provides no performance gains for unicast traffic, which is the
predominant traffic on the Internet. On the other hand, intersession network coding,
where packets of different sessions or users are allowed to be mixed together, improves
the capacity of the network in the presence of either unicast or multicast traffic. In
this dissertation, we use optimization and information theoretic approaches to de-
sign intersession network coding schemes for both wireline and wireless networks. In
wireline networks we design a distributed but joint rate control algorithm and coding
scheme that are optimal when any coded symbol is formed by at most two original
symbols. The proposed approach improves both the capacity and fairness over exist-
ing approaches. Due to their broadcast nature, wireless networks enjoy higher gains
from network coding than their wireline counterpart. We explore two different wire-
less network settings in this dissertation and develop optimal intersession network
coding schemes under these settings. The first setting is when channel conditions are
known prior to transmission. In this case we develop a cross-layer framework that re-

quires minimal interaction between layers and achieves the optimal solution when any



XV

coded symbol is formed by at most two original symbols. We also provide a coding
scheme that uses only XOR operations and achieves the same throughput as the one
developed for wireline networks. We study the performance loss of our framework
when using non-optimal but distributed scheduling algorithms. This framework is
also extended to include energy minimization. In the second setting we assume that
channel conditions are unknown prior to transmission. Without network coding the
optimal solution can be achieved using opportunistic routing. With network coding
we study the problem of two-hop relay network where the encoding and decoding
nodes are neighbors. For this problem we provide a coding scheme that achieves
the capacity of the network with two flows. We also use this result to maximize the

throughput of a general lossy wireless network.



1. INTRODUCTION
1.1 Overview of Network Coding

The traditional way of sending information through computer networks is to or-
ganize them into data packets at the source and route the packets to the sink through
intermediate nodes. This method is referred to as store-and-forward or packet switch-
ing [1]. We will refer to this method as the non-coded method. For the case of single
source transmitting to a single sink, the maximum achievable rate equals to the min-
cut max-flow value between the source and the sink. The min-cut max-flow is defined
in [2]. For this unicast model, it is shown in [3] that the min-cut max-flow value
is achievable by the non-coded method. In the case of a single source broadcasting
information to more than one sink - known as single source multicast - non-coded
method is not sufficient to achieve the maximum rate [4]. Furthermore, with the non-
coded approach the problem is equivalent to steiner-tree packing [5] which is known
to be NP-hard.

Ahlswede et.al in [4] show that for the single source multicast case, the maximum
achievable multicast rate is the minimum of the min-cut max-flow values between
the source and each sink. It was also shown in [4] that this rate is achievable by
coding. This type of coding is referred to as network coding. For example, in the
butterfly network in Figure 1.1, we assume that each link can sustain a throughput
of at most 1 packet per unit time. Source s wants to broadcast packets to sinks d;
and ds, respectively. For this topology, if only non-coded solutions are permitted, we
could achieve a multicast rate of 1.5 packets per unit time. However, using network
coding, it can be easily seen that we can sustain a rate of 2 packets per unit time as

shown by the coding scheme in the figure.



Fig. 1.1. The multicast butterfly network.

The simplicity of the single source multicast problem is due to two facts. First,
Linear coding is sufficient to achieve the min-cut max-flow rate [6]. Second, there
exists a polynomial time algorithm for the code construction [7]. A useful algebraic
approach to network coding is found in [8]. Based on this approach, it was shown in [9]
that choosing the coding coefficients randomly with a large enough field size achieves
very close to optimal solution. The results in [9] facilitate distributed implementation
of network coding.

The work on network coding conducted after these basic works are mainly in
three different directions. The first direction is to provide bounds on the benefits of
network coding and to study the capacity improvements provided by network coding.
In [10], both graph and information theoretic characteristics of the network are used
to provide upper bounds on the capacity of the network with multiple sources and
sinks. Edge cut sets are used in [11,12] for the same purpose. In [13] the capacity
of the network is characterized when the number of nodes allowed to perform coding
is limited and [14] studied the capacity of multiple unicast sessions in undirected

networks. For wireless networks [15] showed that in the asymptotic case when the



number of nodes in the unit area becomes very large the gain of network coding
in terms of throughput is bounded by a constant. The benefits of network coding
in terms of both throughput and energy are also within a constant factor for the
non-asymptotic case [16].

The second direction is to provide distributed algorithms that allocate resources
at different links in the network. For wireline networks a distributed algorithm for
the problem of minimum cost single-source multicast is developed in [17]. The same
work characterizes the problem for wireless networks as a linear program. The con-
gestion control problem of the single-source multicast for wireline networks is studied
in [18-21], where different distributed algorithms are developed. A fast resource al-
location algorithm is developed in [22] based on network coding with feedback. For
wireless networks cross-layer algorithms for multicast are developed in [23-25], and
opportunistic network coding algorithms are developed in [26,27] for unicast sessions
and in [28] for both unicast and multicast sessions.

The third direction is using network coding for problems other than resource
allocation as peer-to-peer networks in [29,30], content distribution [31], distributed
storage [32], network tomography [33], code updates in sensor networks [34], and

network security [35,36].

1.2 Intrasession and Intersession Network Coding

When there are multiple sources in the network, the single source multicast prob-
lem can be generalized to intrasession network coding. The session is defined by a
source and a set of sinks interested in receiving symbols from this source. In intrases-
sion network coding, coding operations are limited to be between symbols of the same
session. Intrasession network coding have demonstrated throughput improvement for
multicast in both wireline [17-21,28] and wireless networks [23-25]. The benefits of
Intrasession network coding can also be in terms of energy savings [37]. When inte-

grated with feedback messages in [22], intrasession network coding results in a faster



resource allocation algothim than the back-pressure algorithm. In general, intrases-
sion network coding does not achieve the capacity. Furthermore, if every session has
only one sink, which is the typical scenario in communication networks referred to
as multiple-unicast-sessions, the performance of non-coded solutions is the same as
intrasession network coding. Therefore, in order to enhance the performance of com-
munication networks, coding operations have to be performed among the symbols of
different sessions which is referred to as intersession network coding.

In contrast to intrasession network coding, intersession network coding is less
studied and understood. One reason for that is the result in [38] which shows that
the general intersession network coding problem is NP-hard as the number of ses-
sions becomes very large. Another reason for that is that in general linear coding is
insufficient for the intersession network coding problem [39].

Different approaches have been used to study intersession network coding for
both wireline and wireless networks. For wireline networks, the butterfly structure
shown in Fig. 1.2, has been exploited in [40,41] to obtain a capacity region that is
bigger than the non-coded capacity region. A game theoretic analysis of the butterfly
capacity region is conducted in [42]. Genetics algorithms have been used in [43] to
obtain another achievable capacity region for intersession network coding in wireline
networks. For wireless networks, one approach is to use the butterfly to provide a
good achievable capacity region as in [40,41,44]. Another approach is to limit the
operations to be XOR and the decoding node to be the next hop of the encoding
node as in [26,27]. Nonetheless, the butterfly is not the only structure that provide
intersession network coding benefits and the approaches in [26,27] do not obtain the
capacity region for single hop intersession network coding. In this dissertation we
propose for wireline and wireless networks approaches that can achieve the capacity
or find all intersession network coding opportunities under some assumptions and

hence provide performance enhancement over existing techniques.



Fig. 1.2. The butterfly network for two unicast sessions.

1.3 Optimization approaches for communication networks

Optimization techniques are powerful tools that are used to allocate resources
for the network. The objective of these optimization approaches is to come up with
simple operations that can be performed in a distributed way at the network nodes
and to show that these operations achieve the optimal solution of the given optimiza-
tion objective. The optimization objective can be rate control, fairness, throughput
maximization, energy or delay minimization, or any other objective function.

The problem of flow control in wireline networks with single path routing is studied
in [45,46]. The duality approach is used to model and study TCP as an optimization
problem in [47-49]. The congestion control problem is extended for the multi-path
routing case in [50,51] and for the multicast case in [52]. Optimization techniques
have been also used for network coding in [17-20]. For single-hop wireless networks,
opportunistic scheduling have been modelled and solved as an optimization problem
in [53]. For multihop wireless networks cross-layer frameworks for rate control have
been proposed in [54-59]. In wireless multihop networks optimization techniques have

been also used for energy minimization problems [60-62] and for network coding [23,



25,27,37]. There are several books that discuss the optimization approaches ant their
applications in communication networks as [63-65]. In this dissertation we will use
optimization approaches to design efficient resource allocation methods for different

network setting with intersession network coding.

1.3.1 Pairwise Intersession Network Coding

Since the general intersession network coding problem is NP-hard, and because
linear coding is not sufficient for the problem as discussed in Section 1.2, more restric-
tions need to be put on the problem to make it more tractable. One of these restric-
tions is to limit the number of sessions to be two and to limit any coded symbol to be
a result of at most two original symbols. We call this settings pairwise intersession
network coding. In [66,67] pairwise intersession network coding was characterized.
We use this characterization in Chapters 2 and 3 to develop optimal algorithms for
both wireline and wireless networks. In the following we review the characterization
of pairwise intersession network coding from [66,67].

Consider directed cyclic/acyclic wireline network G = (V, ), in which each edge
is able to carry one GF(g) symbol per unit time (say a second) and the propagation
delay is also one second. High-rate links are modelled by parallel edges and long-delay
links are modelled by long paths with added auxiliary intermediate nodes. A pair of
coexisting unicast sessions (s, d;) and (s2,dy) would like to transmit two strings of
independently distributed GF(q) symbols Xy, -+, Xy and Y3, -+, Y7 (one string for
each session) simultaneously over a given duration of 7" seconds. Pairwise intersession
network coding (PINC) is allowed and packets of these two strings {X;,Y; : t =

1,--+,T} can be arbitrarily mixed in a linear or non-linear fashion.



We say a PINC solution exists for transmitting two rate-1 strings of packets (over
the given unit-edge-capacity network), if given any e > 0, there exists a sufficiently

large T such that

SI(XTT [MaTT) > (1 o) los(a)

and (VI (M) > (1 ) log(g),

where [X]7 2 {Xy, -, Xp}, [YT 2 {Y1,---,Yr}, I(+;+) is the mutual information
and [Mg,]T is the symbols received by destination d; for i = 1, 2.

For the following, we use P, , to represent a path connecting nodes v and v.

Proposition 1.3.1 A PINC solution exists if and only if one of the following two

conditions holds.
o Condition 1: There exist two edge-disjoint paths Py, 4, and Pk, 4,.

e Condition 2: There exist six paths grouped into two sets P = { Ps, 4y, Psy.dys Psy.dy }
and Q = {Qsy.dys Qsy.dr s @sy.d, } such that for all e € E,

Licer, 4y t liecer,, o3 + licer,, 43 <2

1,d1 2,d2 2,d1

and 1{86Q52,d2} + 1{86Q51,d1} + l{eerl,dQ} S 27

where 1y is the indicator function.

If condition 1 of the proposition is satisfied, a non-coding solution is sufficient for
the problem. On the other hand, if only condition 2 is satisfied, network coding
is necessary to achieve simultaneous rate-1 transmission. For example, the acyclic
network in Fig. 1.3(a) satisfies condition 2 by choosing P, 4, = s1v1v30406d1, Ps, 4, =
S9U2V3V4U5dy, PSQ,dl = S9Up0gd1, Qsl,dl = 510103V4V6d1, Q32,d2 = S9U9U3V4Usd2, and

Qs1.d, = S1010sda. A unit rate can be supported between (sq,d;) and (sq,ds), if



the coding scheme represented in the figure is used. Another example where only

condition 2 is satisfied is the grail network in Fig. 1.4(a) with

Py, a, = 5102030405d1, Ps, g, = S201020306d2,
PSQ,dl = S9U1U4V5d, Qsl,dl = 51V2030V4V5d1,
Qss.dy = 52010405062, Qs 4, = 51V2V3Vsda. (1.1)

Fig. 1.5 contains a cyclic network that satisfies condition 2 of the proposition by
choosing FP;, 4, = $10706U5020304d1, Py, a4, = Sov10sdy, Py, d, = S201020306U50sda,
Qshdl = 51U706U5V2U3V4d], Q517d2 = 51070gdy, and Qsz,dz = S901020306UsUsde.  The
corresponding coded symbols carried by each edge are also illustrated in Fig. 1.5,
and rate-1 is sustainable for both unicast sessions (s, d;) and (s, d2). Note that the
(e, T) is essential to take into account the delay of each edge as seen in Figs. 1.3(a),
1.4(a) and 1.5. Proposition 1.3.1 shows that as the existence of non-coding solutions
is equivalent to finding edge-disjoint paths, the existence of PINC solutions is equiv-
alent to finding paths with controlled edge overlap. The intuition is that when the
packets/paths are not overly using any bottleneck edge (those edges used by three
paths), coding enables the information to be transmitted simultaneously for both
sessions. The subgraph G’ induced by any six paths satisfying condition 2 of Propo-
sition 1.3.1 will be referred as a pairwise intersession coding configuration (PICC).
In a broad sense, a path is the smallest “graph unit” for non-coding multiple session
communications while a PICC is the smallest “graph unit” when coding across two
sesstons 1s permitted.

Next we will give an overview of our contribution in this dissertation.

1.4 Optimization Based Approach for Pairwise Intersession Network Cod-

ing for Wireline Networks

Fairness among sessions can be modelled by associating a utility function with
each session. Maximizing the sum of these utility functions achieves specific type

of fairness as shown in [68]. Based on this modelling, distributed algorithms that
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Fig. 1.3. The butterfly topology and its capacity regions with and without
network coding.

achieve fairness have been developed for the non-coded solution as in [45,51, 69, 70],
which were extended for intrasession network coding in [18-20,71]. In Chapter 2 we
extend these results to pairwise intersession network coding, i.e. the setting where any
coded packet can be generated from only two original packets. Based on the PINC
results, we represent the network with arbitrary number of sessions as a superposition
of intersession coded traffic and non-coded traffic. The intersession coded traffic
satisfies the necessary and sufficient conditions for PINC. The rate control algorithm
we obtain is a fully distributed queue length algorithm that selects good paths in
the network and perform coding along these paths. Due to its path based nature,
the complexity of our scheme is much lower than that of other existing schemes that

search for butterfly structures in the network [40,41]. Simulation results also confirm



10

Ry
2 Non-coded solution
Ry
1
Ry
9 Coding solution
ﬁ_ R,
1
(a) The full grail. (b) Capacity Regions.

Fig. 1.4. The grail topology and its capacity regions with and without
network coding.
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Fig. 1.5. A cyclic butterfly network that satisfies condition 2 of Proposi-
tion 1.3.1 and the corresponding coding operations.
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the benefits of the proposed approach over the path based one in terms of fairness and
throughput. We also provide in Chapter 2 a distributed coding scheme for pairwise
intersession network coding that perform random coding operations on all the links
except for selected ones. Decoding operations are performed on the selected links and
the determination of these selected links are done in a distributed way. The proposed

coding scheme achieves the optimal solution with a moderate field size, typically 216.

1.5 Pairwise Intersession Network Coding for Wireless Networks with

opportunistic scheduling

One of the key features in wireless multihop networks is their broadcast nature.
Due to this feature, wireless networks observe larger gain from network coding than
their wireline counterpart. If unicast sessions are present in the wireless network,
most coding opportunities involve only two or three sessions as coding across many
sessions requires greater transmission power to broadcast the coded symbol to many
receivers, which enhances interference as observed in [26,27]. Therefore, in Chap-
ters 3 and 4 we study cross-layer optimization for wireless multihop networks with
pairwise intersession network coding. Pairwise intersession network coding as defined
in Section 1.4 means that any coded packet is made of at most two original packets.
The assumption we make here is the ability for any node to perform opportunistic
scheduling, i.e., the channel conditions are known prior to transmission. In Chapter 5
we remove this assumption and design suitable intersession network coding schemes.

The solutions we have in Chapters 3 and 4 are cross-layer solutions that satisfy the
loose coupling principle between layers, introduced in [54]. This means that while the
solutions jointly optimize through all the network layers, they do not loose modularity
by having a separate optimization problem for each layer and minimum number of
variables are used across the layers. The provided solutions can be considered as
extensions of the results in Chapter 2 to wireless networks. However, these extensions

are not trivial due to the unique features of wireless networks. Therefore, the solutions
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take into account the transmission power, broadcast nature, scheduling, and rate
control.

Two basic principles are used to develop the solutions in Chapters 3 and 4. The
first princible is the wireless to wireline conversion. The conversion is performed by
introducing for each original node a set of auxiliary nodes, each auxiliary node is con-
nected by directed links to a set of the next-hop nodes of the original node. Therefore,
designing a wireless transmission scheme that exploits the broadcast advantages of
wireless networks is equivalent to designing a good routing/scheduling algorithm on
its wireline counterpart with the additional node-exclusive scheduling constraints that
auxiliary nodes corresponding to the same auxiliary node cannot be active simulta-
neously. The wireless to wireline conversion is used to allocate rates for individual
nodes. The second principle is that of a hyperlink. The hyperlink is defined as the
set of auxiliary links adjacent to an auxiliary node.The hyperlink principle is used to
make scheduling decisions. Therefore, the scheduling algorithms we obtain consider
hyperlinks instead of links.

Wireless networks have limited processing capacity. Therefore, any developed
coding scheme should not use complex mathematical operations. We design a dis-
tributed XOR based coding scheme that uses the knowledge of the nodes about the
paths they belong to to decide wether to XOR two incoming packets or to forward
only one of them. The performance of the proposed coding scheme is the same as that
of the coding scheme developed in Chapter 2, i.e., it achieves the optimal solution for
pairwise intersession network coding.

We have used two approaches to develop distributed algorithms for wirless multi-
hop networks with pairwise intersession network coding. These are, path based and
back-pressure approaches. In the following, we discuss the unique features of these

approaches.



13

1.5.1 Path based approach

In the path based approach presented in Chapter 3, paths are found before running
the algorithm and the transmission operations should be performed on these paths
when running the algorithm. This approach permits us to analyze the performance
loss of rate control for both deterministic and stochastic arrivals due to the use of
suboptimal but distributed and less complex scheduling algorithms. This analysis
is important because optimal scheduling polices are always centralized with high

complexity:.

1.5.2 Back-pressure approach

In this approach presented in Chapter 4, the routes that the packets follow are
not predetermined and decided dynamically while the algorithm is running. Here,
we allow the decoded packet to be re-encoded again in contrast to the path-based
approach. This provides a larger capacity region. It is computationally expensive
to find all the pairwise intersession network coding opportunities in the network.
Therefore, we specify a parameter x and allow coding to be performed within x-hops.
The parameter x is an arbitrary integer, balancing the tradeoff between complexity
and the achievable capacity. The back-pressure approach allows the extension of
our scheme to energy minimization framework and studying the increase of power
consumption due to the use of imperfect scheduling. The back-pressure approach
on the other hand incurs more delay and takes more time to converge as observed

in [72-74].
1.6 Intersession Network Coding in Wireless Networks without Oppor-
tunistic Scheduling

In Chapter 5 we remove the assumption of opportunistic scheduling. This is a

more realistic setting, because the channel states change rapidly over time. With
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this assumption the wireless to wireline conversion in Chapters 3 and 4 does not
work, because the nodes cannot control which one of their neighbors receive the
transmitted packet. Without network coding the optimal solution can be achieved
using opportunistic routing introduced in [75]. Intrasession network coding can be
combined with opportunistic routing as in [28].

Most of previous works on intersession network coding either ignore the assump-
tion of no opportunistic scheduling [26, 76, 77] or design suboptimal policies under
the no opportunistic scheduling case [27]. These works were conducted under the
single-hop intersession network coding settings, i.e., the encoding and decoding nodes
are one-hop away from each other. In Chapter 5, we provide a coding scheme for
single-hop intersession network coding with the erasure channel model that achieves
the capacity of the network with two flows. The capacity region obtained by the pro-
vided coding scheme can be characterized by linear equations. The coding scheme is
not limited to XOR operations and uses random network coding. In Chapter 6 we use
the capacity results to enhance the throughput of a general lossy wireless multihop
network.

The rest of this dissertation is organized as follows: In Chapter 2, we develop a
distributed rate control algorithm and distributed coding scheme for pairwise inters-
ession network coding. We then turn to wireless networks in Chapter 3 and develop
a path based cross layer rate control algorithm for wireless multi-hop networks with
pairwise intersession network coding and the associated XOR-based coding scheme.
In Chapter 4 we use the back-pressure technique to obtain distributed algorithms for
rate control and energy minimization. Chapter 5 presents coding schemes for single
hop intersession network coding when the opportunistic scheduling assumption is re-
moved and Chapter 6 uses these results for multihop wireless networks. We briefly

summarize our work in this dissertation and provide future research directions in

Chapter 7.
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2. RATE CONTROL WITH PAIRWISE INTERSESSION
NETWORK CODING

2.1 Main Contribution

Wireline network is the simplest multihop network model. This is due to the
absence of interference and the high delivery rate of links. Due to this fact, we
start our study of intersession network coding by considering a wireline network with
arbitrary number of sessions. We represent the network by a superposition of PICCs
and routing paths with non-coded traffic to obtain a larger capacity region than

existing works. Our main contributions in this chapter are as follows:

1. The development of a distributed algorithm with rate control and utility maxi-
mization for intersession network coding for multiple unicast flows, which can be
easily generalized for the case of multiple multicast flows [78]. Our results show
that the utility-optimization-based rate-control algorithm, originally designed
for non-coded transmissions [45,69,70,79] and later generalized for intrasession
network coding [18-20,71,80,81] can be extended to pairwise intersession net-
work coding for the first time. This is a non trivial generalization considering

the characteristic difference between inter and intrasession network coding.

2. Our result is developed based on finding good paths rather than finding specific
structures in the network (such as the butterfly structures in [82]). This enables
more efficient solutions since one can leverage upon existing work on how to
choose good paths through the network. Further, we show empirically that the
capacity region obtained via our approach can be considerably larger than those

obtained via the pattern search algorithm [40,41,82].
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3. A pairwise random coding scheme is proposed, which is a modified version of
the random linear coding scheme in [9]. The pairwise random coding scheme
decouples the coding and rate-control decisions and facilitates the development
of a fully distributed algorithm. Combining the distributed rate control and the
decentralized coding scheme, we eliminate unnecessary queue length information
exchange among intermediate nodes, which results in improved efficiency of the

overall scheme compared to the back-pressure algorithms in [41] and [40].

The rest of the chapter is organized as follows. In Section 2.2, the graph theoretic
characterization of pairwise intersession network coding is reviewed for completeness.
In Section 2.3, we describe the system settings and the formulation of our optimization
problem. In Section 2.4, we solve the dual problem to obtain the optimal distributed
rate control algorithm for pairwise intersession network coding. Several practical
implementation issues are in Section 2.5 including the pairwise random coding scheme.
In Section 2.6 we propose two approaches to reduce the complexity of the rate control
algorithm. Section 2.7 is devoted to simulation results. We conclude the chapter in

Section 2.8.

2.2 Settings and Preliminaries
2.2.1 System Settings

We model the network by a directed graph G = (V, E), where V and E are the sets
of all nodes and links, respectively. We use In(v) to represent the set of all incoming
links to node v and Out(v) to represent the set of all outgoing links from node v. Two
types of graphs are considered depending on the corresponding edge capacity: graphs
with integral edge-capacity and graphs with fractional edge-capacity. For the former
type, each edge has unit capacity and carries either one or zero packet per unit time.
(No fractional packets are allowed.) For the latter type, each edge e has a fractional
capacity, denoted by C,, and can transmit at any rate between 0 and C,. An integral

graph models the packet-based transmission in a network, for which a high-rate link is
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represented by parallel edges. On the other hand, the fractional graph can be viewed
as a time-averaged version of the integral graph, which focuses on the “transmission
rates” rather than the packet-by-packet behavior. For the rate-control algorithm in
this chapter, we use the fractional graph model. When discussing the detailed coding
operations among different packets, we use the integral graph model.

For networks modelled by fractional graphs, the rate control problem is defined by
the set of tuples (s;,d;, U;(R;)) i € 1,2,..., N, where N is the number of coexisting
unicast sessions. s; and d; are the source and destination nodes of session i and Uj;(-)
is the utility function of session ¢ that is concave and monotonically increasing. R; is
the transmission rate supported in the i-th session.

Some graph-theoretic definitions will also be used in this work. We use P, or
Qv to denote paths from nodes v to w. Here, we used two different notations to
describe a path from u to v to make the characterization in Proposition 1.3.1 easier

to understand. We use P to represent a set of paths.

2.2.2 Superposition Approach

Proposition 1.3.1 serves as the building foundation of intersession network coding
over pairs of unicast sessions.

Consider N source-&-sink pairs and each source s; would like to transmit at rate
R; packets per unit time to the corresponding sink d; over a fractional directed graph.
The rate vector (Ry,- -, Ry) is feasible if the original graph G can be viewed as the
superposition of one graph GG’ and many PICCs such that (i) non-coded transmission
is performed for every (s;,d;) pair in G’ (ii) pairwise linear network coding across
(si,d;) and (s;,d;), ¢ # j is performed in each PICC individually, and (iii) the trans-
mission rates (Ry,---, Ry) can be supported. Here, R; is the sum of the non-coding
transmission rate between s; and d; through G’ and all the rates supported in any
PICC where intersession network coding is performed between session ¢ and some

other session j.
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Based on this superposition principle the above construction describes the achiev-
able rate region of Pairwise Intersession Network Coding (PINC). Fig.s 1.3(b) and
1.4(b) compare the capacity regions obtained using the superposition approach with
the non-coded capacity regions for both the butterfly and the grail. For these two
topologies the capacity region obtained using the superposition approach is the ca-
pacity region of the network. In the next section we will describe the corresponding

PINC achievable rate region by a set of constraints.

2.3 Problem Formulation

Since in the PINC region, the rate R; is expressed as the sum of rates with /without
intersession network coding, two sets of parameters and variables will be used in
our formulation. Some parameters and variables are for the non-coded transmission
and the others capture the intersession network coding performed on the PICCs.
For the non-coded transmission, we define the parameters P; and HF(e), and the

variable x.

Let P; represent the collection of all paths between s; and d;. If link
e is used by the k-th path between s; and d;, where k ranges from 1 to |P;|, then
the indicator function HF(e) = 1. Otherwise it is set to zero. ¥ represents the
uncoded transmission rate supported through the k-th path between s; and d; in G’.
For the coded transmission through the PICCs, we define the parameters P(i,7),
and &fj(e), and the variable x7;". P(i, j) is the set of all tuples containing all possible
choices of paths { P, 4, Py, a4, st,di}. Because each PICC contains two sets of 3 paths,
therefore, any PICC between sessions ¢ and j can be indexed by p and m jointly, where
the p and m means that the p-th tuple in P(i,7) and the m-th tuple in P(j,7) are
used to generate the PICC of interest. The rate supported for sessions ¢ and j over

that PICC is denoted by x . We also define 7 as a column vector containing ak

Vi, k and xij " Vi, 7,p,m. Therefore, the total supported rate for session i becomes

Pl P(i, P(4,) pm
R, = Z\ k_i_zm#lz\ (J\ZI (4 '
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Consider a specific link e. The capacity consumed by pure routing traffic is:

Zﬁil Z‘IZZ‘I HF(e)xk. For the PICC between sessions i and j, indexed by p and m,

(2

the capacity consumed by the path selection P is £;(e)xy;", where &£fi(e) is defined

in the following manner:
0 if no path in the p-th tuple in P(7, j)
uses link e

1 if 1 or 2 paths in the p-th tuple in
&g(e) =

P(i,j) use link e

2 if 3 paths in the p-th tuple in P(i, 7)

use link e.
\

This is because by Proposition 1.3.1, successful pairwise network coding requires that

Leer, 4y T Yeepoyay T Leer,, oy < 2. If all three paths in P use link e, then

1,d1 2,d2

the traffic along these three paths must use two parallel edges instead of a single

one. Otherwise, Licer,, a3 T Yeer,, 4} T LieePu, a} = 3, which violates the necessary

2,d2
condition for pairwise intersession network coding. The same argument holds for the
traffic along the paths in Q, the m-th tuple in P(j,1), for which the network coded
traffic consumes 5}?(6)me. From the above reasoning, the total capacity consumed
by intersession coding for the PICC between sessions ¢ and 7, indexed by p and m
is the maximum of the two which is formally expressed as max(&fj(e), Ef (e))xy;".
Summing over all pairs of sessions i # j, and all p-th and m-th tuples of P(i, j)
and P(j,7), the total capacity consumed by intersession network coding becomes
S eapics S SO max(h ), £ (e))a"

Let PZCC;; represent the collection of all PICCs between sessions ¢ and j. For

simplicity we use :17 - instead of 2", where [ is the index indicating that the I-th PICC

zy’

of PZCC;; is used. Since any union of the p-tuple and the m-th tuple of P(7, j) and
P(4,1) can be mapped to the [-th PICC between i and j. We can also define

» gt

Hij(e) = 5 max(€] (), E5(¢). (21)
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From the above discussion, the following constraints represent the PINC capacity

region.
N [Pl |PZCC;|
YOS HE(e)ak + 2 Z Z < (O, Ye € E (22
i=1 k=1 i<y 1=
ol =al, Vi<l (2.3)
Thus, our optimization problem becomes:
P |PZCCy;|
mz;i)(;U ;$ +]ZZ¢] ; (2.4)
subject to 7 satisfying (2.2) and (2.3).
By change of variable indices ¢ and 7 we have
|PICCy; | |PICCy; \

Since xﬁj = 2!, according to (2.3), the constraints in (2.2) can be rewritten as:

N P |PZCC;j|
YD HEead + > > H < C., Ye € E (25)
i=1 k=1 (4,9)9#5 =1

For the following we focus on the rate control problem satisfying constraints (2.3)

and (2.5) with the objective function being (2.4).

2.4 The Rate Control Algorithm

Note that even if every utility function U;(-) is strictly concave, the objective
function in (2.4) may not be strictly concave due to the presence of the linear terms
Z‘Pz zb + > it Z|chc“| a!;. Thus, a direct application of standard convex op-
timization techniques might lead to multiple solutions, for which the output of an
iterative method may oscillate. However, we can apply the “proximal method” de-
scribed in [63] page 233 to ensure convergence. The idea behind the proximal method

is to solve a series of problems, each of which has a strictly concave objective function.
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The limit of the series approaches a single solution of the original problem. A detailed
description of the proximal method is in [63]. To implement the proximal method,
we now introduce auxiliary variables 3 = {yF,yl;} with the same size of 7. The

intermediate optimization problem of the proximal method becomes:

|Ps |PZCC;5
mi%(ZU Z$ —I—Z Z (2.6)
i=1 = jii# =1
N [P o |chcw|
—;;j(w -y = > Z Ok
=1 k= (ig)i#j =1

subject to 7 satisfying (2.3) and (2.5), where o is a positive constant.

In the following, we focus on the dual of the intermediate maximization problem.
Since the Slater condition holds (see for reference [65]), there is no duality gap between
the primal and the dual problems. Hence, we can use the dual approach to solve the
problem.

Associate Lagrange multiplier A\, with each link e, and ,uﬁ-j with the [-th PICC
between sessions ¢ and j. Also, let Y and ﬁ be two column vectors with elements

Ae and uéj, respectively. The Lagrange function of the above primal intermediate

problem is:
N 1P| |PZCCj| PzCC,|
X1, ) = Z Zx SOOI NEED DI BRI
1=1 ju#y =1 (3,9)i#5 =1
NP |PZCCj| |PZCC;|
N Z Z Ez(x — ) Z Z /“waw + Z Z 'uw JZ
i=1 k=1 (i,)i<j 1= (1,9)9<j 1=
N P |PICC;|
T2 A=Y A Hial+ Y, ) A
e e =1 k=1 (4,4):i#5  1=1
Since Y, i.icj }7’{“”' pik;at; = (ijyi<i |PICC”‘ Ll by a simple change of vari-

ables the Lagrange function is separable and we can rewrite it as:

Yaﬁa?) = 232(77Y7777> + Z)\ece-



Here,
|Ps| IPZCC;1 |Psl
B(7, N, Zx +3 Y e Zj(l’k—yz)
ju#j  l=1 k=1
|PZCC| .
S T z(z i )
Ju#j =1
|PTCCy; |PZCC;|
Ty (z u e»e) Y
ju#g =1 e VEAY] =
|PZCC|
+) Z i
Ju>j =

The objective function of the dual problem is

DX, 2, 7) = max L(Z, X, 2, 9),

z>0

and the dual problem is:

_min D( >\ ﬁ 7
N>0,77

The dual optimization problem can be solved using the gradient method.
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Based on the above discussion we have the following distributed rate control al-

gorithm (Algorithm A).
Algorithm A:

e Initialization phase: Find all paths between all sources and destinations. This

can be done using any routing protocol that finds multiple paths in a distributed

way as in [83,84]. After this, sources send control messages to every link e to

set the values of H/(e) and H};(e). Each link sets its corresponding A(0) to

zero, each destination d; sets its corresponding uéj(O) to zero, and each source

si chooses the values of y7(0), y.;(0), #F(0) and z!,(0) arbitrarily.

e Iteration phase: At the t¢-th iteration:

1. Fix X(£,0) = X (), T (£,0) = 7 (1), and T (1,0) = 7 (1).

2. perform the following steps sequentially for k = 0,..., K — 1.



3. Let

and

N(t+1)
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Update the dual variables at each link e by:

N P
Altr +1) =| Ao(tr) + 5o HY ()2 (tr0) (2.7)

i i
=1 k=1
|PZCC;j|

+ Hfj(e)xi-j(t,m)—Ce)] . (28)

(i.g)i=j 1=1
Here, [.]* is a projection on [0, c0) and [, is a positive step size. Also,
(0 S HHwE (1) + X pramy Sy (o)l () = Co) s
the queue length change at link e during the time from the x-th to the
(k + 1)-th step.

Set
/J/éj(t?’f +1) = Nﬁj(tafi) + fj(xi'j(ta’f) - x;z’(tﬁ))a Vi<j. (2.9)

This can be implemented at each destination d;, where ij is a positive
step size.

Let 7 (t,x + 1) = arg maxz o L(7, Y(t,/ﬁ +1), Z(t,w +1), 7 (1)
This can be computed in a distributed way at each source since the L
function is separable. It is worth noting that computing ?(t,/{ +1)
needs the values of (i) Y., Hi(e)Ae(t,k + 1), Vi < j,1,m, which
can be computed along the paths, (ii) ,uﬁj(t,fi + 1), Vi < j,I, and
(iii) pby (¢, 4 1), Vi > j,1. All of this information can be sent back to
the source using an acknowledgment message as will be explained in

Section 2.5.1.

= N(t,K) and T(t+1) = 7 (t, K). Set

Yt+1) =7t K)

Zt+1) =7 K).
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For sufficiently large K and sufficiently large number of iterations, 7(1&) converges to
the optimizing 7 for the original problem with the objective function in (2.4) and
the constraints (2.3) and (2.5).

Proposition 2.4.1 As K — oo, with the step sizes ([, ﬁfj) satisfying the following:
(£ - max, fe + 2maxy;jy BL;) < 2ming (o), where

N [P IPZCCi
c= ( HE+ (1L (€))?).

e i=1 k=1 (ij)ii=j I=1
Algorithm A converges to the optimal solution of (2.4) subject to the constraints (2.3)
and (2.5).

The proof is provided in Appendix A.4. For the case when K is bounded away from
infinity, the convergence of Algorithm A is verified by simulations. Similar proofs to
those in [79] can be used to rigorously prove the convergence of Algorithm A with
fixed K and with noisy and delayed measurements. This makes Algorithm A suitable

for practical implementation.

2.5 Implementation Details

In this section, we discuss several practical issues that may impact the imple-
mentation of our algorithm. In Section 2.5.1 we show how to collect the implicit
costs needed for Algorithm A. The pairwise random coding scheme is introduced in
Section 2.5.2, followed by a discussion of the transient behavior before Algorithm
A converges in Section 2.5.3. A brief discussion of how to deal with non-concave

objective functions for real-time traffic is in Section 2.5.4.

2.5.1 Collecting implicit costs

Each source s; needs to collect >, A H.;(e), Vj # i, 1 € {1,...,|PZCC.,|} in order

to compute the update rate x';. To do so, special control messages Sfj(u,e) and

j.

Si;(e,v) are used. Sf;(u,e) is the control message sent from node u to link e to collect
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l . . l . .
> AHjj(e). Similarly, Sj;(e,v) is the control message sent from link e to node v to
collect 3, A\ H/;(e). More explicitly, collecting >, AcH};(e), Vj # i is done according
to the following.

e Bach source s; sets S/;(s;,e) = 0 to all of it’s outgoing links e that satisfy

Hij(e) #0.
e Assuming e = (u,v), then at link e, S;(e,v) = S};(u, e) + A\ H;(e).

e At every intermediate node v, let Ini-j(v) be the set of incoming links to node v
such that H};(e) # 0, and Outﬁj(v) be the set of outgoing links from node v such
that H};(e) # 0. Then node v arbitrarily chooses one e, € Outij(v) and sets
Shi(v,ey) = Zeelnéj(v) Si(e,v) and S} (v,e) = 0 for all links e € Outl;(v)\e,.

The third step avoids overcounting the implicit costs. In the end, Zeelnﬁj () Si(e, di)+
Zeelnéj(dj) Sli(e,d;) = >, AH;(e). The first term of the left hand side can be ob-
tained at d; while the second can be obtained at d;. Both of them can be sent back

using the acknowledge messages and s; can obtain Y. A HJ;(e).

2.5.2 The Coding Scheme

The optimization problem and the solution described thus far allocate rates at
each link so that the utility function can be optimized subject to 2 being in the
PINC region. The next question is what is the network coding scheme that can

achieve the optimal rate assignment? In this section, we propose the use of a scheme

L

;; 1s sustained along the

we call the pairwise random coding scheme. Suppose rate x
[-th PICC between sessions ¢ and j. From a packet-by-packet perspective it means
that every i unit time one packet will be sent from s; to d; and another packet will
be sent form Jsj to d;. Therefore, we can focus on coding over those two packets (every
% unit time) along the corresponding PICC. Let the integral graph G” represent the

underlying PICC. Without loss of generality we assume that G” is for the session
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pair (s1,d;) and (s9,dy). We further assume that the packets for the unicast sessions
(s1,d1), (s9,d2) are X, Y, respectively.

One choice of the coding scheme that is widely used is the random linear coding
scheme, as in [9]. Unfortunately directly using random network coding for pairwise
intersession network coding without modification is infeasible. Take Fig. 2.1(a) for
example, which is a typical choice of random network coding over GF(17) where the
vector (01,60y) at edge e in the figure represents that the packet at link e contains
0: X + 6,Y. In this case d; will not be able to decode both X and Y, as random
mixing is performed at vy and d; will receive 9X + 2Y. If both d;, d have min-cut
max-flow values being > 2, random network coding is sufficient for PINC, because
both d;, dy can decode both symbols. The infeasibility of random network coding is
caused by the min-cut max-flow value from s; and sy to either d; or ds being 1. If the
min-cut max-flow value from s; and ss to either d; or ds is 1, either the paths in the set
Q1 = {Ps, 4y, Psy.ays Qs,.0, } Or the paths in the set Qs = {Ps, 4y, Qs, .0, @ss.0 } Share
the same edge in G” based on the path selection in (1.1). For example, in Fig. 2.1(c)
all paths in the set Q; share edge (vs,v4). Motivated by this observation, the pairwise
random coding scheme performs pure routing and random network coding on most
part of the network and performs decoding on only two nodes. The pairwise random
network coding is described as follows.

Find the furthest edge e; = (uy,v;) from d; such that (i) Leep, g, + lerep,a +

s9,d1
Lo, a, = 3 (ii) For all paths in Q; the segments from v; to d; are edge disjoint
from the path P, 4,. Also find the furthest edge es = (u2,v2) from dy such that (a)
Leep,, 4, T leie@u, a, T lercqu, q, = 3. (b) For all paths in Qy the segments from v to
dy are edge disjoint from the path P, 4,. After that perform random linear network
coding through all the edges of G” except edges e; and e;. Decode X on e; and
forward it to d; through the segment of path @), 4, that goes from wu; to d;, decode
Y on ey and forward it to dy through the segment of path P, 4, that goes from us to

dy. For example, if we use pairwise random coding in Fig. 2.1(b), (vs, v4) will be the

first edge that satisfies the conditions for e; in the pairwise coding scheme as is clear
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from Fig. 2.1(c). Therefore, vz will decode X instead of random mixing and forward

it to dg.

S1 2 S1 2

dg Xl d2 dl

(a) Random network (b) Pairwise random (c) The set Qy (d) The set Qo

coding coding

Fig. 2.1. Applying both the random network coding and the pairwise
random network coding to the grail structure.

Proposition 2.5.1 Given that pairwise network coding is feasible on the directed
acyclic PICC G" as in Proposition 1.3.1, the probability that the pairwise random
coding scheme is able to transmit X and Y successfully for sessions (s1,dy) and
(s2,ds), is lower bounded by P,(success) > (1 — %)‘E”‘. Here, q is the field size and

|E"| is the number of edges in G".

Proof Pr(success) is lower bounded by the probability that both u; and us recover
both X and Y successfully. Because (i) G” is directed acyclic, (ii) the min-cut from
s; and sy to up is > 2, (iii) the min-cut from s; and sy to up is > 2, we have three
cases. Case 1: There is no path from v; to us nor there is a path from vy to u;. The
problem is the same as multicasting both X and Y to both u; and us when all the
coding coefficients are random and the inequality holds. Case 2: There exists a path

from vy to us. Here we construct another graph F” from G” by removing all outgoing
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edges from v; and replacing them by new edges from s; to the same vertices that the
removed edges were going to. We send X through these edges and perform pairwise
random coding through the rest of the edges in F”. The probability that both u,
and uy recover both X and Y on G” is the same of that on F”, which satisfies the
inequality. Case 3: There exists a path from vy to u;. This case is symmetric to
case 3 and so we remove the outgoing edges of vy and replace them by new edges

from ss to show that the inequality holds. [ |

The pairwise random coding scheme can be implemented in a distributed way. Two
trace messages can be sent back by the destinations d; and dy during the initialization
phase to identify edges e; and ey to perform decoding. Furthermore, by Proposi-
tion 2.5.1, we can see that the success probability of pairwise random coding scheme
approaches one when the size of the finite field is sufficiently large. In practice [85]
moderately-sized g = 21¢ or ¢ = 2® is sufficient without incurring too much overhead

(generally 3-6%).

: ! !
2.5.3 Coding Scheme when z;; # 73,

The above pairwise random coding scheme assumes that two sessions (s;, d;) and
(sj,d;) share the same pairwise coding rates xﬁj = xé-i, which is achieved after the
convergence of the Algorithm A (as proven in Proposition 2.4.1). However, during the
transient time before convergence, we might have unequal cross-coding rates assigned
by each individual session respectively. Furthermore, it is difficult to know when
Algorithm A converges. To overcome these difficulties the coding scheme can be
modified in the transient state when z}; # «%;. The basic idea is if 2;(t) > x%,(t), we
perform pairwise network coding at the smaller rate xéz(t) and send uncoded packets
at rate (zl,(t) — 2%;(t)). Therefore, d; can receive coded packets at rate z!; while
d; can receive coded packets at rate x); and uncoded packets at rate xl; — 2!, (the

total rate is still «!;). For example, assume that z};(t) = 3 and %;(t) = 2, then

packets with sequence numbers 1,2,4,5,7.8 10,11 of s; will be coded with packets with
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sequence numbers 1,2,3,4,5,6,7,8 of s;. Packets with sequence numbers 3,6,9,12 of s;
will be forwarded as shown in Fig. 2.2(b). Take the well studied butterfly structure
as an example, the assignment of the code on the edges of this PICC in the transient
state is represented in Fig. 2.2(a). In the figure we assume that the rate is 3 for s;
and 2 for sy. Therefore, in one time slot s; will send X, Y, and X3 and s, will send
Y; and Y5. Packets X and Y will be coded with packets Y; and Y5, respectively, and
packet X3 will be forwarded without coding. In this way d; is able to receive at rate

3 and dy is able to receive at rate 2.

From Si

Fig. 2.2. (a) The assignment of the codes on the butterfly as an example
of the [-th PICC between sessions ¢ and j with unequal rates xéj = 3 and
xéz = 2 during the transient state. (b) The upper sequence represents the
sequence numbers of packets sent by s; through the [-th PICC between
sessions ¢ and j, and the lower sequence represents the sequence numbers
of packets sent by s; through the same PICC. If a packet in the upper
sequence is to be coded with another one in the lower sequence, there is
a link between them. Packets without links are those for which no coding
is performed.
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2.5.4 Dealing with non-concave objective functions for real-time traffic

Our assumption here is that the utility function is concave which does not hold
for transmission scenarios like real-time traffic. Real-time traffic can be modelled by
sigmoidal functions. In this case Algorithms A can be modified as in [86] to achieve
the optimal rate control when the number of sessions is sufficiently large. This is

possible because of the path based formulation we use.

2.6 Complexity Reduction

The complexity of Algorithm A depends on the number of PICCs in the network.
This is because for the [-th PICC between sessions 7 and j we assign two primal

variables z!. and xél Also every link e has to maintain variables of the form Hl-lj(e)

j
and each destination d; has to maintain variables of the form ,uﬁj. Furthermore, to
compute :zﬁj in every update, source s; has to collect )\eHilj(e) as explained in
Section 2.5.1. Using the approach in Section 2.3, the number of PICCs between
session ¢ and j is (|Py]? - |Pj;|? - |Pij] - [Psl), and so the total number of PICCs in
the network is 3, 5y, [Pil® - [Py;|* - |Pij| - [Pjil. Here, | Py represents the number of
paths between s; and d;. From the above discussion, reducing the number of PICCs
in the network plays a major role in the practical implementation of the proposed
algorithm. In this section we provide two approaches to reduce the complexity of
Algorithm A. The first approach reduces the number of PICCs without sacrificing

performance, while the second chooses paths and PICCs adaptively and may sacrifice

performance.

2.6.1 Excluding redundant PICCs in the initialization step

By construction, the [-th PICC between sessions ¢ and j satisfies condition 2 of
Proposition 1.3.1 and supports the coded traffic rate :Eﬁ] In this section we provide

rules to see whether condition 1 of Proposition 1.3.1 is also satisfied on that PICC at
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rate x};. If so, we can remove z; and H},(e), Ve from the optimization problem (2.4)
and still achieve the same optimal solution. This is because the 2EDPs in that PICC
can be used to send uncoded traffic which has already been characterized by ¥,
the uncoded data rate in (2.2). The rules also help detecting whether a given PICC
contains redundant links such that there exists another PICC whose links are a proper
subset of the links used by the given PICC. Since for these PICCs, we can use a strictly
smaller part of the PICC while still providing the same throughput improvement, we
term those PICCs redundant PICCs. The following rules remove redundant PICC and
result in a tremendous reduction in the complexity of Algorithm A. In the following
we assume the same simplification as in section 2.5.2 by considering the integral graph
G” for session pair (s1,dy), (S2,d2). To identify the PICCs that should be removed

from the optimization problem, we have the following rules for directed acyclic PICCs:

e Rule 1: For G”, if neither Py, 4, = Qs,.4, nOr Py, 4, = Qs,.4,, then G is a
redundant PICC.

e Rule 2: For a given path P, let E(P) be the set of edges in path P. If the two
sets of edges E(Ps a,) U E(Qsy.4,) and E(Ps, 4,) |J E(Qs,.4,) are disjoint, then
G" is a redundant PICC.

e Rule 3: If H/,(e) = 1 for some link e, then the [-th PICC between sessions i

and j is redundant.

If a PICC is classified as redundant by a rule, we say that the PICC is declared
redundant by that rule. Otherwise, we say that the PICC passes that rule.

Proposition 2.6.1 Rules 1-3 identify redundant PICCs. All redundant PICCs can

be removed without sacrificing the achievable rate.

Based on Proposition 2.6.1, we have the following reduced-complexity algorithm which

achieves the same capacity region as by Algorithm A.

(Algorithm B):
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1. Path Finding: Every source finds a set of paths to every destination, and an-
nounces the sizes of these sets to the links in these paths and to other sources.
Every PICC that passes Rule 1 will have a unique ID number which can be

computed locally at every link in the network.

2. Source s; sends trace message through all paths Ps4,. This message includes

1,7, and the path number.
3. Link e sets up H};(e) for all PICCs that pass Rule 1.
4. The following steps are executed at every link e in parallel

o If P, or Q. , sharelink e with P! , or Q! , a notification message of
type X is sent back to s;, s;, with the ID number of the I-th PICC between
sessions ¢ and j. This means that the PICC passes Rule 2. Here, P!
represents the path from s; to d; in the set P in Proposition 1.3.1 for the
I-th PICC between sessions i and j. Q' ; ij’dj, and Pslj,dj are defined in
the same way.

o If Hilj(e) = 1, link e sends a notification message of type ) to s;, s;, with
the ID number of the [-th PICC between sessions ¢ and j. This means the

[-th PICC between ¢ and j is redundant by Rule 3.

5. Sources s; and s; delete all PICC for which a notification message of type ) is

received or no notification message of type X’ is received.

6. Run Algorithm A on the non deleted PICCs.

Steps (1)-(5) are initialization steps and executed only once. Also, they can be exe-

cuted in a distributed manner.

2.6.2 Adaptive Algorithm

The reductions in Section 2.6.1 reduce the number of PICCs in the initialization

step without sacrificing the performance by eliminating redundant PICCs. To further
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reduce the complexity, we propose another type of reduction. As observed by our
simulations the rates on some PICCs converge to zero very quickly (generally after
only a few iterations), which means that network coding over those PICCs provides
no positive gain when compared to the optimal rate-control solution. This may be
due to that non-coded solution is sufficient for those PICCs because they satisfy both
conditions of Proposition 1.3.1. It may also be because the links used by the PICCs
can be used by more significant PICCs. We termed those PICCs as insignificant
PICCs. The adaptive scheme we propose in this section works initially on a small
number of PICCs. While the algorithm is run on these PICCs, insignificant PICCs
among them will be deleted and new PICCs formed by the newly found paths will
be added adaptively. This approach reduces the variable space of the optimization
problem. Fig. 2.3 contains a detailed description of the above scheme with an adaptive
path search mechanism.

In the flow chart in Fig. 2.3, every source maintains a collection of paths Pjoynq and
every source pair maintains collections of PICCs PZCC young and PLCC getive. Every
time new paths are found, the source puts them in P,,nq Which is executed in parallel
to the steps in Fig. 2.3. When PZCC soyna becomes empty, all possible PICCs that
can be formed by the paths in the Pjounq and have not been used by the algorithm
yet, are put in PZCC founa- Each pair of sessions 7 and j is assigned a value ¢;;.
The constant ¢;; represents the maximum number of PICCs (for sessions ¢ and j)
that can be included in the maximization problem simultaneously. If the rate of a
given PICC converges to zero, it is identified as an insignificant one. Convergence
to zero is detected when the rate of the PICC goes below a threshold value. Every
time insignificant PICCs (for sessions ¢ and j) are removed from the optimization
problem, the complexity of the algorithm reduces and we can afford to include one
new PICC when solving the optimization problem. Therefore, s; moves some of the
PICCs (for sessions ¢ and j) from PZCC foung t0 PZCCyetive- This is done in a way
such that the total number of PICCs for ¢ and j in PZCCetive does not exceed ¢;;.



Initialize PZCC founq and
PLCC yetive to empty

PICCfound

YES

Add PICC formed by paths in Pfound
and not marked “used” to PZCC found

Mark these PICCs as used

Move one PICC from PZCCyouna to PLCCactive

=<
2]
wn

# of PICC in PZCCactive < ¢ij
and PZCCoyunq not empty,

3 PICC in PZCCqctive

whose rate converges to zero

Remove PICCs whose rate converges to zero from PZCC getive

Fig. 2.3. Flow chart for the adaptive algorithm.
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For distributed implementation one source of each pair is assigned as a controller to

ensure the consistency of PZCC founa and PLCC 4etive for the two sources.

2.7 Simulation Results

The objectives of the simulations are to verify the convergence of Algorithms A and
B, and to show the benefits of the proposed intersession network coding solution in
terms of throughput, fairness, and its complexity advantage over existing intersession

coding rate-control solutions.

2.7.1 Convergence

To study the convergence of Algorithms A and B, we run simulations on the so
called grail topology in Fig. 1.4(a) with the utility function of each source s; being
log,(R;). As is evident from the grail topology (Fig. 1.4(a)), there are three paths
connecting (s9,ds), two paths connecting (s1,ds), two paths connecting (sq,d;), and
one path connecting (s1,d;). Therefore, there are six different path collections P and

six different path collections Q. Totally, there are 36 possible PICCs. We assign the

l
ij

initial rates of each PICC randomly, and vary S, and the number of proximal
iterations K to test the speed of convergence of Algorithm A.

The optimal solution for the grail topology is to assign unit rate to the optimal
PICC that uses the paths in (1.1), and zero rates to all of the other PICCs. These
are the paths that satisfy condition 2 in Proposition 1.3.1 as explained in section 2.2.
In Fig. 2.4 we show the rates for the optimal PICC with different step sizes. Every
outer iteration contains K proximal iterations. Our algorithm converges even with a
very small number of proximal iterations. As expected, increasing the step size up to
a specific value will make the algorithm converge faster. A bigger topology in Fig. 3.8

with 36 nodes and unit capacity links is used in our simulations. This topology has

four unicast sessions. The convergence results for one of the optimal PICCs and one
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of the insignificant PICCs in the topology in Fig. 3.8 are shown in Fig. 2.6. In Fig. 2.6,

the rate of the insignificant PICC converges quickly to zero.

=0.0005 3 =0.002

08
=06
0.4 3 044
0.2 - ﬁ:;g 0.2
% 20 40 60 80 100 % 20 40 60 80 100
number of iterations number of iterations

Fig. 2.4. Convergence results for s; in the grail topology with different step
sizes and K, the number of proximal iterations. Here, the rate corresponds
to the optimal PICC.

G A A A
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AV 1o O
@/ \@/ \@/ \@/

Fig. 2.5. Topology contains four source-sink pairs.
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== Optimal PICC
= |nsignificant PICC

0.8

Rate

0.6

0.4

Number of outer iterations

Fig. 2.6. Convergence results for the topology in Fig. 3.8 with § = 0.01,
and the number of proximal iterations K = 5. We plot the convergence
rate vs. iterations for the optimal PICC and one insignificant PICC.

2.7.2 Gain and Fairness

We compare Algorithm A with existing algorithms and quantify the benefits of
intersession network coding over non-coded solutions. The simulation is conducted
on a graph depicted in Fig. 3.8. For this topology, the butterfly-based work [82] and
its distributed implementation in [41] and [40] cannot realize any throughput benefits
of network coding and the performance of these algorithms is the same as that of
non-coded solutions since there is no butterfly substructure in Fig. 3.8. It is worth
noting that the distributed implementations of the butterfly-based region in [40, 41]
focus on stabilizing the given traffic load instead of maximizing the utility function.
We define the utility gain of pairwise intersession network coding PINC, UG as

_ Utility(PINC) — Utility(non-coded)

U
g Utility(non-coded)
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We denote the total throughput of the network when the optimal utility is achieved
under the PINC and the non-coded solutions by >, R;(PINC) and ), R;(non-coded),
respectively. The throughput gain, 7G is defined as

> Ri(PINC) — >, R;(non-coded)

79 = > Ri(non-coded)

We evaluate the gains of Algorithm A using different utility functions presented in [68]
and [69]. The first type of utility function is log, (0 + R;), where 0 is a constant in

1—0o
)

the range [0, 1]. The second type of utility function is of the form R where o is a

1o
constant in the range (0, 1). The results are shown in Figs. 2.7 and 2.8. Algorithm A
provides strict performance gains over both non-coded and butterfly-based capacity
region on this topology. Moreover, the largest throughput gain happens when fairness
is the design criteria for the network, i.e, when ¢ is small and when o is large. This
is the same conclusion drawn from the capacity regions in Figs. 1.3(b) and 1.4(b).
We also run simulations on the grid topology in Fig. 2.9. In this topology there
are four paths between s; and d;, four paths between s, and ds, and only one path
between sz and ds. Also, the path between s3 and d3 overlaps with all the other eight
paths. Therefore, without network coding the rates of sessions 1 and 2 are about 3.7
times the rate of session 3 when 0 is small 0.1 (fairness is of high priority) as shown
in Table B.1. Using network coding the rate ratio is reduced to about 2.2 times with
a small decrease in rates R; and Ry and a considerable increase in Rs3 from 0.29 to
0.47. When ¢ is relatively large 0.6, the rate ratio without network coding is about
21, because less emphasis is put on the smaller rate (rate of session 3 in this case.)
Surprisingly with network coding the rate ratio is reduced to 4. This decrease in the
ratio is due to that network coding resolves the bottlenecks. The fairness is thus

improved as network coding removes the bottleneck for the smallest-rate session 3.

2.7.3 Complexity

In terms of computational complexity of Algorithm A and the existing butterfly-

based method [82], the path based Algorithm A solves a maximization problem of
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ing interference model for the former is absorbed as scheduling constraints © for the

latter problem, which will be clear in the later section.

(a) Wireless broadcast advantage. (b) The corresponding wireline counterpart.

Fig. 3.1. Modelling the wireless mulitcast advantage.

3.3.2 Pairwise Intersession Network Coding for Wireless Networks

Based on a necessary and sufficient condition, the six-path-based PICC cap-
tures all pairwise coding opportunities once the aforementioned wireless to wireline
conversion is properly exploited, which include the widely studied butterfly struc-
ture [40,41, 44,82, 87] and the one-hop coding opportunities [26, 27, 76, 77, 88] as
special cases when coding is permitted only between two sessions.

Fig. 3.2(a) is a classic example of the one-hop intersession coding opportunity for
wireless networks. Node A would like to send symbol X to node C while C' intends
to send Y to A. Fig. 3.2(a) depicts how to send two symbols in three time slots.
The 1 and 2 in the small boxes indicate that A sends X to B in the first time slot
while C' sends Y to B in the second time slot. In the third time slot, B broadcasts
coded symbol X +Y to A and C using the WMA. If we follow the wireless to wireline
conversion, Fig. 3.2(a) is transformed to Fig. 3.2(b). By noticing the existence of the
P and Q paths with controlled edge-overlap as in Figs. 3.2(c) and 3.2(d), this one-hop
coding opportunity for coding across two sessions is captured by Proposition 1.3.1 and

corresponds to an instance of PICC. Note that Fig. 3.2(b) also indicates that under
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a node exclusive model at least three time slots are necessary as the three involved

auxiliary nodes cannot be scheduled simultaneously.

®,

(a) (b) () (d)

Fig. 3.2. A simple wireless one-hop coding opportunity with two sessions:

Session 1: A = C; Session 2: C —— A. (a) The slot-by-slot wireless
transmission. (b) Wireless to wireline conversion. (c) Paths Py, 4,, Ps, dy»

and P, 4,. (d) Paths Qs, 4y, Qs.4,, and Qs, d,-

Similarly Fig. 3.3(a) describes the classic wireless cross-flows in which symbols X
and Y can be sent from A to £ and from B to D in three time slots. D and F
use the overheard packets X and Y for decoding. Figs. 3.3(b) to 3.3(d) depict the
corresponding wireless to wireline conversion and show that the wireless cross flows
can again be captured as a special instance PICC (which is actually a butterfly in the
corresponding wireline network). Since the path-based characterization of PINC
does not require that encoding and decoding happen at nodes that are 1-hop apart
from each other, our formulation naturally takes into account coding opportunities
over subgraphs of different “sizes,” e.g. 2-hop butterflies used in [44]. Capturing
all pairwise coding opportunities, the PICCs also prompt new wireless intersession
coding opportunities different from Figs. 3.2 and 3.3. For example, in Fig. 3.4(a),
a new type of wireless cross flows is identified, for which A sends symbol X to F

while C' sends symbol Y to D. This example is not captured by the traditional one-
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Fig. 3.3. The wireless cross flows with two sessions: Session 1: A N ;

Session 2: B — D. (a) The slot-by-slot wireless transmission. (b)
Wireless to wireline conversion. (c) Paths Py, 4y, Psyay, and Py, .. (d)

Paths Q827d27 Qsl,d17 and Q817d2‘

hop coding opportunity as node D does not overhear the original symbol X sent by
A but overhears the reconstructed symbol X decoded and sent by E. Figs. 3.4(c)
and 3.4(d) illustrate the corresponding P and Q paths, which verify that this new
type of wireless cross flows is a special instance of PICC (that is different than the
classic butterfly structure). By including the existing coding opportunities as special
cases and capturing additional ones, our PICC-based solution will enhance further

the achievable capacity region of intersession network coding.

3.4 Optimal Joint Scheduling/Rate-Control With PINC

Following Section 3.3.1, we model a wireless network by its wireline counterpart
denoted by G = (V, E)) where V' is the set of network nodes plus auxiliary nodes and
E is the edge set. Consider slotted transmission, a scheduling policy © is a collection
of active edges and the associated power levels. Under a given interference model, we
use 2 to denote the rate that can be supported on edge e under the scheduling policy
O, and we often use r® for the collective rate vector. Let ® denote the collection of
all policies and let R 2 {r® : VO € O} denote the corresponding rates. Any rate

vector r € Co(R), the convex hull of R, can be achieved via time sharing. Without
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Fig. 3.4. A new type of wireless cross flows with two sessions: Session 1:

AN F ; Session 2: C' 2 D. (a) The slot-by-slot wireless transmission.
(b) Wireless to wireline conversion. (c¢) Paths Py, 4,, Pk, 4,, and P, 4,. (d)

Paths Q827d27 Qsl,d17 and Q817d2‘
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loss of generality, we assume the rate region is bounded. There are N coexisting
unicast sessions using the network to send data from source s; to destination d; where
i = 1,---,N. The utility function U;(x) for each session is strictly concave and
monotonically increasing, where x is the end-to-end data rate for the session.

The utility optimization for multiple unicast sessions using PINC can be cast as

follows.
N |P: [PZCCij
max U; zF 4 xi-j (3.1)
0<x<Mx ,reCo(R) i 1 Gimi =1
N [Pl IPICCijl 711 !
H: (e)xt.
subject to HF(e)xk + M <r.,VeeFE (3.2)
i=1 k=1 (i,4):i=j 1=1
ali=al, V(i,j) i< j, Vi (3.3)

where P; is the collection of paths from s; to d; along which packets will be routed
without any coding operations and x¥ is the rate assigned for the k-th path. PZCC;;
is the collection of PICCs between sessions ¢ and 7 on which intersession network
coding will be performed and xﬁj is the packet rate of source s; that will be network
coded using the [-th PICC of PZCC;;. Without loss of generality, we further assume
the indices of PZCC;; and of PZCC; are consistent. Namely, for all /, the [-th PICC
of PZCC;; is also the I-th PICC of PZCCj;. Since in PINC, packets from s; and s;
are coded bijectively with each other, the system requires the equal-rate constraint
(3.3). Without loss of generality, we also assume that the rate vector x is bounded
by a finitely large constant My.

In (3.2), HF(e) is the indicator function whether the k-th path in P; uses edge
e. H;(e) is the indicator function whether the [-th PICC in PZCC,; uses edge e.
PINC ensures that the two packet flows (with rates xﬁj and xél respectively) jointly
use only the max rate max(H/(e)xl;, Hl;(e)z!;) instead of the sum rate H};(e)z!; +
H!,(e)x’;. By the fact that the indicator function is symmetric by definition, i.e.
H!(e) = H!(e), and by the equal-rate constraint in (3.3), the rate consumption

Hfj(e)méj—l—HJl-i(e) l
2

becomes max(H},(e)xl;, H;(e)x};) = %t For each edge e, summing over

YR
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rates consumed by multi-path routing and by multi-PICC network coding leads to

the capacity constraint (3.2). The non-negative rate vector x, including all z¥ and

l
17

x:., is the subject of rate control and the edge rate vector r € Co(R) is the subject
of optimal scheduling and time-sharing. One can use any path search algorithm to
initialize the paths collection P;. One advantage of considering PICC is that unlike the
existing butterfly-search approach [40,41], the characterization of PICC is path-based
rather than structure-based. One can thus use any path search algorithm to identify
possible constituent paths and any six paths Ps, a,, Psy.dys - » @s,.d, CAN S€IVE as a
PICC. It is worth pointing out that there is no need to strictly enforce Condition 2
of Proposition 1.3.1 during implementation. More explicitly, since each edge e knows
whether itself participates in a given path during the path-search phase, e also knows

its edge-overlap in the given six paths. Consider an edge e that is a bottleneck, i.e.

1{e€PS } + ]-{eEPs } + ].{eepsz’dl} =3 (34)

1,d1 2,d2

or Liceq,, a3 + Lee@u, a,t T Heequ, a} = 3

We can still treat the given six paths as a PICC in our optimization problem (3.1)
to (3.3) even though they do not satisfy Condition 2 of Proposition 1.3.1. To that end,
we simply need to generalize the indicator function H;(e) and let H};(e) = 2 (rather
than 1) for any bottleneck edge. In this way, we allocate double the capacity for
such e (see (3.2)), which thus resolves the corresponding bottleneck caused by (3.4).
With the use of a generalized indicator H};(e), searching for PICCs is equivalent
to searching for paths plus combining six paths as a group, which can be achieved
by any path-search algorithms. Note that the larger the path collection P; and the
PICC collection PZCC;;, the higher achievable throughput will be. Depending on
the available resources, there thus exists a complexity-performance tradeoff on how
erhaustive the path-search algorithm should be.

The optimal solution of (3.1-3.3) can be achieved in a decoupled way by solving
its dual problem via the sub-gradient method.

Algorithm A:
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Rate Update For each s;, update its rate vector x;[t] = {af[t], z}[t] : Vk, j, 1} for
the t-th time slot by

[P(5)] |PZCCij]
x;[t] =arg max U; zh + zh;
0<x;<Mx J
k=1 jij=i =1
[P |PZCCyj ! (e)a:l
¢ Hk k ij ij
- qelt] ;(e)ri + 5
e€E k=1 jij=i =1
|PZCC|
I I ! !
- 4;; [t]xij - jS[t]xij
=1 jij>i jij<i
1Ps |PZCCy|
k k2 l 1\2
- Q; (27 —yi)" + (25 —vig)” | -
k=1 jij=i =1

where ¢.[t] and ¢;[t] are dual variables at the ¢-th time slot, whose values are feedback
to s;. The a; are small constants and y; = {yF, yf-j : V4, k, 1} are auxiliary variables of
the proximal method in order to eliminate oscillation [63]. Periodically, y; is set to
x;[t] and the iteration continues using the new y;.

Scheduling Update The network selects the optimal scheduling policy for the ¢t-th
time slot by

rft] = arg max - ge [t]7e. (3.5)
eck
Queue-length Update FEach link e updates its dual variable g.[t + 1] according to
the following equation.

N |Pi |PZCC;;
aclt + 1 =gl + 5. ( HE(e)2b[] +
i=1 k=1 (ij)i=j =1

VH ()2l +
HZJ(2> Zj[t] —Te[t]>] 7

where [-]* 2 max(+,0) is the projection operator and [, is a small step size for the

sub-gradient method.
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Balance Update Each destination d; updates the dual variable gl;[t + 1] for all
7 > 4. The dual variable qﬁj accounts the difference between packet rates of sources i

and j that use the same PICC.
qzl'j[t +1] = qzl‘j [t] + Bi ('Iij[t] - xéz[t]) Vi g >4, Vi, (3.6)

where [3; is a small step size for the sub-gradient method.
Proximal Update Periodically, after every K time slots, set y; < x;[t]. For
notational simplicity, after the proximal update, we reset the timer value ¢ < 0.
The five different parts of Algorithm A are coupled implicitly via the queue lengths
ge and the balance information qﬁj at the destinations. One important observation is
that with PINC, only the rate and the balance updates, performed at the sources s;
and destinations d;, differ from its non-coding counterpart (cf. [90]). The scheduling
and queue-length updates remain identical. The impact of PINC on rate-control and
scheduling is thus minimal and confined only in sources and destinations.
The complexity of Algorithm C depends mainly on the number of feedback mes-
sages qu [t] that each source receives at each time slot ¢, which is proportional to the
number of PICCs in the network. Therefore, the number of queue-length exchange

messages is of the order O(N x |E| x (max; |PZCC;;|)). This is of similar

Ji=j
complexity to that of traditional multipath routing with scheduling and congestion
control [90] typically proposed for static mesh networks without mobility. Distributed
methods that reduce the number of need-to-be-considered PICCs can be found in Sec-
tion 3.6 and in [91], which mitigate the complexity of this algorithm and is executed
only once in the initialization phase. Another approach for complexity reduction is
to include the paths that form PICCs one by one in an adaptive way such that the
number of control messages exceed a threshold as explained in [92]. For comparison,
the number of multicast sessions used in the framework of [27] is (];’ )< [VIx ([V]-1),
and (§) x [V| x (|V| - 1), and the number of queue-length exchange messages in the

corresponding back-pressure algorithm is thus O(N? x [V|? x nbs), where nbs is the

average number of neighboring nodes for nodes in V.
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3.4.1 Convergence Analysis of Algorithm A

Proposition 3.4.1 Consider a decreasing non-negative sequence {(,} such that

> Br = 00 and Y2 (B-)* < oo. If in the beginning of each prozimal iteration,
we reset the step sizes B, = [; = [, with T = 1. As the inner iteration proceeds,
we use By, T =1,---, K as the step sizes in the K inner iterations. Then when the
update period K of the prozimal variable y; <— x;[t] is sufficiently large, Algorithm A
converges to the optimal solution of (3.1-3.3), the optimal rate assignment of PINC.

A sketch of the proof is as follows. The boundedness of the rate region Co(R)
and rate-vector x implies the boundedness of the sub-gradient of the dual problem
of (3.1-3.3). Proposition 8.2.6 in [93] then guarantees the convergence. A detailed
proof is relegated to [94]. The convergence with K bounded away from infinity and

B, bounded away from zero is empirically verified during our simulations.

3.4.2 Stability of Algorithm A

Definition 3.4.1 A system load {w; : i = 1,--- N} (we sometimes use {w;}; as

shorthand) can be stabilized by Algorithm A if there exists a non-negative vector w =

{wf,wﬁj Vi, 7, k, 1} such that

[P |PZCC;j|
w; = wh + wﬁj,Vi,
k=1 jig=i I=1
and  wi; = wh, V(i,j) 1i < j,Vi. (3.7)

Moreover, if we replace the “rate update” in Algorithm A by a fived rate assignment
x[t] = w, then the dual variables q.[t] and qf-j [t] must stay bounded away from infinity
when t tends to infinity.
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Let A denote a set of system loads A= {{w;};} such that for any {w;}; € A,
there exists a rate vector r € Co(R), a non-negative vector w = {wf, wl; : Vi, j, k, 1}

satisfying (3.7), and jointly w and r satisfy
N "Pz‘ "PZCCU
HF(e)wF +
i=1 k=1 (ij)i=j 1=1

T I
Ht (e)w!.
% <r.,Veec kL.

We then have the following stability result regarding the system load region A.

Proposition 3.4.2 Any system load {w;}; that is in the interior of A can be stabilized
by the optimal rate-control/scheduling in Algorithm A.

(Proposition 3.4.2 can be regarded as a corollary of Proposition 3.5.1 that will be
introduced shortly after.)

3.5 Pairwise Intersession Network Coding with Imperfect Scheduling

In general, it is computationally expensive to find the optimal scheduling decision
satisfying (3.5) in Algorithm A. Depending on different interference models, finding
the optimal scheduling r that maximizes ) _g.[t|r. is NP-hard in many cases and
generally requires centralized implementation. In practice, we would often have to
resort to imperfect scheduling schemes that select the rate vector r[t] that achieves
fraction of the maximum value. Namely, an imperfect scheduling policy choose r[t]
satisfying

@[] > ymax  qldr., (3.8)
ecE ' ecl

where 7 is a constant in [0, 1]. With imperfect scheduling (v < 1), the tie between Al-
gorithm A and the gradient method for the dual problem is severed and Algorithm A
may not converge to any fixed-point solution. The following results show that even
with imperfect scheduling, the proposed PINC scheme with cross-layer optimization

Algorithm A still shows tractable performance in terms of the stability region.

Proposition 3.5.1 Any system load {w;} that is in the interior of YA can be stabi-
lized by Algorithm A with ~-imperfect scheduling.
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The sketch of the proof is provided in Appendix B.1, which covers Proposition 3.4.2

as a special case.

3.5.1 Networks with Dynamic Arrivals and Departures

In addition to networks with static arrivals and departures, we also consider
the case of dynamic system loads with logarithmic utility functions. Consider N
classes of users. For all 7, users in class ¢ have a common logarithmic utility function
Ui(z) = k;log(x) where k; > 0 are predefined system parameters. All users in class
1 will send packets from s; to d; and will use the same routing paths in P; and the
same PICCs in PZCC;; for transmission. We also assume that users of class ¢ arrive
according to a Poisson process with rate A; and each user needs to send a file whose
size is exponentially distributed with mean ui The system load of this network with
dynamic arrivals is then defined as {(%) : Vi}. The dynamic nature of this setting
prompts a slightly different definition of stability.

i

Definition 3.5.1 A system load {(A—) : w} can be stabilized by Algorithm A if the
dual variables q.[t] and qll-j [t] are bounded away from infinity for each iteration with

probability one.!

We then have the following stability result.

Proposition 3.5.2 (Stability for Dynamic Systems) Consider logarithmic util-
ity functions U;(x) = k;log(x). With sufficiently small o, Be, and [;, any system
load {(%) : Vz’} that is in the interior of YA can be stabilized by Algorithm A with
~v-imperfect scheduling.

The proof of Proposition 3.5.2 is sketched in Appendix B.2. Proposition 3.5.2
implies that although the instantaneous system load imposed on the network may

well exceed the network capacity, as long as the average system load is within v times

'In contrast with Definition 3.4.1 where the rate update rule is modified for a static system load,
for a dynamic system load, the optimal rate update is kept unchanged. Only the scheduling update
will be changed to incorporate imperfect scheduling as in (3.8).
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the capacity, the queue lengths of the network are bounded away from infinity and
the system is stable.

Proposition 3.5.2 shows that the graceful stability degradation that was previously
known only for non-coding transmission (cf. [54]) also holds for PINC. Shifting from
non-coding to network-coding solutions enhances the throughput without sacrificing

the associated stability even with imperfect scheduling.

3.5.2 A Generalized Node Exclusive Interference Model With the WMA

The node exclusive model is a commonly used interference model for bluetooth
or for FH-CDMA networks [95-97] that admits efficient and provably good approx-
imation of the optimal scheduling policy. In the traditional node exclusive model
(without taking advantages of the WMA), the data rate of each link is fixed at c. and
each node can only send to or receive from one other node at any time. The objective
function of optimal scheduling is thus equivalent to

max Qelt]re = max  ge[t]ccleepy = max elt]Ce, (3.9)
i ecE M ecll M eeM

where M is a matching of the underlying graph . Finding the optimal scheduling
of (3.9) thus becomes a maximum weighted matching problem.

Nonetheless, when the WMA is taken into account, i.e. with the auxiliary nodes
added for the broadcast nature of wireless transmission as discussed in Section 3.3.1,

the objective function of scheduling becomes

(3.10)

max— qe [tlre = max — ge [teelie is adjacent to some node in A}

eeE ecl

where A is a set of active auxiliary nodes. Since each network node can only send
to or receive from one auxiliary node (due to the node-exclusiveness assumption), we
require that the node set A satisfies that any node in A does not share any common
neighbor with any other node in A.

Fig. 3.5(a) depicts a wireless network of six nodes. Nodes w1, us, and ug would like

to transmit and the transmission can be overheard by more than one receivers (see
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Fig. 3.5(a)). Two possible scheduling policies (two different As) are illustrated. In
Fig. 3.5(b), the wireline counterpart of Fig. 3.5(a), three auxiliary nodes are active and
correspond to three unicast transmissions ((u1,vs), (ug,vg), and (ug, vs)) highlighted
by thick edges. The other scheduling policy contains two active auxiliary nodes

as in Fig. 3.5(c) that correspond to two broadcast transmissions ((u1, {vg, ug}) and

(u2’ {US’ Uﬁ}))'

R 7

@

(a) Consider the WMA of a (b) Three active auxiliary (¢) Two active auxiliary
wireless network. nodes corresponding to nodes corresponding to two
three unicast transmis- broadcast transmission.

sions.

Fig. 3.5. Tllustration of the node exclusive model when the WMA is taken
into consideration.

It can be shown that maximizing (3.10) is equivalent to solving a maximum
weighted hypergraph matching (MWHM) problem. In [25] a greedy maximal hy-
pergraph matching (GMHM) is proposed as an approximation of the MWHM. More
explicitly, the network first selects an auxiliary node v, that maximizes
Yoo adjacent to v, de [t]ce and includes v, as part of the scheduling policy A. Remove
v, and its neighbors and then restart this greedy selection of auxiliary node until
a maximal scheduling policy A is reached. In this way, GMHM guarantees to find
-approximation of the MWHM, where nbs(v,) is the set of neighbors

a maxay, |nbs(vq )|

around v,. We can further sharpen the approximation ratio as follows.

Proposition 3.5.3 For any given network, the GMHM is a é-appro:m’mation algo-
rithm and can thus achieve at least % of the stability region A when used as an 1m-

perfect scheduling policy for the node-exclusive model.
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Proof Since each PICC consists of six paths, any auxiliary node participating in a
PICC has at most six outgoing branches plus one incoming edge. As a result, during
the wireless to wireline conversion, there is no need to include auxiliary nodes of
> (6 4+ 1) neighbors as the neighbors of those nodes will not fully participate in a
PICC. The above reasoning shows that the GMHM can be made a %-approximation
by eliminating the auxiliary nodes with > 7 neighbors. By further taking into account
the edge-overlap conditions in Proposition 1.3.1, it can be shown that each auxiliary
node needs to have at most four outgoing branches (two for the P paths and two for
the Q paths). Therefore, the approximation ratio can be improved to % by eliminating

the auxiliary nodes with > (4 + 1) neighbors. The proof is complete. |

It is worth mentioning that the %—approximation is a lower bound of the perfor-
mance of the GMHM. In our numerical study, GMHM has almost identical perfor-
mance to the optimal MWHM solution. Other studies on the performance of greedy

maximal matching for non-coding networks can be found in [98,99].

3.6 Distributed Code Design for PINC

The rate control and link scheduling algorithms described thus far allocate optimal
rates at each link so that the utility function can be maximized. The next question
is what is the network coding scheme that can achieve the optimal rate assignment?
For a given PICC, we proposed a coding scheme based on identifying distributedly
special edges in the PICC in [92]. Specifically, carefully chosen decoding operations
are performed on special decoding edges, while random network coding is performed
on all other edges for the sake of scalability and distributiveness. In this chapter
we present a new, more efficient approach in which each edge e decides the coding
operation based on the subset of the six paths of the given PICC that use e. Since
each edge naturally knows whether itself participates in a given route/path or not (a
byproduct of the initial path-search phase of Algorithm C), the corresponding coding

operation can be decided locally without knowing the entire topology of the network.
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Moreover, this scheme only uses binary XOR operations, which has computational
advantages over schemes based on a large finite field GF(2%) or GF(2'¢). The new
binary scheme achieves the same optimal throughput as that of [91] while the later
requires the use of a larger field.

Practical network coding [85] uses the concept of “generations” that synchronize
the network operations as coding is performed only within the same generation. With
appropriate route/path selection and a carefully-designed generation-flushing policy,
packets seldom cycle in the network. For the following, we thus restrict our attention
to acyclic networks. In [91], it is observed that some PICCs have negligible impact
on scheduling/rate-control and can be absorbed by a pair of edge-disjoint paths or by
other PICCs. Fig. 3.6(a) represents one such insignificant PICC. The P and Q paths
in Figs. 3.6(b) and 3.6(c) verify that Fig. 3.6(a) is indeed a PICC. However, within
Fig. 3.6(a), there exists a pair of edge-disjoint paths P, 4, and P, 4, as illustrated
in Fig. 3.6(d). One can send symbols X and Y along the edge-disjoint paths with-
out using up all available bandwidth in the given PICC. From the throughput/cost
perspective, the pair of edge-disjoint paths (Fig. 3.6(d)) dominates the given PICC
(Fig. 3.6(a)), the latter of which is thus insignificant in the rate-control/scheduling
analysis and can be removed from consideration without affecting the optimality of

the solution. Let (s1,d;) and (sg,ds) denote the pair of unicast sessions of interest.

e Disjoint pathl ‘

Disjoint path 2

(a) An Insignificant (b) Paths Py 4., (¢) Paths Qs,.4,, (d) The embedded edge-disjoint
PICC. PS2,d27 and P52,d1- Qsl-,dlv and Qsl-,dd' paths.

Fig. 3.6. Illustration of an insignificant PICC that contains a pair of
edge-disjoint paths as a strict subgraph.
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For acyclic networks, the following four rules? identify the insignificant PICCs (each

consisting of three P paths and three Q paths).
e Rule 1: If P, 4, and @)y, 4, meet at any edge, the PICC is insignificant.

Depending on whether Py, 4, and Qs, 4, are the same path (and symmetrically whether

P, 4, and @, 4, are the same path), we have the following three more rules.

e Rule 2.1: Suppose Py, 4, = Qs,.q, and P, 4, # Qs,.4,- 1f there exists an edge e
shared by all three paths P, 4,, Ps, d,, and @, 4,, then the PICC is insignificant.

e Rule 2.2: Suppose Py, 4, # Qs,.q, and P, 4, = Qs,.4,- 1f there exists an edge e
shared by all three paths Qs, 4, @s, 4,, and Ps, 4,, then the PICC is insignificant.

e Rule 2.3: Suppose Fj, 4, # Qs,.4, and Ps, g, # s,.4,- Declare the PICC as

insignificant.

Rules 1 to 2.3 can be implemented distributedly in the initialization phase by
sending tokens along the paths to explore whether the paths share a given edge. For
example, the insignificant PICC in Fig. 3.6(a) can be identified by Rule 1 and removed
from consideration. Our new XOR-based scheme is then performed on the remaining
PICCs that are not removed by the above four rules. The detailed description of the
code construction is as follows.

The source: Source s; sends its own symbol X along P, 4,, Qs .4y, and Qs, dy»
and sy sends its own symbol Y along P, 4,, Qs,.4,, and P, 4,.

Each intermediate edge: At each edge e that is the outgoing edge of an inter-

mediate network node v # s1, $5. Consider the following cases.

o Case 1: Py, 4, = Qs, 4, and P, 4, # (Qs,.4,- Consider four sub-cases. Case 1.1:
If all incoming edges of v carry the same symbol, then forward that symbol.

Case 1.2: If Case 1.1 is not satisfied and e ¢ Pj, 4,, then send Y through e.

2A detailed proof of the correctness of these four rules and the corresponding distributed implemen-
tation can be found in [94].
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My = My M, # M. My # My
M6<—M1:M2 M€<—Y €¢P81d1 Me<—Y 6¢P517d1
O O 7 e ¢ Py dy
(a) Case 1.1 (b) Case 1.2 (c) Case 1.3
My # My

Me<—X_|’Y 6€P31’d1

e c PS27d2

(d) Case 1.4

Fig. 3.7. Cases 1.1 to 1.4 of the new distributed code construction using
only the binary XOR operation. M; and M, are the coded symbols along
the two incoming edges of v. M, is the outgoing coded symbol along edge
e.

Case 1.3: If Case 1.1 is not satisfied, e € Py, 4,, and e ¢ P, 4,, then send X
through e. case 1.4: If Case 1.1 is not satisfied, e € P;, 4,, and e € P;, 4,, then
send the binary XORed symbol X + Y through e.

o Case 2: P, 4, # Qs,.4, and Py, 4, = (s, 4,- This is a symmetric case of Case 1.
We perform the symmetric operations of Case 1 by swapping the roles of the first

unicast session (s1,d;), X, and P with the roles of the second session (s, ds),

Q and Y.

o Case 3: P;, 4, = Qs,.4, and P, 4, = Qs,.4,- Perform the same operations as in

Cases 1.1 to 1.4.

Fig. 4.1 illustrates Cases 1.1 to 1.4 for an outgoing edge e of an intermediate node v.
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Proposition 3.6.1 For an acyclic network, consider a PICC that is not removed by
Rules 1 to 2.3. Then destination dy (resp. dy) is able to recover the designated symbol
X (resp. Y ) using the above locally computed binary coding scheme.

The proof is relegated to Appendix B.3.

3.7 Numerical Experiments

We perform simulations under the linear signal-to-noise-&-interference-ratio
(SINR) model. The objective is to compare the non-coded and the network cod-
ing solutions with both perfect and imperfect scheduling. To implement imperfect
scheduling, we maintain a smaller pool imperfect scheduling policy €) C © and
choose the imperfect scheduling from the smaller policy pool © in a similar way

as in [54] according to the following. Every scheduling policy 6 € © is associated
0

with a rate vector r;. Further assume that every 6 € © is associated with a set of
queue lengths {¢? : Ve} such that the policy @ is a yp-approximation policy satisfying

e @0 > ypmax, >, p ¢lre. If the following condition holds in the ¢-th time slot

9,,,.9
max  ¢[tlr! >ymin  [g[t] — ¢J]TrI + 2eer e ’

0cd 0c® c
€O ek €O ek T

for some 7y, where r*** is the maximum possible rate along edge e, then policy 67 that
maximizes the left-hand side is a y-approximation of the optimal scheduling policy
with weights ¢.[t] on each edge. We can use such a scheduling policy €% in the reduced
policy pool © without the computationally expensive step of computing the optimal
scheduling policy #* in the right-hand side of (3.8). If no such 6 exists, we compute
directly one 0[t] satisfying (3.8) and store this new #[t] and the associated ¢.[t] in the
small pool .

We assume that the total power assigned to node u at any time slot is bounded
by P, max- To achieve the optimal throughput, in each time slot, each node u should

either transmit at full power P, ,.x or remain silent. For any unicast transmission
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from u to v, the data rate r,, is assumed to be proportional to the SINR level® at

the receiver v, which is formally expressed as.

G ) 1 u,v) is activate Pumax
Tuw = W (14, 0) L) i activatea) P ’
NO + Zw:w:u G(w> U)]-{nodo w is sending}Pw,max

where N is the background noise, W is the bandwidth of the system, and G(u,v) is
the path gain between nodes u and v which is set to (dist(u,v))™*, where dist(u,v)
is the Euclidean distance between nodes v and v. With network coding, the data
rate of the broadcast link with multiple receivers is proportional to the minimum of
the SINR levels at those receivers. More precisely, if node u is broadcasting to nodes
U1, , Uy, the data rate of this broadcast link, r, fy,, . v,}, becomes

G(U, Uz’)l{(u,{vl,...,vn}) is activatod}Pu,max
NO + Zw:w:u G(’(U, Ui)l{w is sending}Pw,max

Fuforeeny = W min

We run the simulations on the topology in Fig. 3.8. The X- and Y-coordinates of the

node location Class Source Destination

1 (0,0) L

2 (0,2) 5 5

3 (1L,1) 3 4 5
4 (2.2,0)

5 (2.5,2)

6 (3.5,1)

Fig. 3.8. The network topology, node locations, and three classes of uni-
cast traffic used in the simulations.

six network nodes are specified in the figure. We simulate three classes of users and
each class is allowed to use multi-path or multi-PICC communications. The source
and destination pair of each class is also shown in the figure. A logarithmic utility
function U(-) = log(+) is assumed for all classes. In our simulation, we use W = 10,

No =1, P, max = 1, Vu, the proximal coefficient a; = 0.01, the step sizes 3. = 0.01, Ve,

3The linear SINR model can be viewed as a first order approximation of the information-theoretic
W log(1l 4+ SIN R) model.
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B; = 0.01, Vi, and 10 inner iterations within each proximal iteration K = 10. Fig. 3.9
represents the results for the case of deterministic arrival and departure. Using the
non-coded solution with perfect scheduling the rates of classes 1 and 2 converge to
about 0.377 and the rate of class 3 converges to 0.325. When imperfect scheduling
is used without network coding and v = 0.6 the rates of classes 1 and 2 remain the
same as the perfect scheduling case and the rate of class 3 is reduced by only 0.02.
The number of time slots in which new schedules need to be computed is 18 out of
totally 5000 time slots (500 proximal iterations). When we further reduce v to 3, the
rate of class 1 is 4.0, the rate of class 2 is 3.5, and the rate of class 3 is 3.2 which

shows a deviation from the fairness point. The number of time slots in which new

schedules need to be computed is 7 out of totally 5000 time slots.

Non-coding with Perfect Non-coding with Imperfect Non-Coding with Imperfect
Scheduling Scheduling y=0.6 Scheduling y=0.3333
0.5 0.5 0.5
04 B A A=

047 | s be o Dorbibo-De-ba-de 0.4 /'A
203 wo03d . o \ @03 y ’

g 7 © . © -
S O_zzr ——Class 1 X 02 —4—Class 1 ¥ 0.2 . ——Class 1
o Class 2 oA Class 2 01l Class 2

—o-Class 3 ——Class 3

o 0 o —<—Class 3
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500
Iteration number Iteration number Iteration number
Coding with Perfect Coding with imperfect Coding with Imperfect
Scheduling Scheduling y=0.6 Scheduling v=0.3333
05— 0.5 0.5
0.4 SASASAOABNSASATSNG 0.4 CACACCAOASEATEATOATEN 0.4 .
P
203 ~4-Class 1 203 —4-Class 1 203 /A)/‘ ——Class 1
© © © /
& 02 Class 2 X 02 Class 2 & o2l /. Class 2
——Class 3 -o-Class 3 ° ——Class 3
0.1 0.1 0.1
0 0 0
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500
Iteration number Iteration number Iteration number

Fig. 3.9. The convergence results for the case of deterministic arrival with
the linear SINR-based interference model.
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The PINC solution with both the perfect and imperfect scheduling with v = 0.6%
achieves strict fairness as the data rates of all classes converge to 4 as shown in
Fig. 3.9. Using imperfect scheduling from a reduced pool of scheduling policies, the
new schedules need to be computed in only 21 time slots when v = 0.6 and in only 13
time slots when v = % With network coding, the computationally efficient imperfect
scheduling method outperforms the non-coding solution with optimal scheduling from
both the throughput and fairness perspectives. To show that the performance gain of
PINC is universal for other channel models, we have also simulated the same topology

with a Wlog(1 + SINR) model. Similar performance gain is observed in Fig. 3.10.

Non-coding with Perfect Non-coding with Imperfect Non-coding with Imperfect
Scheduling Scheduling y=0.6 Scheduling y=0.3333
0.5 05 0.5
04 o 04 &fyfﬁ«éﬁx B 05 Ll L D i 0.4 L/_& B b L 5L L
03/ 003 03 N
© /;i © M&e@%—%@—%ﬁ © Y/
o2} « —=—Class 1 o2 " Class 1 @Xo.2 —2+—Class 1
0.1 Class 2 0.1 Class 2 0.1 Class 2
e —<—Class 3 e —-—Class 3 —o—Class 3
—— 0
% 250 500 750 1000 o 250 500 750 1000 O 250 500 750 1000
Iteration number Iteration number Iteration number
Coding with Perfect Coding with Imperfect Coding with Imperfect
Scheduling Scheduling y=0.6 Scheduling y=0.3333
05 0.5
0.4 ,‘ 0.4
Cnss T 203 203
—2—Class 5 — & Class 1 Iy » —+—Class 1
Class 2 o 0.2 Class 2 o2y Class 2
——Class 3 0.1 Class 3 0.1 —=—Class 3
% 250 500 750 1000 % 250 500 750 1000 % 250 500 750 1000
Iteration number Iteration number Iteration number

Fig. 3.10. The convergence results for the case of deterministic arrival
with the Wlog(1 4 SINR)-based interference model.

For the dynamic arrival and departure, we simulated the arrival of files for each

class whose size is exponentially distributed with average size (i = 100). Each file
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arrives according to a Poisson process with rate A. We vary the rate A and report in
Fig. 3.11 the average number of users in the system with respect to the system load

A

per user p = m As shown in the figure network coding with imperfect scheduling

outperforms the non-coded solution with perfect scheduling by a significant 20%.

30

25 ! ]

Coding Gain

P 20 !
[0) O I
a —=Non-coding with Perfect Scheduling
S ~©-Non-coding with Imperfect Schedulingy= 0.8
5 15/ | -2-Non-coding with Imperfect Scheduling y = 0.5
o -8-PINC with Perfect Scheduling N
g ~©-PINC with Imperfect Scheduling y=0.8 /
Z 10| |-2-PINC with Imperfect Scheduling y=0.5 .
A
]
o 0
5 L6
-
o U - S g o8-
0.05 01 015 02 0.25 03 0.35 0.4 0.45 05
P

Fig. 3.11. The number of users in the system versus the system load for
the case of dynamic arrival with the linear SINR-based interference model.

3.8 Conclusion

For intersession network coding, coding across many sessions requires greater
transmission power to broadcast the coded symbol to many receiver, which results in
higher interference in the wireless multi-hop network. In both empirical and analyti-
cal studies, it has been shown that for an interference/energy aware network coding
scheme, most of the coding opportunities involve only two sessions, referred herein as

pairwise intersession network coding (PINC).



68

In this chapter, we have proposed a jointly optimal coding, scheduling, and rate-
control scheme for wireless multi-hop networks based on the recent theoretical find-
ing of PINC. The corresponding coding, scheduling, and rate-control components
are decoupled by the use of queue lengths and the introduction of rate-balance dual
variables. Our results have proven that in a wireless multi-hop network, the through-
put advantage of PINC can be achieved without sacrificing the stability conditions.
Moreover, PINC has minimal impact on the optimal rate-control/scheduling as the
only new component necessary for scheduling PINC traffic is the balance update per-
formed at the receivers. Following this new formulation, we have also studied the
impact of y-imperfect scheduling on PINC-based rate-control algorithm and for the
corresponding distributed greedy hypergraph matching algorithm.

Numerical experiments have also been conducted for the linear and the logarithmic
signal-to-noise/interference-ratio (SINR) models, which shows that the achievable
rates using PINC and efficient imperfect scheduling outperforms that of non-coding
transmission with computationally expensive optimal scheduling.

The approach proposed in this chapter is a path-based approach which converges
faster than the back-pressure approach. However, the path based approach in this
chapter does not allow the decoded packet to be reencoded again. In the next chapter
we study the back-pressure approach that provides a potentially bigger capacity region
by allowing the decoded packet to be reencoded again. The back-pressure approach

can be used for both rate control and energy minimization.
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4. BACK-PRESSURE ALGORITHM FOR FULL
UTILIZATION OF WIRELESS MULTIHOP NETWORKS
WITH PAIRWISE INTERSESSION NETWORK CODING

4.1 Introduction and related work

In this chapter we develop a back-pressure algorithm for pairwise intersession net-
work coding. In the back-pressure approach, paths are not fixed unlike the path-based
approach in Chapter 3. This feature of the back-pressure approach allows finding all
of the PINC opportunities, reencoding the decoded packets again, and reducing the
complexity of implementing PINC in wireless networks. Our main contributions in

this chapter that distinguish it from previous chapters are as follows:

e Development of an optimization framework that takes into account the trans-
mission power, broadcast nature of wireless links, link scheduling, and the pair-
wise intersession network coding possibilities. Existing works either consider
the non-network coding solutions [54,60,61,100], use intersession network cod-
ing but limit the encoding and decoding nodes to be neighbors as in [26,27,76],
consider specific structures for intersession network coding opportunities as the
butterfly in [40,41,44], or do not allow decoded packets to be reencoded again
as in Chapter 3. In contrast our framework considers all pairwise intersession
network coding opportunities within s-hops, where x is an arbitrary integer
balancing the tradeoff between complexity and the achievable capacity. Our

approach also allows the decoded packet to be reencoded again.

e The framework allows us to develop cross-layer algorithms for both energy min-
imization and rate control and study their performance loss under suboptimal

but distributed scheduling algorithms. Our performance loss results are tighter
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than these in Chapter 3, because we carefully characterize the maximum broad-
cast link size with pairwise intersession network coding. Characterizing the
maximum broadcast link size also simplifies the distributed implementation of

the proposed algorithms and reduces their complexity.

The rest of the chapter is organized as follows. In Section 3.3 we review the char-
acterization and implementation of pairwise intersession network coding in wireline
as well as wireless networks. In Section 4.2 we provide a new result regarding the
broadcast link size for pairwise intersession network coding in wireless networks. The
formulation of our optimization framework is in Section 4.3 followed by distributed
algorithms for energy minimization and rate control in Sections 4.4 and 4.5, respec-
tively. Section 4.6 is devoted to practical implementation details of our algorithms.
We present our simulation results in Section 4.7 and conclude the chapter in Sec-

tion 4.8.

4.2 Broadcast Link size with PINC

To efficiently apply the WMA in Section 3.3.1 to PINC, we need to know the
largest necessary broadcast link size that can provide strict throughput benefits over
non-coded solutions when PINC is used. By excluding those broadcast links with
size greater than the largest necessary, an efficient scheduling algorithm can be de-
signed with provable approximation constant. Using the approach in Section 3.3.1,
the number of added auxiliary nodes for node v grows exponentially in nb(v), where
nb(v) is the number of neighbors for node v. By excluding the unnecessary broadcast
links, the number of auxiliary nodes for node v grows in polynomial time with re-
spect to nb(v) (actually (nb(v))? as will be clear shortly after) which greatly reduces
the complexity in dense mesh networks. Excluding unnecessary broadcast links also
simplifies the formulation and the distributed algorithms in Sections 4.3, 4.4, and 4.5.

The following proposition characterizes unnecessary broadcast links.
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Fig. 4.1. Graphical representation of the different cases in the proof of

Proposition 4.2.1
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Proposition 4.2.1 With the use of the WMA and PINC, ignoring broadcast links
with more than two receivers does not affect the overall performance of any scheduling

algorithm.
We have the following corollary for the GMHM discussed in Chapter 3.

Corollary 4.2.1 With PINC, GMHM guarantees to find a %—approm’mation of the
MWHM

Proof This proposition follows for acyclic networks due to Theorem 3 in [78].

In [66] it has been shown that if a cyclic network contains no 2EDPs connecting
(s1,d1) and (s2,ds) and satisfies the necessary and sufficient conditions for the exis-
tence of a PINC solution as in Theorem 1.3.1, then it must satisfy one of five cases.
We will show that the Proposition holds in all of these cases. In all of these cases
we will show that there exists two sets of path segments, and the path segments in
each set are edge disjoint. Moreover, the sets of path segments satisfy that if we
remove all edges in the network except those belonging to these two sets, condition 2
in Theorem 1.3.1 holds. Therefore, for any given edge e, at most two path segments
use e (one from each set of path segments). Therefore, the number of links branching
from a single edge or splitting after sharing an edge is at most two and there is thus
no need to consider broadcast links with more than two receivers.

Before considering the cases, we use the following notations and definitions:
e We assume that the two unicast sessions are (s1,d;) and (sg,ds).

e Critical 1-edge cut: For any node w in a cyclic network, the critical 1-edge cut
e* is a l-edge cut separating {s;, so} and u that is the farthest from u. Namely,
any path from {sj, ss} to u will meet e* before meeting any other 1-edge cut.
If there exists 1-edge cut separating {sl, so} and u, then e* always exists and is

unique. A detailed discussion is in [66].

e We assume that e; = (uy,v1) (e2 = (ug,v2)) is the critical 1-edge cut separating

{81, 82} and dl (dg)
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e (G\e: Denotes the subgraph induced by removing edge e from G.

o P, u,€e1P, 4, is the path formed by the path segment P,, ., followed by edge
e; and then followed by P, ,,.

Case 1: 3 2EDP PSY?, PSY? in G\e; and 3 2EDP PS5, PSY! in G\ey. We
have 3 edge disjoint path segments PSy2, P92 P92 in G\e, and other 3 edge

u1,d1

disjoint path segments PS %l PS\E P9\ in G\e;. We can construct the P and

uz,ds

Q satisfying condition 2 of Theorem 1.3.1 by letting Py, 4, = Qu,.0, = PS 52 P\

uy,dy’

P827d2 = Qsmdz = PSG2’,\;21PG\61 P827d1 = PSG2’,\;12PG\62 and Q517d2 = PS?’};;PG\El- By the

ug,dz uy,di’ ug,dz

same reasons stated in the opening paragraph of the proof, Case 1 is proven. This
case is shown in Figure 4.1(a).

Case 2: 3 2EDP PS5 PS\! in G\ei, A2EDP pEy pS\e in G\e2, and e is
reachable from both s; and sy in G\ es.

Let €] = (uf,v]) be the critical 1-edge cut for u; in G\ ey. Therefore, we must have

2EDP Pg\j,f, P9 in G\é,. Also we must have path segments P,, ,, and P,, 4,. The

s2,u])
first set of path segments contains the three edge disjoint path segments Ps(.f,\qu, Pg,\qu,

PG\el

., 1 G\e1. Let us be the last vertex where P,, ., and PuG2 \521 meets, the other set

PG\@’Q ’ PG\GIIZ ’ G\62 G\62

of path segments contains the following five path segments P 2 P > Dy
11 11 El )

PG\GQ

., 18 edge disjoint from all the remaining four path segments because

and Pu;,ul-
ey is the critical 1-edge cut for dy. Py;., and Pi\zf are edge disjoint, because €] is
a critical 1-edge cut for u; in G\ey and so the min-cut max flow value from {v, v]}
to uy is 2. PuG,\f is edge disjoint from both P% and P9\ because €} is a critical
1,U1 S1,Uy 52,Uq
1-edge cut for u; in G'\ey. If either of Pf\j,z or Psf\j? meet with Py ,,, then this means
1071 [ |
that P ., and Py uy meet because €] is a critical 1-edge cut for u; in G\es which is
impossible. We can construct the P and Q satisfying condition 2 of Theorem 1.3.1 by

lettlng Pshdl _ PG\BI,QPG\esz\ez’ Qsl,dl _ PS}LTQPG\?P PG\62 Ps2’d2 _ Qsz,dg _

«
stuf T oujun o u,da ug,uz” U2UlT ug,dy )

PE PO Py g = POEPS2 PO and Q4 = PSP

ug,ds? s2,uf T oufun uy,dy? ug,ds *
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Case 3: /A 2EDP PS5\, PSS! in G\er, A 2EDP P\, PSY? in G\es, and
3 2EDP PC5 PO in G\ey, 3 2EDP P PO in G\el, where €] = (uf,0})
(e, = (uh,vh)) is the critical 1-edge cut for u; (us).

The first set contains the following five path segments P, \u,z, PSG\U62 uG\Z% Pﬁ \5;2
and P,; ., and the second set contains the following five path segments PG\ ,1, Pscf\uel

Pz\Zi, Pi };2 and Py .,. Paths in every set are edge disjoint by similar state-

ment to the above. We can construct the P and Q satisfying condition 2 of The-
orem 1.3.1 by lettlng Ps1 d = PG\el G\elpG\GIPG\62 P82 & = PG\61PG\61PG\61

s1 u2 uz,u u3,u1” u,dy? S2 u2 u2 ug” u2,d2?

Ps27d1 — PG\esz\€2 G\e2 Qsl,dl _ G\62PG\62PG\62 ng,dg _ G\GQPG\GQP PG\el

s2,uf Tl un u1d1 51u uf,ur o ut,da? slu ul,uy uiu2t yg dy

Q G\€1 G\el G\el
s1,d2 — 31 ub, T uhug” uz,de

Case 4 A 2EDP PS5\ PSYY in G\ey, A 2EDP P52, PSY? in Ges, and 3

2EDP PG\EP, PG\? in G\¢,, A2EDP PG\e1 PG\eg in G\e}, and uy is reachable from

both s; and s,.

Let e = (u},vY) be the critical 1-edge cut for e). The first set contains the follow-

ing five paths segments PG\ ? P \62 , P G , P G\ P34, that are disjoint by the same

S2, u u up? T ul,dy?
argument in Case 3. The other set contains the following seven path segments PG\ 1,
Pg;,e,l, Puguys Purays Putugy Puguss and P, 4,, such that uj* is the last vertex where

Py, and Py g, meet. These seven path segments are disjoint by similar argument
to case 2. We can construct the P and Q satisfying condition 2 of Theorem 1.3.1
by letting Py, 4, = PC PG POE Py = PO PG P PO PO Py =

spul T ufun T ur,da? so,uf T ouhul g uby,up” u2,dz”?

OGP Py PO, Qo = POGPO PO 0, = PO PO P, pOls

s2,ub T uh,ulb u1 dy> 31 (TR TR T) u1,d1 ) 32 uwh ol ul ul,u2t o dy

Q G\61 G\elpG\el
317d2_ sub T ubug T uz,de

Case 5: The Network contains the network in Figure 4.1(d). In this case, if we
remove all edges except those for the network in Figure 4.1(d), it is obvious that the

proposition follows without considering the two sets. [ |
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4.3 Problem Formulation

For the following, we model the wireless multi-hop network by a directed hy-
pergraph G = (V| E), which is equivalent to the auxiliary node-based framework in
Section 3.3.1', where V is the set of vertices that models the nodes and E is the set
of hyperedges that models the links and broadcast links (as in Section 3.3.1). For
the rest of the chapter we will use the term link to refer to both broadcast and non-
broadcast links unless otherwise specified. We use I(v) and O(v) to represent the
sets of incoming and outgoing links of node v, respectively. Their union is denoted
as N(v).

We use X to represent the long-term average data rate supported from node v
to node d. Nodes v and d here form a unicast session where a long term average data
rate X? is supported. The “type” of this session is defined by the destination node
d. For any two pairs of nodes (uy,v1) and (ug, v2), as in Figure 4.2, a PICC can be
defined as the six paths that satisfy the necessary and sufficient conditions for PINC
in Theorem 1.3.1 that can be used to transmit packets of unicast session d; from u;
to v, and packets of unicast session dy from us to vo. In Figure 4.2 we term u; and
v1 the entry and exit nodes of the PICC for session d;, respectively. Similarly, us
and vy are the entry and exit nodes of the PICC for session ds. In this chapter, each
PICC is thus described and differentiated by two parameters: the subgraph structure
and the index pairs of the two sessions that are mixed together. For example, there
are four distinct PICCs in Figure 4.3. All of the PICCs have the same subgraph
structure but have different index pairs: (dy,ds), (d1,dy), (ds,ds), (ds,dy), where the
first coordinate corresponds to the session using (u;,v1) as the entry and exit nodes.
Similarly, the second coordinate corresponds to the second session using (us, v3) as

the entry and exit nodes.

IThe auxiliary node-model allows us to directly apply Theorem 1.3.1 to the wireline counterpart of a
wireless network. On the other hand the hypergraph framework facilitates the use of one hyperedge
for one physical transmission.
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We define PZCC as the collection of all distinct PICCs, and PZCC(d) as those
PICCs with one of the session indices being d. For example: PZCC(dy) N PZCC(ds)
denote those PICCs with the two session indices being d; and dy. Suppose the k-th
PICC is mixing two sessions d; and ds, we use I'y (k, d;) to denote the entry node of
the k-th PICC for session d;. Similarly,I" _(k,ds) denotes the exit node of the k-th
PICC for session d,. In this chapter, the alphabet k is reserved as the index of the
PICCs in PZCC.

Fig. 4.2. The X-topology identified by the solid links with entry and exit
nodes for session d; (ds) being wuq, vy (ug, v2). The dotted lines represent
the logical paths the information is flowing through. The logical paths
might be non-coded paths or through PICCs

For the resource allocation problem of interest, each edge e has two types of rate
assignments: z¢ represents the rate allocated for transmitting non-coded packets, and
x* represents the rate allocated for transmitting coded packets over the k-th PICC
in PZCC (totally there are |{d}| + |PZCC| such 2’s). We also use # to denote the

vector containing all of ¢ and z*, and use Z. to represent the vector containing all of
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Fig. 4.3. Four PICCs are using the X-topology. The four sets of coexisting
sessions for these PICCs are (dy,ds), (dy,dy), (ds,ds), (ds,dy) The dotted
lines represent the logical paths the information is flowing through. The
logical paths might be non-coded paths or through PICCs

the x variables for link e. The following constraints represent a new PINC capacity

region.
k
xe
ad + ml{eeok(vmzm (kd)}
e€O(v) kepzCC(d) | F
d a d
— :L'e _I_ fl{eelk(v)ﬂzrf (k7d)} - XU Z 0’ \V/,U’ Vd’ (41)
|2 (v)]
ecl(v) kePICC(d)
af — a2k >0,Vk, Ve, € E, e € I(e1), (4.2)
wh = ab kYo € V,Yey, e € Ty(v), (4.3)
ok = ab kYo € V,Ves, e4 € Ok(v), (4.4)
The scheduling constraints are satisfied. (4.5)

Here, I}(v) (Og(v)) represents the set of incoming (outgoing) links to (from) node v
that the k-th PICC uses. Similarly, Ox(e) (Ix(e)) represents the set of next (previous)
hop links from (to) link e in the k-th PICC.

Equations (4.1)—(4.5) represent the constraints for the routing and data link lay-
ers. Constraint (4.1) regards the PICC as a black box. It requires that at every node



78

Fig. 4.4. Topology used to represent the linear formulation

v, the total outgoing rate for non-coded traffic of type d plus the rate of the coded
traffic through all PICCs (where node v is the entry node for session d) should be
able to support the locally generated traffic X¢, the total incoming rate for non-coded
traffic of session d, and the rate through all PICCs where node v is the exit node for
session d. The division by |Ix(v)| and |Og(v)| in (4.1) becomes clear when we discuss
the constraints in (4.3) and (4.4). The constraint in (4.2) handles the traffic inside the
PICC. It requires that for a node that is neither an entry nor an exit node in a PICC
the outgoing flow for that PICC from that node through any link should be able to
support the incoming flows for that PICC through any link to that node. The con-
straint in (4.3) ((4.4)) requires that if node v has more than one incoming (outgoing)
link in a PICC, the data rate for that PICC through these links should be the same.
For a PICC with |Ox(v)| > 1 it means that each of the |Ok(v)| links is supporting

data rate x’g Therefore, the total occupied capacity is Zkepzcc(d) xlgl{eeok(v)vv:m(,ﬁd)}

while the net information rate is Zkepzcc(d) %1{66016@)7”:&(,{@)}, which explains

the division by [/ (v)| and |O(v)| in (4.1).
In Figure 4.4, node vs is the entry node for the bottom X-topology PICC formed
by links ey, e5, eg for session d, the exit node in the top X-topology PICC formed by

links eq, €9, e3 for session d, and an intermediate node for the third PICC (involving
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vg, U5, and vg) that exchange packets among nodes vy and vg and uses links ez, eg, €.
Constraint 4.1 requires that the total outgoing non-coded traffic of type d from node
vs and the total outgoing traffic of type d using the bottom X-topology should be
no less than the total generated traffic of type d at node v, the incoming non-coded
traffic of type d and the decoded traffic of type d from the top X-topology at node vs.
Constraint 4.2 requires that the outgoing rate at node vs for the third PICC which is
through the broadcast link eg should be no less than the input rates for that PICC
at that node which are from links e; and eg. Constraint 4.3 ensures that the coded
data rates for the third PICC through links e; and eg are the same.

Consider the wireless network in Fig. 4.5, where each source s; wants to send one
packet to its corresponding sink t;. Using the approach in [26] the total number of
transmissions cannot be less than twelve. The approach in [101] reduces the total
number of transmissions to ten, but more than two hundred PICCs need to be exam-
ined. Our approach in this chapter reduces the number of transmissions to nine and
the number of examined PICCs to 36. The reduction in the number of transmissions
is due to allowing decoded packets to be reencoded again and the reduction in the
number of examined PICCs is due to that the selected paths for forming PICCs in
our approach have limited number of hops, while the approach in [101] uses all the
end to end paths from the sources to the sinks which are so many. Another example
is in Fig. 4.6 where there are three sessions. The sources and sinks for these three
sessions are in the same figure To send one packet through each session, we need
eight transmissions using the approach in [101] and seven transmissions using both
our approach and the approach in [26]. The above two examples show the superiority
of our approach in terms of both throughput and complexity. In the following we will
use the above constraints to formulate both the energy minimization and the rate

control problems.
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Fig. 4.5. A topology used to compare different capacity regions
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Fig. 4.6. A topology used to compare different capacity regions

4.4 Energy minimization
4.4.1 Distributed Algorithm

We assume that the power assignment at link e during time slot ¢ is h(R.[t]), where

R.[t] is the data rate at link e during time slot ¢ and A(-) is a non-decreasing convex
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function satisfying h(0) = 0. For example h(-) can be the power-rate relationship in
an Additive White Gaussian Noise (AWGN) channel. Let f, represent the fraction

of time slots for which link e is activated, we have,

_ gzl + > kepIce zh
R, ’

fe V6€E,

which is due to the following lemma from [60].

Lemma 4.4.1 For all time-slots t when link e is activated, the instantaneous data

rate R.[t] is independent of t in any power-optimal scheme.

Using a similar approach to that in [61], the optimization problem becomes:

: =
min ©e(Te, fe), (4.6)
?’? eck

subject to: (4.1)-(4.5) and
@ 7ex,

where

0, fe=0
@e(x_e)a fe) = (4.7)

foh(Eet ety g >,

and
X :{(?,?) 0 < £, <1,Ve,0 < 2% < wa, VeV, 0 < 2% < e, Ve, VE,

d k
xs + xy < Rmax.feave}>
d kePICC

where x,.« and R,.. are the allowable maximum rates of a practical system. The
constraint Y, 2% + >, pree 2F < Ruaxfe, Ve is to ensure convergence, otherwise 7
can be set to a large number and ? to zero. The objective function (4.6) is convex
over the set X, (see [61] for details).

What remains to be specified is the scheduling constraint (4.5). If we use a layered

approach, then (4.5) can be replaced by

f.<d, Ywev, (4.8)

eeN(v)
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where ¥ is a constant € [0,1]. Using Proposition 4.2.1, it can be shown that with
the node exclusive model and PINC a hypergraph maximal matching scheduling al-
gorithm can stabilize the system with any value of ¥ < %

If we assume the class of K-hop interference model as defined in [102], one can
also use the cross-layer approach. In this interference model if a link is scheduled
all other links that are within K-hop distance can not be scheduled simultaneously.
When K = 1, the model reduces to the node exclusive model and when K = 2 it
reduces to the 802.11 interference model. Let W be the set of schedules and 1 is an

instance of ¥. We define the following

o — 1 ecv
0 Otherwise,
and
%
II = ? ? = wad}, Cy > O, Cy < 1 y
pev YeV

%
where f¥ is a vector containing all variables of the form f¥, Ve and ¢y is the time

sharing coefficient. Therefore, (4.5) can be replaced by

Ten (4.9)

We refer to (4.6), (4.1)—(4.4), and (4.8) as the layered energy minimization formulation
and to (4.6), (4.1)—(4.4), and (4.9) as the cross-layer energy minimization formulation.
In either of the two settings, we have a convex optimization problem. In the following
we will work on the dual problem of the layered formulation.

Associate Lagrange multipliers ¢¢ with each constraint in (4.1), qflm with each

constraint in (4.2), A*

¥ m with each constraint in (4.3), AF_ . with each constraint
in (4.4), and ¢, with each constraint in (4.8). We assume that e = (u, v), where v is
the set of receiving nodes at link e. If e is a non-broadcast link, then v contains one

node. On the other hand, if e is a broadcast link , v contains two nodes. Note that by
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Proposition 4.2.1, a broadcast link with |v| > 2 can be ignored without affecting the

performance. The Lagrange function is separable and can be written as the following.

— —
L@ T X Q) = BT fo @) + @xi— g,

v
ecEl veV d veV

where,

_)
Be(?eufeuq—e>u)\e) = pe(£7f6> - BLr(da €)$Z— BLC(k,e)x§+( QU_'_Qu)fea
d kePICC VEV

(4.10)

k

%
where A . is a vector containing the lagrange multipliers )\’;’Om and Ay ;, Vv € v and

{ . is a vector containing the lagrange multipliers ¢, vd, ¢¢, Vd,Yv € v, qfhe, vk,
Vey € Okle), ¢t .,, Vk, Yes € Ii(€), qu, @, Vv € v. Here, the non-coded backlog

BLr(d7 6) - (qd - qf)l)’

u
veEV

and the coded backlog

1 d d
BL.(k,e) = ( On ()] <qu11{e€Ok(u),u:F+(k,d1)} + qu21{e€Ok(u),u:F+(k,d2)}>

1 d
1 e V)= 2] . o) e )
|[k('U)| (qv { Elk( )7 F+(k7d1)} _I_ qu { Eok( )7 F+(k‘,d2)}

k k k k
- Qe e + ey — )\u,outl{ezok(U,l)} + )\u,outl{e:Ok(u,Z)}
e1€0y(e) ea€l(e)

(dl,dz): ° (4]‘1)
d1>ds

kePICC(d1)

kePICC(ds)

— (A lemnay — A'E,ml{e=1k(v72>})>

veEV

As implied by the proof of Proposition 4.2.1, the maximum number of outgoing or
incoming edges for any node in a PICC is at most 2. Therefore, the output (input)
links of node u corresponding to the k-th PICC are numbered and we use Og(u, 1)
(I(u, 1)) to refer to the first link and O (u,2) (I (u,2)) for the second link. If there

k

v,0u

is only one outgoing edge from v for the k-th PICC, then A\, is set to zero.
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Figure 4.7 represents the queuing process used for PICCs. In the figure two
symbols X and Y in the input links of v are to be coded together and the resulting
symbol Z is to be sent through the output link of u. We maintain three queues at
u. The first two queues are for the received packets at the input links, we call them
the I queues. I queues grow up when new packets arrive in the input link they are
assigned to. They shrink when the coded packet is sent through the output link.
The third queue is for the coded symbol Z in the output link, we call it O queue.
O queues grow up when two packets from both input links are received and coded
together. They shrink when this coded packet is sent through the output link. The
term >0 o () ., in (4.11) can be interpreted as the average O queue lengths at

node u, we will refer to this term by ¢*. The term > qfhe can be interpreted

e1€0x(e)

as the average I queue lengths at node v we will refer to this term by ¢*. We have

Fig. 4.7. Two I queues at node u for the received symbols X and Y
in the input links and one O queue for the symbol Z sent through the
output link. They grow up at possibly different times, but they shrink at
the same time when a packet of the coded symbol Z is sent through the
output link of u.

the following proposition.

Proposition 4.4.1 There is no duality gap of the energy minimization problem. The

optimal solution to the dual problem gives the optimal solution the primal problem.
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Proof The formulation satisfies Assumption 6.4.1 in [64]. Therefore by Proposi-

tion 6.4.2 in [64] the statement is correct. [

The Lagrange function is separable and each link can maximize its own share of the
Lagrange function. The dual objective function becomes
D(T. )= min L@ 7.7, %),
(@, F)ex
subject to 7 > 0. The dual problem becomes:
max_ o D(¢, Y),

We can rewrite z%[t] = f.[t|R%[t] and z*[t] = f.[t]R*[t], where R%[t] is the instan-
taneous rate for the non-coded traffic of session d through edge e at time slot ¢ and
RF[t] is the instantaneous rate for the k-th PICC through link e at time t. We have
BT[], £.11) = L[C(RL[]), where,

CURM) =h(  R'M+  BY)—  BL.(d, )R]

d k d

+ BLo(k,e)Re[t] +( alt] + ault]).
kePICC vev
We then have the following Layered Energy Efficient Algorithm:
Algorithm LEEA
(1) Initialization phase: Each node finds all the possible PICCs in which it
participates. The detailed PICC search algorithm will be explained in Section 4.6.

(2) Iterative phase

¢ Finding the maximum backlog: Each link minimizes C,. The minimal value
C? is attained if the total energy is assigned to one of the R?

Each link finds

d*(e) = argmaxy BL,.(d, e), and

k*(e) = arg maxy BL.(k,e).

, or one of the RE.

e Selecting the power level: Choose Rg*(e) and R’g*(e) that minimizes C,, and

denote the minimized value as C} .
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e Considering the link for scheduling: Set:

. 1 ifCr<0
felt] = (4.12)
0 otherwise,

e Link scheduling: Perform a maximal hypergraph matching e.g., the GMHM
algorithm on the links which have their f.[t] = 1. Note that f.[t] = 1 means
that the link is a candidate to be scheduled. It does not mean that the link will
be scheduled. It is shown in [61] that by choosing ¥ carefully, 3 in our case, the

number of time slots that link e has to wait until being scheduled is bounded.

It is also shown that this will not affect the optimal solution.

e Selecting the packet to send through the link: Given that link e is sched-
uled, if
BL,(d*(e),e) > BL.(k*(e), e) un-coded packets of type d*(e) is sent through e,
otherwise perform pairwise intersession network coding on the k*(e)-th PICC
through edge e. The distributed XOR~based coding scheme in [101] is used for

coding.
Dual updates: Here, for simplicity we assume that the step size [[t] is a constant
.
e Each node v update ¢¢, Vd according to the following,

welt]

Git+1= qftl-5 welt] + 1O (0] -e€OR =T (k)
c€O(v) kepzCC(d) | F
+
k
ro|t
— zl[t] — i ! Veeno=r_bay —Xo
cel(v) kePICC(d) |1 (v)]

where ()T is a projection on [0, 00).

e At each node v and every two links e; and ey s.t ey € Ix(v) and e; € Og(v),

update qfh62 according to the following,

Gorelt 1= @2 o[t =B, [t] — e, [1
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k

v,out?

e Fach node v updates A Vk according to the following,

Aoutlt + 11 = No o lt] + 8 2F [t copwnyy — 25, [ {es=0, 0.2}

e Fach node v updates )\ﬁ’in, Vk according to the following,

Aenlt 1 = At + 8k [l ei—n iy — 25, [ {emrew2))

e Fach node v updates its own ¢, according to the following,

+
wlt+1 = qlt]+0 felt] — 0
eeN(v)
The Cross-layer Energy Efficient Algorithm CEEA can be obtained by removing the
_>
term (D, o @v + ¢u) from C(R.) and performing the scheduling with the objective
function being

max —Ct,
M
eeM
where M is a set of valid schedules.

Since f.[t] is set to either 0 or 1 under the K-hop interference model, there might
be no single time slot where the algorithms converge to the optimal solution. The
following proposition shows that the average consumed power over many time slots

indeed converges to the optimal solution.

Proposition 4.4.2 (a)Let ® be the set of all (7, Y) that mazximizes D(?,X)) for
the layered energy minimization formulation. Then for any ¢ > 0, 3 By > 0, such
that for any LEEA with a constant 5 < [y and ¥ small enough to guarantee stability
we have

al) 3 a time Ty such that ¥t > Ty we have:

min . 3oeal(T 18 X1t = (%, X)) < e
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a2)

T
limsupl goe(7e[t],fe[t]) < @e(fe)*>f§)

T—r00 t=1 ecE e€E

+ €,

where (:c_g*, 12) is the optimal solution to the Layered energy formulation.

(b) Let ® be the set of all (7,?) that maximizes D(?,Y) for the cross layer
energy minimization formulation. Then for any € > 0, 3 By > 0, such that for any
CEEA with perfect scheduling and a constant 8 < [y we have

b1) 3 a time Ty such that ¥Vt > T, we have:
min . 3oee (T X)) — (77, X<

b2)

T
limsupl goe(7e[t],fe[t]) < @e(fe)*>f§)

T—ro0 t=1 ecE e€E

+ €,

where (:c_g*, 1) is the optimal solution to the Cross-layer energy formulation.

Proof Due to the constraints :cg < Tmax, x’e‘“ < Tmax, and f. < 1, the subgradient
of the dual problem is bounded. Note that because pe(:?)e, fe) is nondecreasing in e
the optimal solution to the problem with Zp. = |V/|* max, 4 X¢ is the same as that
without the constraints xf < Tmaxs :c’g < Trmax-

Since the gradient of the dual problem is bounded al is guaranteed by Proposi-
tion 8.2.2 in [64] and the fact the the objective function in (4.6) is continuous. Note
that statement al implies that the sequence (7 [t], Y[t]) is bounded for all ¢ which

will be used to prove statement a2. Statement b1l follows by similar argument.
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To show statement a2, we use the following Lyapunov function

Vil=3 @ {0 L)’
vk acke)
(M)’ + ()Y + (alt)?

%
The subgradients of D(¢, X) at time slot ¢ can be written as:

0 —
ol 25 D1, Xe)
g[t]
== xﬁ[t] + O1(0)] {e€Oy(v),v=T1 (k,d)}
€O (v) kepzCC(d) | F
xh[t
- we[t] + | ([ ])| feen@ao=r_ka} — X,
ecI(v) kePICC(d)
0 —
5q§1762 [t] £ aqk D(?[tL A [t]) - = ZL‘]; [t] - xlgz [t]
0 —
5)\5,0111: [t] = aTD(7[t]7 A [t]) - ‘rk [t]l{m:Ok(le)} - xlgz [t]l{ezzok(u,2)}-
v,out
0 —
5)‘5,in[t] £ 8>\—kD(7[t]7 A [t]) = ‘rlzl [t]l{m:.fk(v,l)} - $§2 [t]l{w:]k(v,2)}-
0 —
8, [t] = 3 D(7[t], X[t]) = felt] =9
v e€N(v)

We have,



V[t +1] — V[t
—o Wyt - Wiy
v,d
+ (5, o [t] + BOGE, [T = (4, o, [t])?
v,k e1€ly(k)

e2€0k(v)
2

+ (Aﬁ,ln[t] + 65)‘5,1n[t]) - ()‘5,111 [t]>2
+ (Moult] + BN ouelt]) = (N uet])?

+ (@lt] + Boag[th™  — (qu[t])?

90
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2
1
<3 (qilt] + Bogslt])  — (q0lt)?
v,d
2
+ (4, o[t + BOGE, L1t]) = (af, ., 1)
v,k e1€l,(k)
e2€0(v)

+ (Al + BN — ()
+ (Aﬁ,out [t] + BéAﬁ,out [t]) - (Aﬁ,out [t])2

2
+ (@lt] + Boqult])  — (qult])?
<B  (q[t1oqilt])
v,d
+ (a2, e, [1100F, ., [1])
v,k e1€l,(k)
e2€0(v)

+ WnltIOAS 1]+ (N ot [1ONT o [1])

+ @w[t)og,[t])  + 5%

where J is a constant large enough to guarantee the inequality. Such a constant
%
exists because both (7, A) and the subgradient of the dual problem are bounded.

Therefore, we have,

VIt+1] =V + 58 pe(@lt], flt])

1)) + 8%J

X[H,) + B2

X

< BD(t],
< B max (D([t],

7>0,X

=B Tl £+ B2

eeE
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The last inequality is due to the strong duality theorem. Summing over t =1,...,T

and dividing by T', we have,

Vic+y-v@a g~ —
T + T pe(xeafe)

t=1 ecF

<B T £+ B2

ecll

For a given €, 3 3, s.t. 3J < 5, VB < 5. Also, since the sequence {x_g[t]} is
bounded, for any e, 4 T" large enough s.t. w < 5. This implies that a2

follows. Statement b2 follows by similar argument. [ ]

4.4.2 Power Efficiency Ratio

LetY . be the interference set of link e, i.e., the set of links that interfere with link

e. Assume that the capacity of link e is r.. It is shown in [55] that if

d k
LaTe T 2uTe oy, (4.13)

r
eGTe ¢

a maximal matching algorithm stabilizes the system. With PINC using Proposi-
tion 4.2.1, the maximum number of links in the interference set that can be scheduled
simultaneously is 3. Hence, if ZeeN@) fe < % — 0, Yv, V0 > 0, then the condition
in (4.13) is satisfied and the system is stable.

As discussed in Section 4.3 setting 1 = 1 gives a necessary conditions for schedul-
ing. On the other hand if ¥ = % — 0, using a maximal hypergraph matching algorithm

guarantees stability. Assume that (7*, 7*) results in the optimal power assignment

with perfect scheduling, it is obvious that (7*, 37—+E) is a feasible solution to our prob-

lem. Using the first order approximation in [60] the consumed power in the additive

white gaussian noise channel is proportional to ), i Therefore, the power con-

sumption of our algorithm is at most (3 + €) times the optimal power assignment for

any € > 0.
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4.5 Rate Control

Instead of the energy minimization problem considered in previous section, we
can also consider the utility maximization problem. For this case, we can further
extend the K-hop interference model to a general interference model. Let ) be the
set of feasible power assignments, we assume that 7 = u(?), i.e., the data rates
are completely defined by the global power assignment. Let R = {u(?), ? € Q}
We assume that C'o(R), the convex hull of R is close and bounded. The rate control

formulation becomes:

max U(X%) (4.14)

0<X < Xmax y_y
subject to: (4.1)-(4.4), and @ € Co(R). Here, U is a concave non-decreasing function
and X — {X2:Yv,d, v #d}.
Using the dual approach as in the energy minimization problem we have the
following Cross-layer Rate Control Algorithm CRCA:
Source Algorithm. The source node v that wants to send packets to d solves

the following problem.

Xt =arg max U(X?) —¢'[t)1 X2 (4.15)

0<X ¢ <Xmax

Link Algorithm. Link e chooses d*(e) and k*(e) as in the energy minimization

problem and sets
we[t] = max(BL,.(d*(e),e), BL.(k*(e),e)).

Link scheduling. Perform link scheduling with the objective function being

MAX ey 3), Feay 2ue Fete[l]-
Selecting the packets to send through the link If

BL,(d*(e),e) < BL.(k*(e), e)), coded packets from the k*(e)-th PICC are sent through
link e at rate R.[t]. Otherwise un-coded packets of type d*(e) at rate R.[t] are sent.

Proposition 4.5.1 For CRCA with perfect scheduling, let ® be the set of (7,?)

_>
that minimizes D(?, ), the dual objective function of the cross-layer rate control
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formulation, and let 7* be the unique optimal solution. If
F[t] — 0 ast —> oo and ), B[t] = oo then,

7 % * %*
min . e (71, X)) = (7% X7)|—— 0 and

?[t]—)?* ast — oo

Proof The rate control formulation satisfies Assumption 6.4.1 in [64]. Therefore,
there is no duality gap by Proposition 6.4.2 in [64]. By Proposition 8.2.5 in [64] we

have

min ([, N[t]) — (77 X)l|-— 0

as t —» 00. Also because there is no duality gap the primal variables converge to the
optimal solution. What remains to be proven is that there is a single maximizer ?*
Let

k
Ie
gff(}, 7) = IZ + Tl{eeOk(v)7v:F+(k,d)}
ecO(v) kePICC(d) |Ox(v)]
k
x
- 1 e v),v=1"_ — X;l )
1,(0)] {e€ly(v),v="—(k,d)}

ecl(v) kePICC(d)

k (?):— SL’k—Ik

g61,62

hbuter o (T) = 28 L0, 1)) — 25 Les=0, 02}
k k k
hin,e1,e2(?) = Ie11{61=1k(v71)} - $621{52:1k(v,2)}-

%
Also let 7 be a vector containing all g functions and h be a vector containing all h

%
functions. Therefore for any (7, A) € ®, we have:

UX®) = mazxgey,., UXH-77X,7)- A1 (X, )
> UXT) - qTX T - AR (X, T,

v=d
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Since ﬁ(?*,?*) = 0, we should have 77(?*,7*) > 0. But 77(?*,7*) <0,
because Xk* is a maximizer. Therefore, we have 77(7*, 7*) = 0 and the following
equality follows,

margex,, UKD - 77X, T) - AR, T)

v=d
= UX®) TN T) - AR (X, T,
v=d
However, given (¢, Y), the point (7, 2') that maximizes L(?, 7.7, Y) should be

the optimal solution to (4.15). Since U(+) is strictly concave, the optimal solution is

unique. [ |

4.6 Finding PICCs

For the developed algorithms to run properly, every node should know all PICCs
in which it itself participates. In this section we provide a way to find all the PICCs
in the network such that every one of the six paths of the PICC uses at most x hops.
Here, x is an arbitrary integer. As k increases, more PICCs are considered which
results in a better solution. On the other hand increasing x increases the complexity
of the algorithm. The following steps describe how to find the PICCs distributively.
Phase 1: Finding the sets of candidate entry and exit nodes to form PICCs

1. Every node u finds all of the paths P,, that use at most x hops and start at w.

2. The destinations of these paths then form possible exit nodes for the x-hop
PICCs with node u being one of the entry nodes. Node w finds all possible pairs

of exit nodes.

3. For every found path P,,, that uses more than one hop, node u sends a control
message containing all pairs of exit nodes found in the previous step such that

v is an element in all of these pairs?.

2Nodes u and v here are candidates for the entry and exit nodes for the same session in a PICC.
It is inefficient for neighboring nodes to be the entry and exit nodes for the same session, because
non-coded packets can be sent in one time slot. Therefore, we exclude one-hop paths in this step.
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4. If two paths with different sources and different destinations that carry control
messages meet at an intermediate node, the intermediate node searches for a
match in the exit nodes pairs that the control messages carry. If a match is
found a feedback message is sent back to the sources of both paths to set up
PICCs with the entry nodes being the sources of the paths and the exit nodes
being the nodes in the matched pair.

Phase 2: Checking the edge overlap conditions Assume that two node pairs
(u1,v1) (ug,vy) are selected in Phase 1 as the entry and exit node pairs. The corre-

sponding PICCs are formed according to the following steps.

1. Every node adds auxiliary nodes as in Section 3.3.1 to consider broadcast links

of size 2.

2. Node u; (ug) forms two sets of paths such that the first one contains all paths of
the form P,, ,, (Py,.,) and the second one contains all paths of the form P,, ,,
(Pyuy.v, ). Here, one path from the first set of uy, one path from the first set of
U, and one path from the second set of u; form the set P in Theorem 1.3.1.
Similarly, one path from the first set of u;, one path from the first set of us,

and one path from the second set of uy form the set @ in Theorem 1.3.1.

3. Nodes u; and us announce the sizes of the sets formed in the previous step to
all of the nodes in the paths on these four sets. Every possible PICC will have
a unique ID number. Since intermediate nodes know the sizes of the four sets

in step 2 of this phase, the ID number can be computed locally.

4. Every link e knows all the paths that it is involved in. For every possible PICC
at link e if the the controlled-edge overlap condition in Theorem 1.3.1 is not

satisfied, a feedback message is sent back to both u, us to exclude that PICC3.

The energy minimization and the rate-control algorithms in Sections 4.4 and 4.5 can

then be performed on the constructed PICCs.

30ur results consider both cyclic and acyclic PICCs which is guaranteed by Theorem 1.3.1. If we
restrict our assumption to acyclic PICCs, redundant PICCs can be excluded in a similar way to [91].
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4.7 Simulation Results

The purpose of our simulations is to verify the convergence of the algorithms and
to show the benefit of the new approach over the non-coded solutions.
We first run simulations for both our CEEA and the non-coded version of the

CEEA. We assume the node-exclusive model and use the following power rate func-

tion, R, = log(1 + 501;‘[;), where the link gain G = 1.6 x 107!3, the background noise
Ny = 1.6 x 107 mW/Hz, and the bandwidth W = 1 x 105 MHz. For scheduling we
use the Greedy Maximal Matching GMM algorithm for the non-coded algorithm and
GMHM for the network coding one. For the network coding algorithm, we use x = 3.
We run simulations on the 3x3 grid topology in Figure 4.8 with four sessions shown
in the same figure. Each sessions demand is 500kb/sec. The convergence results for
both the network coding and non-coded versions of the CEEA algorithm are in Fig-
ure 4.9. The non-coded solution consumes 26% more power than the network coding
one.

For rate control we assume the linear signal-to-noise-&- interference-ratio (SINR)
model.  We assume that the total power assigned to node u at any time slot is
bounded by P, max. In each time slot, each node u should either transmit at full
power P, ax or remain silent in order to achieve the optimal scheduling solution.
Without WMA, the date rate R, at link e = (u,v) is assumed to be proportional to
the SINR level at the receiver v, which is formally expressed as.

G(ua U)l{e is activated}Pu,max

R.=W ,
NO + Zw:w:u G('LU, U)l{nodc w is sonding}Pw,max

where Nj is the background noise, W is the bandwidth of the system, and G(u,v) is
the path gain between nodes u and v which is set to (dist(u,v))™*, where dist(u,v)
is the Euclidean distance between nodes u and v. With PINC and WMA, the data

rate of the broadcast link with two receivers is proportional to the minimum of the
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SINR levels at those receivers. More precisely, for e = (u, {vy,v2}), the data rate of
this broadcast link, R., becomes,

G(u, Ul)l{e is activated}Pu,max
NO + Zw:w:u G(w> 'Ul)l{w is SOnding}Pw,max’

G(u, U2)1{e is activated}Pu,max
NO + Zw:w:u G(w> 'U2)1{w is sonding}Pw,max

R, = W min

We use the topology in Figure 4.10 with two sessions (s;,d;) and (so,ds) and
No =1, W = 10, P, max = 10. For the session between nodes v and d we use the
utility function U(X?) = In(X¢). The locations of the nodes are shown in Figure 4.10.
Figure 4.11 shows the rate assigned to the sessions at each iteration for both the coded
and non-coded versions of the CRCA algorithm. An improvement of 35% is gained

by using network coding.

1 a Session  Source Dist
1 1 6

2 3 7

USRS
VT

Fig. 4.8. A 3 x 3 grid topology used in the simulations.

oo

4.8 Conclusion

In this chapter we present a framework for using pairwise intersession network
coding in wireless networks. The framework is used to develop distributed algorithms
for both the energy minimization and rate control problems. As is the case in the non-
coded case, the most complex part of our algorithms is the scheduling part. While

our formulation is suitable for a general class of interfernce models, we have used a
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Fig. 4.9. Convergence for both the coded and non-coded versions of the
CEEA Algorithm on a 3 x 3 grid topology.

51 (2,1)
o (00
da (2,0)
u (1,1)
v (1,0)

Fig. 4.10. The wireless butterfly topology used in the simulations

distributed algorithms for scheduling in the node exclusive interference model. The
approach used in this chapter is a back-pressure one which allows decoded packets to
be reencoded again. Since our approach uses local paths to form PICCs its complexity
is less than that provided in Chapter 3.

The assumption made in this chapter and the previous one is that of opportunistic
scheduling that assumes that the channel conditions are known prior to transmission,

which might not be the case in most of practical wireless networking scenarios. In
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Fig. 4.11. Convergence for both the coded and non-coded versions of the

CRCA Algorithm.

the next chapter we remove this assumption and develop the corresponding optimal

coding schemes.
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5. THE CAPACITY REGION OF 2-HOP RELAY
NETWORK WITHOUT OPPORTUNISTIC SCHEDULING

5.1 Main Contribution

In wireless mesh networks it is hard to perform opportunistic scheduling which
is to estimate the channel conditions prior to transmission. Therefore, the feedback
that is obtained after the transmission plays a major role in designing optimal trans-
mission schemes. Without intersession network coding and under the assumption of
no opportunistic scheduling, the optimal transmission policy can be obtained using
opportunistic routing [75], or intrasession network coding [28] when complete or lim-
ited feedback is allowed. To further increase the achievable rate, intersession network
coding should be used. This chapter represents the first work that characterizes in-
tersession network coding capacity when the channel conditions are unknown prior

to transmission. Our main contributions in this chapter are as follows.

e [t is hard to characterize the general capacity region of intersession network cod-
ing. Therefore, when we limit the encoding and decoding nodes to be neighbors
also called as 2-hop relay network and under the no opportunistic scheduling
assumption, we characterize the capacity region for two flows using linear pro-
gramming. We also provide a coding scheme that uses random network coding

and achieves the characterized capacity.

e Under the no opportunistic routing case and for 2-hop relay network, when only
XOR operations are allowed, we characterize the capacity region for arbitrary

number of sessions. The capacity region is represented by a linear program.
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(a) With OpR (b) Without OpR

Fig. 5.1. Hlustration of 2-session relay networks.

e We compare the improvement achieved by using three different techniques to
maximize the achievable rate of wireless network. These are, Intersession Net-

work Coding, Opportunistic Routing, and Cross-Layer Design.

5.2 The Capacity region of two hop coding with two flows
5.2.1 The Setting

We use X (and sometimes Y') to denote a symbol in GF(g). A 1-to-K packet
erasure channel (PEC) takes an input X € GF(¢q) and outputs a K-dimensional
vector in ({X} U {* DX, where the k-th coordinate being “+” denotes that the input
symbol X is erased for the k-th receiver. We consider only i.i.d. PECs of which the
erasure pattern is independent for each channel usage. For example, a 1-to-2 PEC
can be described by four parameters ps.12, Psi12¢, Psi1e2, and pg.ieqe, which denote the
probabilities that X is received by both receivers (rx) 1 and 2, by only rx 1, by only
rx 2, and by neither rx 1 nor 2. This notation can be easily extended to the marginal
success probability ps; = Psii2 + Psaze and to the union pyius 2 Ds;12 T Psji2e + Psjien.

A 2-session relay network is described in Fig. 5.1(a), in which source s; would
like to send nR; packets Xy, .-, X, g, to destination d;, and s, would like to send

nRy packets Yi,--- YR, to do. 7 is a relay node. Each of si, s9, and r can use
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Fig. 5.2. The overhearing probability versus the distance.
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the corresponding PEC n times, respectively, and we are interested in the largest
achievable rate pair (R, R2) that guarantees decodability at d; and dy with close-to-
1 probability for sufficiently large n and the finite field size q.

To model the “reception report” suggested in COPE, we enforce the following
sequential, round-based feedback schedule: Each of s; and s, transmits n symbols,
respectively. After the transmission of 2n symbols, two reception reports are sent
from d; and ds, respectively, back to the relay r so that r knows which packets
have successfully arrived which destinations. After the reception reports, no further
feedback is allowed and the relay r has to make its own decision how to use the
available n PEC usages to guarantee decodability at d; and dy. In our setting, we
also assume that the success probability parameters of all PECs and all the coding
operations are known to all nodes. The only unknown part is the values of the X
and Y symbols. For the purpose of illustration, a simplified network setting is also
depicted in Fig. 5.1(b), in which the packets sent by s; will not be overheard by the
2-hop-away destination d;. In this simplified setting, the question thus becomes given
the following parameters: ps;rdys Psisrdgs Psiiredys a0A Psyiredss Psgirdys Psardss Psasreds s
and ps,.reds; Dryidydas Prididsy Priddys and progeqs, what is the maximum achievable rate
under the round-based feedback model. For future reference, we say Fig. 5.1(a) admits
OpR as the packets can be overheard by the two-hop destinations while Fig. 5.1(b)
does not admit OpR. Since the settings are symmetric, we sometimes assume that

Dridy = Pr.d, Which can be achieved by relabelling the sessions.

5.2.2 The Capacity Results

Consider Fig. 5.1(b) and the scenario in which s; and s have finished transmission
and the reception reports have been sent to r. The question now becomes a broadcast

PEC problem with side information (SI) as depicted in Fig. 5.3. That is, the packets

le], e ,Xﬁzw have been overheard by ds and the packets X{zc}, e ,X}fgwc have
not. Similarly, Ylm, e ,Yigm have been overheard by d; and Yl[lc], e ,Yig'lc have
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Fig. 5.3. A broadcast PEC problem with side information.
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Fig. 5.4. (a) An example of random node placement for M = 2 sessions.
(b) The constraint on the topological relationship between s; and d;.
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not. X and YU packets can later serve as SI when decoding at d and d;, respec-
tively. The total rates for each session are Ry = Ry,2 + Ry.9c and Ry = Ry + Ro.pe.

We then have the following proposition:

Proposition 5.2.1 For any rate vectors (Ry.2, Ri,2¢, Ra.1, Ro.c) for the broadcast PEC
with SI in Fig. 5.3 and assuming that p,.q, > pr.a,, one can commaunicate the values

of all X andY packets to dy and ds, respectively, within n channel usage if and only
Zf (Rl;g, Rl;QC, RQ;l, Rg;lc) satisﬁes

Rio 4 Rigc + Roge < Drg, (5.1)
Pr:d

R2;1 + Rg;lc -+ » 2R1;2c < Pridy- (52)
r;dy

Remark: The broadcast capacity of Gaussian channel with SI has been considered in
many papers (see [103] as a representative work). In addition to the difference of the
settings of PECs and Gaussian channels, this chapter will also consider the best coding
strategy at sources s; and s, and characterize the capacity as a linear programming
problem. It is worth noting that for 3-session Gaussian broadcast channels with
general SI, the capacity remains an open problem. On the other hand, in [104] we
show that the capacity of 3-session broadcast PEC can be computed in a similar way
as outlined in this paper. Recently, the capacity of 2-session broadcast PECs with
instant packet-by-packet feedback (but without SI) is studied in [105].
Sketch of the proof of Proposition 5.2.1:

Achievability: For any vector (Ry.a, Rige, Roa, Roe) satisfying (5.1) and (5.2),
perform the following 2-staged coding scheme sequentially.

Stage 1: Whenever we can use the broadcast PEC, we mix the packets of the
three groups: le to X,[f}]%w, Ylm to Y,%u, and Y1[1c] to YTEQ;IC by random linear
network coding (RLNC) [106] and generate one outgoing symbol. Repeat this random

packet generation until we have sent out the following amount of randomly generated

packets:

(5.3)

an;z + nRg;lc nRg;l + nRQ;lc
max , .
Dridy Pridy
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Stage 2: Whenever we can use the broadcast PEC, we mix the packets of Xl[zc]
to Xﬁ;]wc by RLNC and generate one outgoing symbol. Repeat this random packet
generation until we have sent out the following amount of packets:

nhr (5.4)
Dridy

The decodability proof is straightforward as from rx 1’s perspective, d; has re-
ceived a sufficiently large amount of coded packets to decode the information packets
in the three groups: X2, X7 and Y/ (since d; has already heard the YU packets).
Similarly, dy simply ignores the packets transmitted in Stage 2 and use the packets
in Stage 1 to decode the desired two groups of packets Y! and Y. It remains to
show that one can finish Stages 1 and 2 within the allowed n channel usages, which
is equivalent to proving that (5.3) plus (5.4) is no larger than n. By noticing that
(5.3)+(5.4)< n is satisfied for any (Ry.2, Ri.9¢, Ro.1, Ro;1c) vector satisfying (5.1) and
(5.2), the proof of the achievability is thus complete.

The converse part can be proven by deriving the lower bound on the amount of

interference that session 1 will impose on destination dy. (Stage 2 of the achievability

scheme carefully limits the amount of interference to the minimal possible amount,

Pridy
Pr;dq

Ry .9, one can hope to achieve.)

Proposition 5.2.1 can be used to derive the 2-session relay network capacity by
noting that if we let each of s; and sy send n packets by RLNC, we can maximize the
overheard SI at dy and dy, respectively. Based on this observation, the capacity of a

2-session relay network becomes:

Proposition 5.2.2 Assuming that p,.q, > pr.a,, for a 2-session relay network without

OpR (Fig. 5.1(b)), the rate pair (Ry, Rs) is achievable if and only if they satisfy

Rl < min (psl;rapr;ch - (R2 _p82;d1)+)

. Prid
Ry < min (psg;rapr;dz - = (Rl - psl;d2)+> )

r;dy

where (-)* is the projection to a non-negative number.
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In the following, we generalize Proposition 5.2.2 for OpR (Fig. 5.1(a)) and for the
case in which s;, s9, and r have different amount of available time slots: nts,, nts,,

and nt,, respectively.

Proposition 5.2.3 Assuming that p,.q, > pr.a, and variable transmission time nts,,
nts,, and nt,, for a 2-session relay network with OpR (Fig. 5.1(b)), the rate pair
(R1, Ry) is achievable if and only if they satisfy

Rl S tslpsl;dl + min(t81p81;7‘d‘1:7
tTpT;dl - (R2 - t82p82;d1Ud2)+> (55)
RZ S tsgpsg;dg + min(tsgpsg;rdga

Pr:d
LrDridy — —= (Rl - t81p51;d1Ud2)+)' (5'6)

r;dy
5.3 The Capacity of two hop coding with only XOR operations
5.3.1 The Settings

We consider N-sessions 2 hop relay network with each channel represented by
a PEC. Each source s; intend to send symbols to d; at rate R; through the relay
node. Direct communication between s; and d; is impossible. Relay node r is limited
to perform XOR operations. After each transmission by the relay node r, it gets
a feedback from all d; nodes. We use t2 to represent the frequency that the relay
node sends XORed packets formed by the packets of the sessions in the set A. We
also use z?' to represent the achievable rate for session i from the auxiliary session
formed by XORing packets from the sessions in the set A. Symbol 28 represents
the achievable rate for session ¢ from the auxiliary session formed by XORing packets
from the sessions in the set A with the constraint that session ¢ packets that are used
in XORing are received by exactly all the nodes in r | J(|J e d;) before being XORed.
We use R; 4 to represent the rate at which packets sent by s; are overheared by all

the nodes d;, j € A,i # j at the time they are transmitted by the relay node.
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5.3.2 The Characterization

The capacity region can be represented by the following four equations.

R; < z Vi (5.7)
AeA
zd <tdp.g, VA i€ A (5.8)
x = zAPYA i€ A (5.9)
B:(A\i)CB
P = R, 4,VB,i ¢ B (5.10)
A:(A\i)CB

Necessity

Using XOR coding, any coded packet is formed by xoring packets of session 1,
Vi € A,where A is a set of sessions belonging to the power set of all sessions. Con-
straint (5.7) states that the total rate of session ¢ is the sum of the achievable rate
for session ¢ from all of the auxiliary sessions A, where i € A.

Since t4 is the frequency of sending XORed packets by the relay node formed
by packets of the sessions in the set A, node d; will receive XORed packets for the
auxiliary session A from the relay node at rate t2p, 4. Therefore, constraint (5.8)
should be satisfied for any achievable XOR based code.

Note also that (5.8) does not require the coded packet for the auxiliary session A
to be received by all of d;, i € A, every time it is sent, any one of the d; that receive
this packet can decode it and it will count as a decodable packet.

For any auxiliary session A and ¢ € A, the set of the packets for session ¢ that
are used in this auxiliary session should be received from s; by all the nodes in the
set r U(UjeA,j:z’ d;), because r should be able to relay the XORed packets formed in
part by these packets, and also because all d; should have enough remedy to remove
the components corresponding to these packets from the XORed packets and recover

their respective packets. Also the set of packets for session i that are received from s;
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by any super set of r(J(U;ca ;=i d;) can be used in the XORed auxiliary session A,

because this will guarantee that all the nodes in the set r | J(J d;) have received

jEAj=i
these packets. This explains the constraint (5.9).
The right hand side of (5.10) R; 4 represents the rate of session ¢ packets received

by exactly all of the nodes in the set = | J(J d;) after being sent by s;,. These

JEA,j=i
packets can be used by any auxiliary session A such that (A\:) € B. This is be-
cause this guarantees that all of the nodes d;,j € A,i # j will have enough remedy
packets to remove session ¢ components in the XORed packets. Therefore, we have
constraint (5.10). We postpone calculating a closed form expression for R; 4 to the
end of this section.

Note that the packets sent by s; can be divided among all of the auxiliary sessions

A, i € A. This is due to the following.

e Because the right hand side of (5.10) represents the rate at which an exactly
specific set of nodes are receiving the packets from s;. Therefore every triple

(7, A, B) can be assigned an exclusive share of these packets.

e Because each x% appears only once in (5.9), the packets of session i that are
used in in the auxiliary session A will be J BA(A\)CE YAB where YAZ are the

set of set of packets assigned for the triple (i, A, B).

An achievable coding scheme

-Node s;, Vi keeps trying to send its N R; packets one-by-one until all of them are
received by the relay nodes.

-Feedback messages from all d;, j # i to s; are sent to the relay node r.

-For every set A, the relay node chooses the corresponding feasible z#,Vi from
the linear program depending on the objective function. It also assign N packets
for every A and 7, such that these packets are received by r and all j € A, j # i. As

explained above, we can assign unique packets for every A.
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-For every A the relay node XORs one packet from each Nz packets for all i € A
and sends this packet. If this packet is received by d; for j € A, this means that
the packets belonging to session j in the XORed packets can be recovered by d;.
Therefore, we remove this packet from the set of packets assigned to j and A at the
relay node. The relay node keep performing the XORing and sending untill all of the
packets assigned for the set A at the relay node are empty.

Computing R; 4

In this section, we provide a closed form expression for R; 4. Since we keep sending

a packet until it is received by the relay node, we have.

R; 4 =ts, x (delivery rate from s; to r)
X (probability that r receives a
symbol and by that time the symbol is received by

exactly the nodes in d;, j € A, j # 1)

= tsipsi,r psi,r(l - psi,r)n_l(HjéA(l - psi,dj)n)HjGA(l - (1 - psi,dj)n)
n=1
= tsipgiﬂ‘x
- n—1 n
H]'éA(l - p5i7dj) [(1 - pSiJ’)ngéA(l - psiydj)} [HJEA(l - (1 - psi,dj) )}
n=1

= tsipi,rﬂjeéA(l - p8i7dj)x

[(1 - psi,r)HjQA(]- - psi,dj)}n [HjEA(l - (]- _psi,dj)n—i_l)]
n=0
= tsipi,rﬂjem(l - psmdj)x

[(1 - pSiﬂ“)Hj%A(l - p8i7dj)]n[ HkED(l - p8i7dk)n+l]
n=0 D:DCA
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By Fubini’s theorem we have.

RivA - tsngl,T‘HjéA(l - p827dJ)X
erD(l _psi,dk) [ [(1 - psi,r>Hj¢A(1 — pSi,dj)erD(l _ psi,dk)]n]

D:DCA n=0

= tsipgi,rHJQA(l - psmdj) X

1
Men(1 — ps,
en(l = Pra) {1 T = po yea(l = P (L = psi,dm]

D:DCA

5.4 Two-hop Relay Network Simulations
5.4.1 The Variants of Optimal Intersession Network Coding (INC)

The optimal capacity of INC in Proposition 5.2.3 is cast as a linear-programming
problem and contains three orthogonal components: (i) INC via the new coding-based
argument in Proposition 5.2.1, (ii) Opportunistic Routing (OpR) via modelling the
overhearing opportunities as the 1-to-3 PECs of s; and s in Fig. 5.1(a), and (iii)
Cross-Layer (CL) design via variable transmission time ¢, t,, and ¢,.. One can thus
quantify the improvement of each component. For example, with CL we are allowed
to optimally choose t,, to t, with t5, + ¢, + ¢, = 1 assuming that the node exclusive
model is used and si, S9, and r cannot transmit simultaneously. If without CL, we
simply set tg, = ts, = t, = 1/3 for fair time-sharing between the sources and the relay.
If OpR is not allowed, we simply use the extended version of Proposition 5.2.2 with
added time variables t’'s. We denote the four variants of the INC schemes, depending
on whether we use OpR or CL or not, by (INC, OpR, CL), (INC, OpR, xCL), (INC,
xOpR, CL), (INC, xOpR, xCL).
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5.4.2 The Baseline Non-Coding Scheme and Its Variants

If we use a single-hop routing scheme without OpR, then the capacity region can

be described as
R; < min(ty,pg.., tUp,.qa), Vi € {1,2}, (5.11)

where t is the amount of time that r sends the session-i packets. If we allow OpR,
for which the packets can directly reach its 2-hop-away destinations, the capacity

region becomes
R; <t Ds;a;, + min(tsl.psi;rdc Wp,.a), Vi € {1,2}. (5.12)

Whether to use CL or not will impose different time sharing constraints on ¢,, and
t in a similar way as discussed in Section 5.4.1. (5.11) and (5.12) can thus be used to
generate four variants of non-coding schemes, depending on whether we use OpR or
CL or not. We denote the four variants by (xINC, OpR, CL), (XINC, OpR, xCL),
(XxINC, xOpR, CL), (xINC, xOpR, xCL). The simplest scheme (xINC, xOpR,

xCL) will be used as the baseline of all our numerical comparison.

5.4.3 Schemes for More Than 2 Sessions

The XINC schemes described in (5.11) to (5.12) can be easily generalized to the
case when there are M > 2 sessions, for which (5.11) and (5.12) hold for i = 1 to M;

and the time sharing constraints without CL become

1 - 1
VE 1",.7M tS': , d t[l]: ;
M M
or when CL is used: ty, +  til =1
i=1 i=1

Proposition 5.2.3 describes the INC-based schemes for M = 2. In [104], Propo-

sition 5.2.3 has been generalized for M = 3 and new upper and lower bounds are
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provided for general M > 3, which are empirically tight for most PEC channel pa-
rameters when M < 5. In our simulation results, we also include the curves for M = 3

to 5 for better comparison.

5.4.4 Practical, Low-Complexity Schemes for M > 2

Optimally performing INC over multiple sessions, say M = 5, is an exponentially
complicated process as it requires carefully taking advantages of the various overheard
portions of the data stream. In this paper, we thus consider some suboptimal but

more practical schemes as follows.

Multipath Routing

Unlike the single-path routing, each source s; can choose whether to directly send
the packets to the 2-hop-away destination at the cost of higher drop rate (since
Dsi:d; 18 generally less than ps,..), or to send the packets through the relay r. The

corresponding capacity is thus characterized by the following linear program:

Rz’ < t[direcﬂpsi;di + min (t&[grelay]psfm tq[j]pr;di) .

— 78 i ’

With CL, we enforce that Zf\il gldivect] | glrelay] 4l 9

2-INC and 3-INC

To reduce complexity of INC over multiple sessions, we can limit the number of
sessions to be coded together and use linear programming to optimally identify which
sessions to encode. For example, 2-INC denotes a scheme that allows INC only over
two sessions while optimally allocating the corresponding time-sharing percentage.

The following linear constraints describe the capacity region of 2-INC without OpR.
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Rzg RZ{ZJ} VZE{L,M}
jij=i
Vioji# G, R < min (80 p,
ti%]}pr;di — min (17 M) (R;il’]} - til-d}psj-;di) ) ’
p’f‘;dj /
where {i,j} is an unordered pair of distinct indices with 1 < ¢ # 7 < M. For

example, both notations ti}z} and ti?’l} refer to the same variable. There are (1‘2/[)

different unordered {7, j} pairs. Therefore, there are totally 2 - (1‘2/[ ) variables of Ri{i’j },

2- (]\2/[ ) variables of tif’j }, (]\2/[ ) variables of ¢ }, and M variables of R;. With CL, we

require the sum of all ti” Fand 7% to be < 1. Similar formulation can be made by
combining the 3-session INC capacity in [104] to derive a 3-INC scheme for general

M > 3.

A multicast-based scheme in [27]

In Section 4 of [27] an INC scheme, denoted as the CCH scheme, is proposed
based on using several multicast sessions (totally 2™ — 1 multicast sessions) to serve
the need of M unicast sessions. Each multicast session is indexed by C € 2{LM},
which contains all sessions participate in this multicast session. The corresponding
capacity region is described by the following linear constraints:

R; < RS, Yie{l,--- M}
CiieC
RY <tUpsp, Vie{l,--- M}, VC € 2M
RY + RS < tppa, + £ Dsyids
JijeANi jij€A\N

Vie{l,---, M}, VC e 2tM vA C O,

where RY, t¢, and t¢ are the rate of session i, and the time allocations of s; and r

7 ) 857

for the multicast session C, respectively. With CL, we require the sum of all tg_ and

t¢ to be < 1.
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Fig. 5.8. The PTI for 25 representative topologies. These 25 topologies
have their sum rates being the 25-th quantile points when sorting the sum
rates in the ascending order. The list of schemes in the legend corresponds
to the curves from the topmost to the bottommost when focusing on the
performance of of the 15/25-th quantile point.
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5.4.5 Numerical Experiments

We compare the throughput of various schemes on randomly constructed 2-hop
relay networks. Our construction starts from a unit circle with the relay r placed at
the center. We then uniformly randomly place M source nodes s; and M destination
nodes d; in the circle (see Fig. 5.4(a)). The only condition we impose is that for
each (s;,d;) pair, d; must be in the 90-degree pie area opposite to s; (see Fig. 5.4(b)).
For each randomly constructed network, we use the Euclidean distance between each
node to determine the overhearing probability. More explicitly, for any two nodes
separated by distance D we use the Rayleigh fading model to decide the overhearing
22?6_%0[:)3, where we choose o2 2 @ﬂ%m,

=2 the path loss order
a = 2.5, and the decodable SNR threshold 7% = 0.06. Fig. 5.2 plots the overhearing

probability: p = [
probability p versus distance D. We assume that the overhearing event is independent
among different receivers.

For each randomly generated network, we compute the overhearing probabilities
and use the corresponding linear constraints on the time-sharing variables t’s and the
rate variables R’s to compute the achievable rate of each scheme. A common linear

objective function is used for all different schemes, which is described in the following:

M
max R; (5.13)
t's, R’s, B .
i=1
subject to  R; = fmin (ps,.rud;, Psizds + Prid;) >, Vi, (5.14)

linear ineq. for the scheme of interest.

Namely, we are interested in maximizing the sum rate while (5.14) enforces that the
rates are proportional to the unicast capacity with fair scheduling (assuming all other
sessions j # i remain silent). Constraint (5.14) thus ensures fairness proportional to
the inherent interference-free capacity.

Given a randomly generated network, the achievable sum rates are computed
for all the schemes. We then repeat this computation for 1000 randomly gener-

ated networks. Let (fyeme denote the achievable sum rate of the given scheme for
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the k-th randomly chosen topology. We are interested in the following two perfor-

1 1000 -«

mance metrics. The average sum rate over 1000 topologies 1555 2 i1 Gechemer and

*
scheme, k

per topology improvement 2 S

A common baseline scheme, the vanilla (xINC, xOpR, xCL) scheme as described
in Section 5.4.2, is used when computing the Per Topology Improvement (PTI). The
above procedure is then repeated for different M values.

Fig. 5.4.4 plots the sum rates of different schemes with respect to (w.r.t.) the
number of sessions. To satisfy the proportional fairness constraint in (5.14), the sum
rate of the baseline scheme decreases w.r.t. M due to the increased congestion at relay.
On the other hand, schemes using CL and INCs successfully mitigate the congestion
as their rum rates remain flat (even after satisfying (5.14)) for large M. When we
jointly incorporate all three techniques: INC, OpR, and CL, not only the congestion is
resolved but sum rate also increases w.r.t. M by taking full advantage of the spatial
diversity, which mounts to x6.5 improvement over the baseline single-hop routing
scheme when M = 6. We also plot the empirical cumulative distribution function
(CDF) of PTI for the 1000 random topologies with M = 5. The (INC,OpR,CL)
scheme achieves x3.8 to x6.5 throughput improvement when compared to the baseline
scheme.

We also compare the practical schemes discussed in Section 5.4.4. Fig. 5.4.4 plots
the average sum rates versus M. Among all practical schemes, 3-INC realizes the
largest percentage of the gains of the optimal INC scheme. 2-INC schemes has similar
performance to the CCH scheme for M = 2-5. The 2-INC scheme has lower complex-
ity as it considers only (1\24 ) pairs of sessions, while the CCH scheme jointly considers
all 2M — 1 different multicast sessions. All INC schemes do not allow direct s; to d;
communication (i.e., without OpR) but can still outperform the multipath-routing
schemes with direct (s;, d;) links by an additional 10-20% for M = 5. Fig. 5.4.4 plots
the PTI for 25 representative topologies whose sum rates are the i/25-th quantile
points when sorting the 1000 topologies according to the ascending order of the sum

rates of the baseline scheme. As shown in Fig. 5.4.4, the practical INC schemes and
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the optimal INC scheme demonstrate uniform PTI (3.5-4.7) for all topologies. In
general, the more congested the original topology is, the higher PTI we have when
using INC schemes (other than the multipath-routing scheme) to resolve congestion,
which is illustrated by the negative trend of the PTI when moving from the 1st to
the 25-th quantile point topology.

5.5 Conclusion

In this chapter, we have derived the capacity region for 2-hop relay network with
two sessions under the PEC channel model and no opportunistic scheduling assump-
tion. We have also characterized the capacity region of the same network with ar-
bitrary number of sessions when only XOR operations are allowed. Both character-
izations are represented by a linear program. We also provide capacity approaching
codes for the characterized problems. Additionally we have constructed and com-
pared various inter-session coding schemes for practical 2-hop relay networks both
theoretically and numerically, which have demonstrated significant throughput ben-
efits (x3.8-x6.5) when compared to the baseline single-path routing solution. In the
next chapter we use our results in this chapter to provide a coding scheme that en-

hances the achievable rate region of a general multihop lossy wireless network.
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6. INTERSESSION NETWORK CODING FOR LOSSY
WIRELESS MULTIHOP NETWORKS

6.1 Main Contribution

In this Chapter we consider a general lossy wireless multihop network. For such
networks the use of opportunistic scheduling is impractical. Therefore, two techniques
have been used to maximize the capacity. These are opportunistic routing as in [27,
75,107] and intrasession network coding as in [28, 108, 109]. These techniques do
not allow intersession network coding which limits the achievable capacity. In this
chapter we build on the results from the previous chapter to study the throughput
benefits of using intersession network coding in such networks. We provide a linear
programming formulation of the achievable rate region and compare it to the other

previously used techniques.

6.2 Settings

We consider a general multihop wireless network represented by a graph G =
(V, E), where V is the set of vertices representing the nodes and E is the set of edges
representing the links between the nodes. Transmission by a node can be overheared
by multiple nodes and we model this by a hyperarc (i, J), where ¢ is the transmitter
and J is a subset of the set of direct receivers. Every broadcast channel with K
receivers is modelled by a 1-K PEC. There are N sessions in the network. For every
session ¢, the source node SRC(c) wants to send packets at rate f. to the session’s
destination node DST(c) over possibly multiple intermediate nodes. We use P(c) to
refer to the path used for session ¢. For every node i on path P(c), Vi (i, ¢) represents

the next hop node on that path and V5(i, ¢) represents the next hop node of Vi(i, ¢)
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on P(c). We assume that every sent packet is either a packet formed by intrasession
coding packets of one session or intersession coding different sessions’ packets. This
include the case of sending non-coded packets as a special case. We use y;; to represent
the rate of linearly independent intrasession coded packets for session ¢ that is sent by
i and can be decoded by j, if j is DST(c) or can be forwarded by j otherwise. Symbol
yfjx represent the same as y; but for intersession coded packets. The fraction of time
node 7 is scheduled for sending session c¢ intrasession coded packets is represented by
af and a;F represents the fraction of time node 7 is scheduled to send intersession

coded packets. Symbol «; represents the fraction of time node i is scheduled.

6.3 Formulation without Intersession Network Coding

Without using intersession network coding and if we do not have specified paths,
the linear constraints that specify the capacity region are as follows.

—fe i=SRC(c)
(T yi; < Ve,i € E\DST(c) (6.1)

jri=j jri=j 0 Else,
Yii < i, v(i, J),c. (6.2)
Jged

where p;; is the probability that any node in J receive the packet.

The constraints in (6.1) represent balance equations such that the total received
linearly independent packets and the total generated packets at a node should be at
most equal to the totaly sent linearly independent ones. Constraint (6.2) states that
for any set of nodes that can receive the sent packets by a specific node, the total
number of linearly independent packets that these nodes can forward equal to the
probability that anyone of these nodes received the packet which is p; ;.

If the paths are not specified, the solution of ((6.1)-(6.2)) will result in a back-
pressure algorithm which has bad delay performance and might not converge to the
optimal solution as noted in [72,74]. Therefore, in the following we study the case of

specified paths. The formulation becomes.
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. . . . —fe i=SRC(c)
Yiii T Yii — Yivitie) — YiVa(ie) < Ve,i € E\DST(c) (6.3)
0 Else,
Where i = Vi(j1,¢), i = Va(jo, €) (6.4)
yi; < aipij, Ve, i,7 € P(c) (6.5)
Yivitie) T Yoy < O (Pivitice) + Pinvatie) — Pisva (i) Pinvative)) Vi € P(€) (6.6)

The above formulation can be obtained by noting that the only hyperarc for a node
with session c¢ is the one with the receivers being V; (7, ¢) and V;(4, ¢). This modelling
agrees with practical implementations of intrasession network coding as in [28,108]
which state that overhearing of a node transmission over a path happens only for one

and two hop away nodes.

6.4 Extension to Intersession Network Coding
6.4.1 Single hop Coding Restrictions for Intersession Network Coding

It is hard to characterize the general capacity region of lossy wireless multihop
networks. Therefore, in this section we provide a restriction under which we can char-
acterize the capacity region by linear constraints. The restriction is that intersession
network coding is limited to be in the form of 2-hop relay network, where the coding
node is the relay node and the decoding nodes are subset of the next hop nodes of the
relay node. Therefore, the general lossy multihop network can be decomposed into a
superposition of non-intersession coding traffic and intersession network coding traffic
in 2-hop relay networks. The assumption we have has the following implications on

the capacity region.

e In Fig. 6.1 if there are two sessions one of them goes through the path vywovorvs
and the other one goes through wu;usrus. Intersession network coding can hap-
pen at node r. Due to our restriction, we assume there is no side information

from w, to ug nor from u; to v3. If such side information exist, we ignore them.
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I
"R

Fig. 6.1. An example of network with two flows to explain the single hop
coding restrictions.

e [fin the same figure there is another session that goes through w;wsws, and node
wsy is acting as a relay node for performing intersession network coding between
this session and the session that goes through vywsovervs, and the intersession
coded packets are overheared by r, node r will deal with these packets as useless

and drop them.

6.4.2 The Capacity of 2-hop Relay Network

In Chapter 5 we have characterized the capacity region of 2-hop relay network
with 2 sessions. In order to use these results to enhance the achievable rate for
multihop networks, we need to extend the characterization to the case of arbitrary

number of sessions. Based on our results in Chapter 5, the work in [104] does the
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extension. In the extension, both an upper and lower bounds were provided. For
the case of less than four sessions the two bounds are the same which represents
the capacity region. For four sessions or more the two bounds agrees 99% of the

time. Both the upper and lower bounds can be solved by linear programs. Under the

. . A A
assumption that the channels are independent, let a = [oy, g, ..., sy ], Psa =
A A
[psl;dm cee 7p81;d171>p81;dl+1a s 7psl;dN]7 Psd = [ps1d> cee apSNd]a Ps = [psl;r’> cee apsN;T]a
A
and pa = [Prdys - - - Prdy)- I the case when d; cannot overhear s;, we use

CapO(a, Psd, Ps; pd) -

{(Ry,...,Ry): The rates Ry, ..., Ry satisfy the upper bound constraints.}

and we use

Capl(a, psa; Ps, Pa) =
{(Ry,...,Ryn) : The rates Ry, ..., Ry satisfy the lower bound constraints.}

For example when N = 2, the rates that satisfy

Rl S min(aslpsl;ra arpr;dl - (R2 - aszpsz;d1)+>

)+pr;d2 )
pT;dl
belong to both CapO(ea, psa, Ps, Pa) and CapO(«, psa, Ps, Pa), because both the up-

Ry < min(a&psw, Oy Pridy — (R — sy Psy;do

per and lower bounds are the same when N = 2. When d; can overhear s;, and if
d; forwards 7;ps,.q, linearly independent symbols of the overheared packets or decode
them if it is the last destination of the packets, intersession network coding should
happen for the symbols in the complementary spaces of the forwarded or decoded

symbols. Let v £ V1, --., 7] and ply = [Dsiidys - - > Dsn:dy) 1D this case we use

Cap'O('y, «, p,sda Psd; Ps; pd) = {(Rl — VPsy;dry -+ RN - 'VNpsN;dN) :

The rates Ry, ..., Ry satisfy the upper bound constraints when d; can overhear sl.}

and we use

Capll(%a,P/sd,Psd,Ps,Pd) = {(Rl — NPsyidys - - v — VNpsN;dN) :

The rates Ry, ..., Ry satisfy the inner bound constraints when d; can overhear sl.}.
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For example when N=2 we any (R}, R,) that satisfy the following constraints belong

to both Cap/O(’)/, «, p/sda Psd; Ps; Pd) and Cap/1(77 82 p/sd7 Psd; Ps; pd)> because both

the upper and lower bounds agree when N = 2.

R} <min(Y1, a,pra, — (R2 — Z1)7")

. p ;
R, < min(Ya, ayprea, — (Ry — Z2>+>pr—d2>,
r;dy

where Y1, Y, Z1, Z, satisfy the following.

Y1 < agy (Psyir + Pstidy = Poyids Psrsr) — Vsuida Porids -
Y1 < g poyir

Yy < agy (Psgir + Ds2ids — PonidaPsasr) — VsnidaPsasda
Yo < g, Psyir-

Z1 < Oy (Psgidy + Ps2idy — Doy Psnida)

Zl S asl (psl;dz +psl;d1 - psl;dzpsl;dl)

Using random network coding and when considering the symbols directly received
from s; by any d,,, or r, any two symbols related to two different received packets are
linearly independent. Therefore, using the feedback the relay will be able to know the
coefficients related to the received packets by it’s next hop nodes to generate packets

with coefficients in their complementary space.
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6.4.3 Formulation with Intersession Network Coding

The following linear equations represent an upper bound on the capacity region.

c c cX c c cX _fc v= SRC(C) .

Yiii T Y T Y5 — Yivitie) — Yivalie) — Yili(ire) < Ve,i € E\DST(c)
0 Else,
Where i = Vi (j1,¢), i = Va(jo, €) (6.7)

yicj — fyzcjplj S Oéfpi;j, VC, Z,j - P(C) (6 8)
Yivitie) T Yivatie) < OF (Pivitie) + Pisvatio) — Pisvae)Pisvatie)) Vi € P(C). (6.9)

c1(i) X cp (7
(yﬂl/f()ucl(z)y e ayﬂ]}l((z Ck z ) € Cap 0(7 >a psda psd> ps7 pd) (6 10)

Here, k£ is the number of sessions intersecting at node ¢. These sessions are

c1(1),...,¢c,(i) and we use j1(i,¢/(i)) such that i = Vi(51(7, (7)), ¢ (7). Also, we

i A L) ek (9) i Ao xeli) e (i)
have ’7 = Maeaomeay - Tneaomieam] & = 105 Gieaw) - %o
psd [pjl(z L (@D)iViier (@) - - - Piaen@)iVa ier(@)]
psld [pjl(l c(D);Va(iser () s+« 5 Pir(d,e0(0));Va (6,01 () s P (3,¢(0));Va (e gn (i) 5+ =+

. . i A
[példu ceey p;kd]u Ps = [pjl(i,cl(i));iv cee 7pj1(7, ci (7)) 7,]7 and pd —

> =

Pis(iser )iV sen(i)))+ Psa
[Disvi(ise1(i))s - - - » Pisvi (iser (i))] - FOT session ¢, any node 4 has three different kinds of in-
coming packets and three different kinds of outgoing packets. The incoming packets
types are intrasession received from previous hop with rate y ;, intrasession packets
overheared from two-hop away node with rate yj,;, and intersession coded packets
received from previous hop with rate y]X Note that due to the restriction we have,
intersession coded packets overheared from two hop away nodes are dropped. The
outgoing packets can also be classified as intersession with rate ylv (1,0)’ intrasession
that is received and used by the next hop with rate yj;. (i.0) and intrasession that is
overheared and used by the next two hop away nodes with rate y;, (i0)"

The constraints in (6.7) state that at every node and for every session the total
incoming traffic at a node should be equal to the total outgoing traffic. The con-
straints (6.8)-(6.9) are for intrasession network coding and are the same as in the

previous section. Constraints (6.10) specify the intersession coding rate at node i by
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treating it as a relay node in a 2-hop relay network. Due to the restriction we have, at
node ¢ only the incoming intrasession coded traffic from previous hop can be used for
intersession network coding at node 7. This is reflected in the formulation by using
a' as the second arguments of Cap’O which only contains the intrasession scheduling
frequency of the previous hop nodes of node 7. Since 7]0.11((:’)61@)‘/1 (000 i1 (et (6)): Vi Gica (3)
is the rate of the intrasession coded packets for session ¢;(i) that are sent by node
J1(, (7)) and overheared by the the node Vi(i,¢(i)) and used by that node, the

first argument in Cap’O states that intersession network coding is performed in the

complementary space of the symbols related to these packets.

6.5 Numerical Results

To show the benefits of intersession network coding, we use randomly generated
topologies of fifteen nodes located in a 6 X 6 unit square area. We compute the delivery
rate between the nodes the same way as in previous chapter. We choose a = 2.5 and
T* = 0.1. For simplicity, we assume that the channels are orthogonal and every node
can be scheduled in every time slots. This can be achieved by equipping the nodes
with multiple-input and multiple-output (MIMO). For each possible source and sink
pair we find the path that minimize the ETX metric as defined in [110]. For each
source, we mark the longest path among the found paths that minimize the ETX
metric. We randonly select K paths from the marked ones to perform the simulation.
For each value of K we simulated 200 different topologies. Fig 6.2 represents the
average gain of intersession network coding ((6.7)-(6.10)) over the intrasession network
coding solution ((6.4)-(6.6)) when the objective is to maximize the total throughput.
We report the network coding gain when the lower and upper bounds agree. As the
number of the sessions increases, the gain of intersessions network coding increases
due to the fact that we have more sessions going through a node which increases the

intersession coding opportunities. Figure 6.3 shows that intersession network coding
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Gain of intersession network coding when maximizing the total throughput
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Fig. 6.2. Average Gain of Intersession network coding for randomly gen-
erated topologies with respect to the number of sessions in the network.
The Objective is to maximize the total throughput of the network.

gain is even more when the objective function is to achieve strict fairness among the

flows.

6.6 Conclusions

In this chapter we provided a formulation for using intersession network coding in
lossy multihop wireless network. The formulation is in a form of linear program. To
achieve the throughput provided by the formulation, random linear coding is required.
The capacity achieved by the linear constraints is not in general the capacity region of

multihop wireless networks, but our simulations show large gain over the traditional
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Gain of intersession network coding with strict fairness
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Fig. 6.3. Average Gain of Intersession network coding for randomly gen-
erated topologies with respect to the number of sessions in the network.
The Objective is to achieve strict fairness among the flows.
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intrasession network coding schemes. The gain is also increasing with respect to the

number of sessions in the network.
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7. CONCLUSION AND FUTURE WORK
7.1 Summary of Contribution

Intersession network coding is a very rich research area. The major open problem
in this area is to explicitly characterize the capacity region of the network with many
sources sending at different rates to different sets of sinks and to design the corre-
sponding coding scheme that can achieve the capacity. Since such problem is shown
to be NP-hard and linear network coding is not sufficient for such a problem, in this
dissertation we put some restrictions on the number of sessions to be mixed together,
or the structure of the topology such that optimal solutions can be implemented in a
distributed and fast way using linear coding.

For wireline networks, we restricted any coded packet to be a result of coding at
most two original packets. Based on the results in [66,67], we have designed both
optimal distributed rate control algorithm and optimal distributed coding scheme for
the problem of multiple-unicast-sessions. The decision of assigning rates at different
links in the rate control algorithm is controlled by the queue lengths at different
links and done in a distributed way. In the coding scheme few links are selected in
a distributed way; random network coding is performed in all of the remaining links
and decoding operations are performed on the selected links.

The results obtained in wireline networks were extended to wireless networks
with opportunistic scheduling capability. This means that the channel conditions are
known prior to transmission. We developed cross-layer rate control frameworks for
wireless multihop networks. The solutions require minimal interactions between the
layers where every layer has its own distributed algorithm. Two approaches have been
used to develop the algorithms. The first approach is a path-based one which con-

verges quickly, and makes it easier to study the impact of imperfect scheduling under
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both the static and stochastic arrival models. The second approach is a back-pressure
approach where the framework can be extended to include energy minimization. The
back-pressure approach also allows the decoded packets to be reencoded again which
results in an improved capacity region. The back-pressure algorithm searches for local
coding opportunities which results in a reduced complexity algorithm. The coding
scheme developed for wireline networks can be used in wireless networks, but it re-
quires large computation processing, which is not suitable for most wireless networks.
Therefore, we proposed an XOR based coding scheme that achieves the same perfor-
mance as the coding scheme designed for wireline networks with a lower processing
overhead.

We studied another wireless networks settings by removing the assumption of op-
portunistic scheduling to consider more realistic conditions. For this channel model,
we proposed a coding scheme for single-hop intersession network coding that out-
performs existing schemes. The relay node uses its knowledge about the erasure
probabilities of the links to decide wether to perform intersession or intrasession net-
work coding. We characterized the capacity region obtained by this scheme using a
set of linear equations. When the number of sessions in the network is two, we show
that the scheme achieves the capacity region of the network.

In the following we discuss different future research directions. Some of these
directions are extensions of the work in this dissertation and hence can be conducted
under the same settings considered here i.e., either (i) pairwise intersession network
coding for both wireline networks and wireless networks with opportunistic scheduling
capability, or (ii) single-hop intersession network coding for wireless networks without
opportunistic scheduling capability. The rest are under new proposed settings. We
believe that such new proposed settings might result in an easy characterizations and

implementable algorithms for intersession network coding.
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7.2 Future Research Directions
7.2.1 Integrating Our Solution with TCP

The technique we provided in Chapter 2 achieves the optimal solution with pair-
wise intersession network coding. However, it is difficult to implement this approach
in practice, because the internet which is the most common wireline network uses
TCP. Therefore, it is crucial for our approach to be integrated with TCP and the
internet. Many challenges arise in this direction. One of these challenge is that TCP
uses window flow control and the objective function that it tries to maximize is im-
plicit. Also, TCP uses special kind of feedback messages, handshaking mechanism,
and specific packet format. Therefore, it is crucial to reverse engineer TCP and study

the effect of integrating pairwise intersession network coding with TCP.

7.2.2 Distributed Scheduling Algorithm for Pairwise Intersession Net-

work Coding under more General Interference Models.

The frameworks in Chapters 3 and 4 decompose the problem into different prob-
lems for each different layer. The most difficult problem is the MAC layer problem
which might be NP-hard in some cases. The requirements are to develop distributed
and low complexity algorithm with good performance guarantees, because it has to
run at each time slot. The developed algorithms should also take into account that
network coding exploits the broadcast advantage of wireless networks. This makes
the problem with network coding different from that without network coding. The
algorithm developed in Chapters 3 and 4 is based on the assumption of the node ex-
clusive model. Also its worst case performance guarantee is % of the optimal solution.
Without network coding there have been many scheduling algorithms developed for
more general interference models with good performance guarantees [111-117]. In-
sights provided by these algorithms can be used as the first step towards developing

distributed MAC layer algorithms for network coding with good performance guar-
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antees. The characterization of broadcast link size in Chapter 4 can also help in

reducing the complexity of any proposed algorithm.

7.2.3 The Capacity Region of Single-hop Intersession Network Coding

without Opportunistic Scheduling and More than Two sessions

In Chapter 5 we provided a coding scheme that can achieve the capacity of the
network under the assumption of single-hop intersession network coding, no oppor-
tunistic scheduling, and erasure channel model. The scheme achieves the capacity
region when the number of sessions is two. When the number of sessions is more than
two, the coding scheme provides improvement over existing schemes, but no proof
of the capacity achievement was provided. One extension of the work in Chapter 5
would be to prove or disprove that the provided coding scheme achieves the capacity.
If it does not achieve the capacity, it would be interesting to know how much close to
the capacity does it perform. Another extension would be to design network codes

for other channel models like gaussian channels.

7.2.4 More Complex Pairwise Intersession Network Coding

The main result in [66,67] is a characterization theorem for the necessary and
sufficient conditions for transmitting two symbols through two sessions such that one
symbol belongs to each session. One extension of the results in [66,67] is to consider
sending more than one symbol through each session. The superposition approach in
Chapter 2 does not achieve the capacity in general. One example where the capacity
can not be achieved using the superposition approach is the network in Fig. 7.1. For
this network the rate region (R; = 1,Rs = 2) is not achievable using the superposition
approach, while the linear coding scheme in the figure achieves this capacity region.
It can be shown using the results in [11], that (R; = 1,Ry = 2) is the capacity region
of the network. As can be noted from Fig. 7.1, both intersession and intrasession

network coding are required to achieve the capacity. We expect the necessary and
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sufficient conditions for two sessions such that more than one symbol is sent through

each session to be cut based conditions.

Fig. 7.1. An example where the superposition approach in Chapter 2 does
not achieve the capacity of the network.

7.2.5 k-hop intersession network coding without opportunistic scheduling

In this dissertation we have studied pairwise intersession network coding that is not
limited to single-hop coding with the assumption of opportunistic scheduling. When
the opportunistic scheduling assumption was removed, we developed optimal coding

schemes policies for single-hop intersession network coding. It worths investigating
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intersession network coding over k-hops when opportunistic scheduling is not possible.
Fig. 7.2 gives a two-hop example where the capacity region represented by (R; =
0.5, Ry = 0.5) is achievable, but neither opportunistic routing nor a superposition of
single-hop intersession network coding and opportunistic routing can achieve the rate

region.

Fig. 7.2. An example to illustrate the importance of characterizing inter-
session network coding for more than one hop. Every link has a delivery
probability of 0.5.

7.2.6 Reduced Complexity and provably efficient coding scheme for 2-hop
relay network with PEC model

The generalization of our scheme in Chapter 5 that is presented in [104] requires
exponential number of decisions with respect to the number of sessions at the relay
node. This makes this scheme impractical when the number of sessions is more than 5.
One direction worthy of study is to propose schemes that requires linear or polynomial

number of decisions at the relay node and to study their performance loss.



139

7.2.7 Distributed Algorithms for Intersession Network Coding in lossy
Multihop Wireless Networks.

One interesting direction worthy of investigation is to achieve the gains in Chap-
ter 6 in a distributed way, or to propose suboptimal distributed schemes and study

their performance loss compared to the one in Chapter 6.
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A. SUPPORTING RESULTS FOR CHAPTER 2

A.1 Notations used for the proof of Proposition 2.4.1

Let
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Then V is the extended concave objective function, and we can write our problem in

the following matrix form:

max V()

subject to: A7 < 8 and BZ = 0, and the Lagrangian can be written as:
B T
L@ X1, ) = V(@) - @7 [ATBY]

where A, B, and C are constructed as follows. Let M (i) = >

X
o

Jij=t

- (@ = PC@ - ), A

|PICCZ'J|, Aisa

matrix with |E| rows and (), |P;| + 2M(i)) columns, where the e-th row is filled with

Hf(e) and H};(e) in the same order as the corresponding x§ and z}; appear in .
Matrix B is defined as a matrix with >, M (i) rows and (Y, |P;| + 2M (i)) columns,
such that the (a,b) entry in B is 1 if the b-th entry in 7 is a variable of the form x};

and the a-th entry in 77 is uij. The (a, b) entry in B is —1 if the b-th entry in 7 isa

variable of the form z!; and the a-th entry in s pi;. For all other cases, the (a,b)
entry in B is 0. We define C as a diagonal matrix of size (>, |P;| + 2M (7)). If the

a-th variable of 7 is 2% or a}; for some i, the a-th diagonal elements of C will be «;.

Throughout the proof we use the following norm H AH = ATD'A, where D =
D

. Here, E is an |E| elements diagonal matrix with the e-th entry being f,.

0 F
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Matrix F is another (), M(i)) diagonal matrix, in which the a-th diagonal element

is ﬁfj where 7, 7, [ are the same indices of the a-th element of 7

A.2 Lemma A.2.1

N Ao
Lemma A.2.1 Fiz 7 Let |71 and |7 be two implicit cost vectors and let x1*
i 5

and T5* be the corresponding maximizers of the Lagrangian, then:

s N * * * * * *
(R-Ryr @-my] D@ @) < @ - @ - w3

%
Proof Let z)* = argmax- L(7, X, 7, /). By taking the subgradient of (A.1)

with respect to #, we can see that there must exist a subgradient of (A1) at 0"

such that:
X
VV(@) - [AT B —c@ -7 =0 (A.2)
7
— — —
I A A A2 . . .
Substituting in (A.2) by N and INE respectively, and taking the difference,
ﬁ H1 K2
we have:
N =
1 - 2 * *
A ] . V@) - IV@E)| - o - )

Since V is concave we have:

[vv@) - vv@n) @ - <o

Hence
Y N\T (= oN\T A Pt S o
[()\l—kz) (Ml—uz)] B (71" — 13")
T
= [vv@) -vv@)| @ -
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A.3 Lemma A.3.1

Lemma A.3.1 Let £ = 5, (S0, SIPLHEE) + Xy ST (HL(€))?). The
sufficient condition for 2C — ATEA — BTFB to be positive definite is that the step
sizes [, Bf] fall in the following region:

(L - max, . + 2max; j; 5@») < 2min; ()
Proof If 2C — ATEA — B”FB is positive definite, then
— —
§27(2C — ATEA — B'FB)jz > 0,
for all nonzero column vectors dx, which is equivalent to
= = —
2007 Coz > 62" (ATEA + B'FB)ér.

_>
We use dx; to refer to the i-th element of dx. By the Cauchy-Schwartz Inequality,

we have

527 (ATEA)dz + 027 (BTFB)dz



= 56( Hf(e)ch?f
e 7 k
|PZCC,;|
l
+ (Hzl] (6))5%]')2

l ! 12
+ ij[(éxij - 5xji) ]
(i,j)i<j 1
< B H;(e)
e 7 k
|PTCCy;
! 2 2
+ (Hz‘j(e)) ) 0x;
(i§)i=j 1=1 i
+ ( fj(25x§j>2 + 2(5373'2‘)2)
(i,j)i<j 1
< maxfe( Hf(e)
c e ) k
|PICCyj
! 2 2
+ (Hij(e)) ) 0x;
(ij)i=j 1=1 i
+(max 8)2 6}
1,9, .
= (Comas 2wl ol
€ 1,7,

%

Therefore if the inequality that

ij

(£ -max S, + 2 max LYy 6x? < 2min(ay)  6a?
e 1,7, i

7 7

holds, then we have

2577Cor > 017 (ATEA + BTFB)os
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which in turn implies that 2C — ATEA — B”FB is positive definite. The proof is

complete.
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A.4 Proof of Proposition 2.4.1

In this section, we prove Proposition 2.4.1 the convergence of Algorithm A for
the case that K tends to infinity first and then let the number of iterations goes to

infinity.

Proof We will prove the convergence of Algorithm A when K — oco. To do so,
we will prove the convergence of the first step during the proximal iteration. The
convergence of the whole algorithm follows from [63] page 233. Fix 7/ (t). Let )\_g, T
be a stationary point of (2.7) and (2.9), and let z§ be the corresponding primal
variable. g is unique since L(-) is strictly concave with respect to 7, and 7§ =

arg max— L(7 ﬁ 7). By the projection theorem in [63] page 211 we have,

Y(t,m +1)— XS

ﬁ(t,f@ +1)— /70

(X (L) + BAT (b)) — ) — o+ BAT — )
H(tw)+FBZ(t,5) — i) + FBI]

L D

N(ti) + BAT (tr) — C) — X + B(AT, — C)

= W(tr)+FBZ (t,5) — uf + FBI .
[ R te) - %+ BAG () - )
Bt — i+ FB(Z (tr) - ) | ||
This gives:
N(tw +1)— A

D
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(7 (t.k) — z0)

(T (t,) — 70)

By Lemma A.2.1 we have:
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A

where L = 2C — [AT BT} D . When L is positive definite, we have:
B
— — —
t K+1)—A\ A(t,k)— A
j < (t:%) j . (A.3)
Wtk +1) — g b H(tk) — i o

Therefore, if the step sizes . and ﬁfj satisfy the condition in Proposition 2.4.1, then

- -
. .- . . A (tv’%) - )‘0 .
by Lemma A.3.1, L is positive definite. Accordingly will be a

ﬁ(ta’%) o /70> D
nonnegative and decreasing sequence. Therefore, as K — oo, ?(t, K) — 0.

A.5 Proposition A.5.1

Recall the following theorem from [78].

Theorem A.5.1 Define two sets of integral graphs, G, and G,, as follows.

1. Gy contains the full butterfly as described in Fig. 1.3(a), and all graphs obtained
from the full butterfly via edge contraction. See [118] for the definition of edge

contraction and subdivision.

2. G, contains the full grail as described in Fig. 1.4(a), and all graphs obtained from

the full grail via edge contraction.
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Suppose there exists a network coding solution to the two unicast-session problem.

Then one of the following two conditions must hold.
e There exist two EDPs connecting (s1,d1) and (Sz,ds).

o G" contains an integral subgraph F' = (V| EY) such that (i) {sy, so, dy, dy} € VE
and (11) there exists a G4 € Gy|J G, such that F' is a subdivision of G4. Namely,
F' can be obtained from G, by replacing each edge of G, with an interior-vertez-

disjoint path, also known as an independent path.

Proposition A.5.1 For F as defined in Theorem A.5.1, if F' contains two edges that

connect the same pair of vertices, then F contains 2 EDPs connecting (s1,d,) and

(82, d2)

Proof F'is a subdivision of G,. If F' contains two edges that connect the same pair
of vertices then so does Gy. It is easy to check that for all subgraphs in G or in G, if
there are two edges connecting the same pair of vertices, there exist two edge-disjoint

paths connecting (s1,d;) and (s9,dy). The proof is complete. [

A.6 Proof of Proposition 2.6.1

Proof For any PICC if there exist 2EDPs between (s1,55) and (s1,52), we can send
packets through these paths and achieve the required rate without network coding,
which means that the PICC of interest is redundant. We exploit this observation in
the following to show that a PICC is redundant.

If G” is declared “redundant” by rule 2, we have 2EDPs between (si,d;) and
(s2,ds), because of the disjointness of E(Ps, 4,) U E(Qs,.4,) and E(Ps, 4,) U F(Qsy.d,)-
In the following, we will prove rule 3. Without loss of generality, we can use the
integral graph G” to represent the [-th PICC between sessions ¢ and j. G” always
satisfy condition 2 of Proposition 1.3.1. If condition 1 is satisfied, there is no need to
include G” in the optimization problem because there are 2 EDPs. Assume condition 1

is not satisfied. We have two cases. Case 1: I in Theorem A.5.1 is the same as G”.
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By (2.1), if H};(e) = 1, then link e is modelled as two edges connecting the same pair
of vertices. G” contains 2 EDPs by Proposition A.5.1. Case 2: F'is a proper subgraph
of G". The edges and vertices in F' are subsets of the edges and vertices in G”, and
I satisfies the necessary and sufficient conditions for pairwise linear network coding.
Therefore, the same solution in G” can be achieved in F' by consuming fewer resources

and hence G” is a redundant PICC. Rule 1 follows by using the same technique. H
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B. SUPPORTING RESULTS FOR CHAPTER 3
B.1 Sketches of the proof of Proposition 3.5.1:

Proof We first notice that by (3.6), qﬁj is a constant and is thus bounded away from

infinity. For the following, choose the following Lyapunov function V(q) = >, (gg
for the dual variables q = {q. : Ve}. Then
1
Vialt+1) = Vial) = alrl( HE () + Hijely 1) + const
¢ ik (i.g)si=j 1
(B.1)

where const is a constant bounded away from positive and negative infinity.
Since the fixed rate assignment x is in the interior of yA, the first term of (B.1)

can be rewritten as

i

—€  q.lt] HF(e)xk + % Ha! (B.2)

e ik (ij):i=j 1
for some € > 0. Combining (B.1) and (B.2), we have that any component of q tends
to infinity will lead to negative difference of the Lyapunov function V' (g). As a result,
all dual variables ¢, and qll-j are bounded away from infinity. Since the primal variables

have only bounded domains, the proof is complete. [ |
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B.2 Sketches of the proof of Proposition 3.5.2:

Proof Let p; 2 % Since {p;}; is in the interior of yA, by the definition of A, we

can find €, p¥ and pﬁ-j satisfying

pi= Pit Py Vipl = Vi gL
k Glij=i
d(1+2 HE(e)ph + 1 Hl(e)pl, < ~r
and (1 + 2¢) i(e)pi +5 ii(€)py; <re
i k Golj=i
for some r* € Co(R). (B.3)

Let n; denote the number of users in the system. The probability law of n; is
determined by a Markov process. Its transition rate is given by:
ni[t] = n;ft] +1 with rate \;
malt] — nilt] — 1 with rate (zk AR D P [t]) nalt]

A heuristic fluidity model argument is provided as follows. By the rate and scheduling

update rules, we have

1
x;[t] =arg max U, ah + xéj — e t] HF(e)ah + 5 Hfj(e):céj
k jidij=i e k ilij=i
- qzl'j [t]xéj - Q§z[t]x§j
Jii>i 1 jg<i 1
(6] 2 2
-5 @ew) () (B.4)
k jlij=i
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The first order derivatives of n;, ¢., and qll-j become

Cnfl=n—unl]  atl+
t k jlij=i
d
—q.[t
7 4elt]
Be Doimilt] i HE(e)al (]
s Hile)xl [t —re[t] if positive
or g.lt] >0
0 otherwise
d
T [t] = B (naltlar; ] — my[t]csi[#])

Consider the following V'(-,-) function that will be used as the Lyapunov function of

the system.
V(n,q) = V,(n) + Vy(q)
where
1 Kkn?  ang
Vo(n) = SR , vty
i v Hi k glj=i
(Qe)z (qi ')2
Vi@ = -+ Qé
e € i,j:i<z,l '

By the fluidity model, we have the following expression for any positive constant K.

dvn n(t K:‘ﬁ)ini t
(nfr) _ D0 e 4
dt . Pi o
% k Jilij=i
po—nl] oA+ a



Therefore
dv,
W = — ¢ K/imi + ;s yf + yll'j
i k Jlg=i

Kkin; k !

+ +ay yi + Yij

; Pi k Glj=i
(L+€)pi — n x} + 7l
k Jlg=i
= — ¢ K/imi + ;i yzk + yll'j
i k Jilij=i

N K(1+ €)r;
>Ry A+ D it )

+ o yf + yll'j
k Jlj=1

(14+€)p —ny x; + 7l
k Jl:g=i
+ (4),
where
(A)é— Kk, (1+¢) -
: z:kiff‘+'§:j¢j:ia%j Pi
k Jlij=i

k/l
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In the following we will use the following notation Y, ;) to express that we are iterating

over all y¥ and yf] For example >, . ,y{'“/? A \Pz b+ Z“ ZZ:IPICCWI

gyg=i Ji(j)

Similar notation is used for other variables such as p and q. We define Fy and F; such

that:

k/l k'l
Fo=tal o vy i

t k.g,l:j=t K gh (k51 )=(k,j,0)
K/l
— € QG P; yz(]) + (A>
( kvjvl
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Fi=(14¢€)) a;Ms, Zk’“:j:i pf(/jl). Here My, is the maximum rate assigned to

any user.
i, M Z 0

Since x;[t] solves (

i Yig

B.4) and U;(+) = k;log(+), there exist §F, 6!, > 0 and §;

such that
K k/l lc/l 5k/l 5.
v~ @)~ Vi) + M
Zk’ 05 =i i1
k/l o o
:qe,/i(j)’ Z,j,k,l:l}éj
where
qf,i = quz'k(e)
i 5O qeH(e) +ql; ifi<j
ei]

%Ze quilj(e) — qé-i if i > j.

We have 5%1 /l =0 and ¢; M(Zk]ly i ﬁ( = M w) = (0 due to the complementary

slackness condltlons In our online technical report [94] for each i we have explicitly

construct a positive integer .J; such that

k/l
K Zk J,li=j yz(] .
S < ’ ,Vi. B.5
M= ME.CB e Jz ! ( )
By choosing F; = max; M + k’ﬂ?l_yi(y‘) }, Iy is an upper bound for all 6; ps. Let
K = 1+ , we have
dv,
e S —€ K:‘ﬁ)ini
dt .
k g, L 1 !
+ g (1+e) Hi(e)p; + 3 H;;(e)py;
e i k =i
k . ! l
_ nH; (e)z; + 5 niH;;(e)x;
7 k Jlj=1
+ (qzl'j(l +€) (Péj - sz) - qzl'j (nlxij - nﬂféz))
(ij)ii<j 1
+ Fy+ F + By(1+e) i (B.6)



The details of how (B.6) is obtained in our online technical report [94]. Since

dv, 1
(@) _ Qe n; Hf(e)zf + = Hj(e)xl; —re
dt , 2 oY
e 7 k Jlij=1
l l !
+ aij (naay = njwsi)
(4,9)9<g 1
and plij = pg»i, the overall drift 47 = @ 4 % becomes
av 1
pr <-—€ Krin; — € Ge Hik(e)pf + B Hilj(e)péj
7 e ) k Jlij=1
+ Fo+ F1+ Fa(1 +¢) Pf(él)-
i kyjlij=i
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Here, we used (B.3). The Lyapunov function will have a negative drift and the

system is stable. A full proof that takes into account the second-order variation can

be obtained accordingly.

B.3 Proof of Proposition 3.6.1

Proof We prove this theorem by induction. We perform coding operations sequen-

tially from the most upstream edges to the most downstream edges. Let M, represent

the symbol transmitted along edge e. We have the following induction hypothesis: If

Case 1 is satisfied, then for any edge e we have:
(

Xor X+Y ifee P4

Me=<SY or X+Y if e € P, 4,

X or Y lf e c Psg,dl or e € Q527d2'

\

Case 2 is a symmetric version of Case 1 and the discussion is thus omitted.

If Case 3 is satisfied, for any edge e we have:
(

Xor X+Y ifee P4

Me=SYor X+Y ife€ P,y

XorY if e € Py, 4, or € € Qg .4,
\

(B.8)



164

Both hypotheses (B.7), (B.8) are satisfied on the immediate outgoing edges of sources
s1 and sy which carry X and Y respectively. To show that the induction holds for all
edges, we need to consider 13 scenarios when Case 1 is satisfied as in Table B.1 and 5
scenarios when Case 3 is satisfied as in Table B.2. The entries in the second column
in both Table B.1 and B.2 represent the paths that share edge e and the entries in
the third column represent the corresponding coding operation on edge e according
to either (B.7) or (B.8).

Since Case 3 is simpler than Case 1, we disccuss Case 3 first and then move on to
Case 1.

For Case 3 we have P, 4, = Qs,.dy5 Psy.dy = @s,.d,- Therefore, we have four distinct
paths
Py, a5 Psy.doy Psy ay, and Qs, g, in the PICC. If an edge is shared by three paths, it is

either the case that the PICC is insignificant by Rule 1 or condition 2 of Theorem 1.3.1

4

2) = 6 scenarios in which two paths meet at a single edge.

is not satisfied. There are (
Since by Rule 1, P, 4, and @, 4, do not meet, we are left with 5 scenarios to consider
as in Table B.2

In the following, we prove that the induction hypothesis follows for the 5 scenarios
in Case 3.

Scenario 1 as in Table B.2 The paths that meet at edge e are F;, 4, and P, 4,.
The symbols carried by the paths on the respective previous edges can be the same
or not. If they are the same, the symbols must be X +Y according to the hypothesis,
which is the intersection of the first two cases of (B.8). The coded symbol X + Y
will be forwarded and the invariant holds for the target edge e. If the symbols that
enter edge v, the tail of e are different, then node v can decode both X and Y and
compute the coded symbol X + Y according to Case 3.4 (or equivalently Case 1.4)
in Section 3.6 and send X + Y along e. The hypothesis holds in this scenario that
e € Py q, NP, q,.

Scenario 2 and 3 as in Table B.2 The paths that meet at edge e are P, 4,
and Qs, 4, (Ps,.q, and Py, 4 ). The symbols carried by the paths on the respective
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Table B.1
The list of possible coding operations a node has to perform if the PICC
satisfies Case 1

PICC satisfies Case 1
Paths sharing edge e | Symbols transmitted on edge e

Scenario 1 Py, a4y P, ds Y
Scenario 2 Py, a4, Psy X
Scenario 3 Py, a4 Qss.ds Y
Scenario 4 Py, a, Psy.dy Qss.ds Y
Scenario 5 Py, a, Ps,.a, Qss.d, X
Scenario 6 Py, a4y Ps,.d, X+Y
Scenario 7 P, iy Qsy.ds Y
Scenario 8 Qsy a5 Psy oy Xor X+Y
Scenario 9 Qsy .y Psy.ds Yo X+Y
Scenario 10 Qsy dy Qss.ds Yo X+Y
Scenario 11 | Qs,.dy Psy.dy Psy.do X+Y
Scenario 12 | Qs dy Psy.dy @so.ds Y
Scenario 13 Py, a4y Qsy.ds X

Table B.2
The list of possible coding operations a node has to perform if the PICC
satisfies Case 3

PICC satisfies Case 3
Paths sharing edge e | Symbols transmitted on edge e
Scenario 1 Py, a4, Ps, s X+Y
Scenario 2 Py, a4 Qs ds X
Scenario 3 Py, a, Ps,.a, X
Scenario 4 Py, 4, Qs ds Y
Scenario 5 P, i, Ps,.a, Y




166

previous edges can be the same or not. If they are the same, the symbols must be X
according to the hypothesis, which is the intersection of the first and third cases of
(B.8). The symbol X will be forwarded and the invariant holds for the target edge e.
If the symbols that enter edge v, the tail of e are different, then node v can compute
X according to Case 3.3 (or equivalently Case 1.3) in Section 3.6 and send X along
e. The hypothesis holds in this scenario that e € Py, 4, N Qsy .4, (€ € Pyy gy N Payay)-
Scenario 4 and 5 as in Table B.2 The paths that meet at edge e are P, 4, and
Qsy.d5 (Psy.a, and P, 4,). The symbols carried by the paths on the respective previous
edges can be the same or not. If they are the same, the symbols must be Y according
to the hypothesis, which is the intersection of the last two cases of (B.8). The symbol
Y will be forwarded and the invariant holds for the target edge e. If the symbols
that enter edge v, the tail of e are different, then node v can compute the symbol Y
according to Case 3.2 (or equivalently Case 1.2) in Section 3.6 and send Y along e.
The hypothesis holds in this scenario that e € Py, 4, N Qs,.4, (€ € Psyay N Psyoay)-
For Case 1 we have P, 4, = s,.4,- Therefore, we have five distinct paths
Py, ars Psydoy Psy dyy @sy.ds, and Qs 4, in the PICC. By Rule 1 Py, 4, and Qs 4, Will
not meet at a single edge. Also P, 4,, Ps,.dy» @s,.d, Will not meet at a single edge due

to Rule 2.1. Therefore, any scenario in which an edge is used by five or four of the

5

3) = 10 different scenarios in which edge e is used by

paths is impossible. We have (
three distinct paths. The scenarios in which an edge is used by Ps, 4, Ps,dys Psy,dy OF
Py, dys Qsy.dys Qsy .4, Violate condition 2 of Theorem 1.3.1. The scenario in which an
edge is used by Ps, 4, Psy.dys @ss.d0, Will be removed because it satisfies Rule 2.1. The
scenarios in which an edge is used by (P, ays Psy.dys @s1.do)s (Podas @sp.dys @si.dy)s OF
(Psy.dys @ss.d s @sy.d5) Will be removed because it satisfies Rule 1. As a result, we need
to only consider 4 scenarios in which e is used by three distinct paths (Scenarios 4,
5, 11, 12 in Table B.1). Since by Rule 1 P, 4, and @y, 4, do not use the same edge

we have only 9 scenarios in which e is used by two paths. The total is 13 scenarios

as in Table B.1.
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In the following, we prove that the induction hypothesis holds for the 13 scenarios
of Case 1.

Scenarios 1, 3, 4, 7 and 12 as in Table B.1 The paths that meet at edge e are
(Poy.ay and P, a,), (Psyay and Qsya,)s (Poydys Peydos and Qsy 0,), (Pey i, and Qs, 4,),
or (Qs,.dys Psydys and Qs, a,). The symbols carried by the paths on the respective
previous edges can be the same or not. If they are the same, the symbols must be Y
according to the hypothesis, which is the intersection of the last two cases of (B.7).
The symbol Y will be forwarded and the invariant holds for the target edge e. If the
symbols that enter edge v, the tail of e are different, then node v can compute the
symbol Y according to Case 1.2 in Section 3.6 and send Y along e. The hypothesis
holds in these scenarios.

Scenarios 2, 5 and 13 as in Table B.1 The paths that meet at edge e are
(Psyay and Py, a,), (Psyays Poyay, and Qs,.4,), o (Psy g and Qg,4,). The symbols
carried by the paths on the respective previous edges can be the same or not. If
they are the same, the symbols must be X according to the hypothesis, which is the
intersection of the first and third cases of (B.7). The symbol X will be forwarded and
the invariant holds for the target edge e. If the symbols that enter edge v, the tail of
e are different, then node v can compute X according to Case 1.3 in Section 3.6 and
send X along e. The hypothesis holds in these scenarios.

Scenarios 6 and 11 as in Table B.1 The paths that meet at edge e are (P, 4,
and P, 4,) or (Qs, dys Psy.ar, and Ps,4,). The symbols carried by the paths on the
respective previous edges can be the same or not. If they are the same, the symbols
must be X + Y according to the hypothesis, which is the intersection of the first two
cases of (B.7). The coded symbol X + Y will be forwarded and the invariant holds
for the target edge e. If the symbols that enter edge v, the tail of e are different, then
node v can decode both X and Y and compute the coded symbol X + Y according
to Case 1.4 in Section 3.6 and send X 4 Y along e. The hypothesis holds in these

scenarios.
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Scenarios 9 and 10 as in Table B.1 The paths that meet at edge e are (Qs, 4,
and Py, 4,), or (Qs, 4, and Qs, 4,). The symbols carried by the paths on the respective
previous edges can be the same or not. If they are the same, the symbols must be
either Y or X + Y according to the hypothesis. The symbol Y or X + Y will be
forwarded and the invariant holds for the target edge e. If the symbols that enter
edge v, the tail of e are different, then node v can compute the symbol Y according to
Case 1.2 in Section 3.6 and send Y along e. The hypothesis holds in these scenarios.

Scenario 8 as in Table B.1 The paths that meet at edge e are (Qs, 4, and
P, 4,). The symbols carried by the paths on the respective previous edges can be the
same or not. If they are the same, the symbols must be either X or X +Y according
to the hypothesis. The symbol X or X + Y will be forwarded and the invariant holds
for the target edge e. If the symbols that enter edge v, the tail of e are different, then
node v can compute X according to Case 1.3 in Section 3.6 and send X along e. The

hypothesis holds in this scenario. [ ]
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