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ABSTRACT

Ma, Di.  Ph.D., Purdue University, August, 2004. Bounding the Stack Size of
Interrupt-driven Programs. Major Professor: Jens Palsberg.

A widely-used class of real-time, reactive, embedded systems is called interrupt-
driven systems [8]. Programming of interrupt-driven systems is notoriously difficult
and error-prone. This is because such systems are usually equipped with a small
amount of memory while being asked to handle as many external interrupts as pos-
sible. Furthermore, such systems demand responsive handling of interrupts. Due to
the fact that an interrupt may happen at any time, a handler can be interrupted by
another interrupt, making the stack grow in order to store the context information
for the current handler. The problem with such a scenario is that it may lead to stack
overflow. Traditionally, this problem has been avoided by forbidding other interrupts
during the execution of the handler. However, doing this puts tremendous limit on
the number of interrupts which can be handled. Moreover, it greatly increases the
response time for interrupts, resulting in an inefficient system and causing a potential
predictability problem: the handling of an interrupt can be so long that the next
interrupt occurrence is missed.

In this thesis, we lay a formal framework, which, to the best of our knowledge, is
the first in the field, to ensure stack boundedness, to give the tightest possible upper
bound of the stack usage for interrupt-driven programs, and to guarantee predictabil-
ity. Specifically, we develop two formal languages, interrupt calculus and periodic
interrupt calculus, to capture the characteristics of interrupt-driven systems. We ad-
vocate intersection types and union types from the field of programming languages
as a convenient vehicle to solve these problems. We base our analysis on two type

systems which are designed for the two calculi. Our results show that the calculi



demonstrate the desired capability for characterizing interrupt-driven programs. We
show that once an interrupt calculus program type checks, there can be no stack over-
flow; we prove that the type inference problem for interrupt calculus is in PSPACE.
For type-checked periodic interrupt calculus programs, we show that not only can
the stack not overflow, but that it is also guaranteed that no single interrupt can be
missed. In addition, our building of the types and type derivations of the periodic
interrupt calculus programs unveils an equivalence relation between model checking

and type systems, which may be of interest in its own right.



1 INTRODUCTION
1.1 Interrupt-driven systems

Real-time, reactive and embedded systems are becoming increasingly widely used
nowadays. At the same time, there is also an increasing demand that those systems
not only meet real-time requirements but also be free of run-time errors, such as stack
overflow. For example, Klaus Brunnstein reported that a software glitch in the real-
time system that controlled the railway switch at Hamburg-Altona station caused the
entire Altona switch tower to shutdown on the first day of its on-site testing (“Stack
overflow shuts down new Altona switch tower on first day” [41].) It was later found
out that the glitch caused a stack overflow under certain conditions. It is fortunate
that the software bug showed up in the testing in Altona case. These kinds of program
errors are usually difficult to find out under most conditions, and, therefore, are often
difficult to reproduce.

In this thesis, we will focus the scope of our study on a common class of real-time,
reactive embedded systems which are called interrupt-driven systems as described by
Brylow, Damgaard and Palsberg [8]. In particular, we study the stack boundedness
problem and the predictable interrupt latency problem of such a class of systems.

Programming in interrupt-driven systems is notoriously difficult and error-prone
because (1) such systems are usually equipped with only a very small amount of
memory while being asked to handle as many external interrupts as possible; (2)
interrupts may happen at any time, which makes it difficult for programs to control
and manage the use of the system hardware. Furthermore, such systems demand
fast and responsive handling of interrupts in order to promote high efficiency. Due
to the fact that an interrupt may be triggered at any time, an interrupt handler can

be written in such a way so that it is allowed to be interrupted by another interrupt,



leading to a larger stack size because the context information of the current handler
has to be stored on the stack. The problem with this is that, in such a scenario, there
is no guarantee that the stack will not overflow. Traditionally, the problem has been
avoided by writing a handler in such a way that it forbids other interrupts during
the execution of the handler. However, doing this tremendously limits the number
of interrupts which can be handled. Moreover, it greatly increases the response time
for interrupts, which not only results in a very inefficient system, but also introduces
a potential predictability problem: the handling of an interrupt is too long to allow
the next interrupt occurrence to be handled.

We thus identify two important issues for designing and developing software for

such systems:

1. Constrained resources Most embedded software runs on resource-constrained
processors which are not equipped with computation hardware matching those
on today’s personal computers because of economic concerns, low power con-

sumption, size, or other constraints.

For example, consider the system that uses the Zilog Z80 micro-controller de-
scribed in [8]. The memory space of the micro-controller consists of only 256
8-bit on-chip registers. Despite this limitation, the programmers need to write
programs to fit in the controller’s available space in order to allow the device to
perform network communications, fan control, temperature control and a digit

panel control interface, as well as other operations.

Once the processor, RAM, and other specifications have been chosen for an
embedded system, the programmers will face a particularly vexing problem:
the software has to be written so that program never runs out of stack space

during execution.

2. Predictability Real-time, reactive embedded systems require that most external
events be handled in a timely and predictable fashion. That is, real-time em-

bedded systems should guarantee a pre-specified, finite response time to each



external stimulus. For example, the auto-piloting control software running on
jet airplanes should handle the changes in external air turbulence responsively
(a pre-defined time interval) in order to guarantee the safe and comfortable
operation of the plane. It is well known that writing predictable software that

meets real-time constraints is notoriously difficult

This thesis concentrates on these two important issues. Specifically, we lay a
formal framework, which, to the best of our knowledge, is the first in the field to
ensure the stack boundedness, to give the tightest upper bound of the stack usage
for interrupt-driven programs, and to guarantee the predictability. We develop two
formal languages, interrupt calculus and periodic interrupt calculus, to capture the
characteristics of the interrupt-driven systems. We advocate types and type systems
from the field of programming languages as a convenient vehicle for solving these

problems.

1.2 Formal software verification

The issues described in the previous section are well-known to the software com-
munity. These problems have traditionally been dealt with, in reality, by exhaustive
software testing or worst-case execution time [15,19,42 50]. More recently, formal soft-
ware verification has been receiving increasingly greater attention. Many techniques
have been explored to validate certain properties regarding the software implemen-
tations. Among them, formal language verification techniques such as type based
program analysis [36,37,43] and software model checking [3,4,8,9,11,17,18, 20, 53]
seem to be gaining momentum recently as powerful program verification techniques.

There is a large body of work which tries to apply formal language verification
techniques to the field of real-time, embedded systems to deal with the constrained-
resource problem and predictability. Hughes, Pareto and Sabry [30,47,48| use sized
types to reason the boundedness of data structure in the context of employing func-

tional languages (ML) in real-time, embedded systems. A number of languages have



been designed to facilitate the correct real-time system designs and implementations:
Wan, Taha and Hudak describe Event-driven FRP (Functional Reactive Program-
ming) [28]; Henzinger, Horowitz and Kirsch devise the Giotto Language and Embed-
ded machine [22-25]. Both languages are used to ensure the predictable behaviors of
real-time embedded systems. Basu, Kumar, Polorny and Ramakrishan [6] develop a
resource-constrained model checking technique which is capable of predicting whether
program execution requires unbounded stack size.

Although a large body of research on model checking has been dedicated to the
problem, there is little work that looks into the field of interrupt-driven software, ex-
cept for the following two, which study the problem in the context of interrupt-driven
software. Brylow, Damgaard and Palsberg [8] abstract the interrupt program into a
control flow graph; they then model check the size of bounded stack of interrupt driven
programs by running a context free reachability algorithm on the graph. Brylow and
Palsberg [9] use almost the same model checking strategy to analyze the problem
of whether each interrupt’s deadline can be met. Their method involves identifying
different loops in the program, as well as worst case execution time analysis.

Our approach to the problem is to employ types and type systems of programming
languages in order to solve the problems. Moreover, we try to bridge the gap between
resource constraint, predictability problem of interrupt-driven, real-time embedded
systems and the application of formal language analysis in this field. Our work can
be viewed as a synergistic combination between formal programming language, real-
time embedded systems and resource-aware compilation [39].

We will give a more detailed summary of related work and compare their results

with ours at the end of Chapter 2 and Chapter 3.

1.2.1 Contributions of the thesis

This thesis offers the following four technical contributions [12, 44, 64].



e We introduce two formal languages, namely, interrupt calculus and periodic
interrupt calculus, as the basic tools to formally analyze the stack size for

interrupt-driven programs.

e We design two type systems for the interrupt calculi to ensure stack bounded-
ness, to give the tightest upper bound of the stack usage, which shows our type
system is sound with respect to stack size. Our method of incorporating the

stack size values into type systems is novel.

e We build timing information into the type system for the periodic interrupt
calculus, which allows the stack size to be analyzed under the constraints of

interrupt latencies.

e Our study of the periodic interrupt calculus reveals an interesting equivalence
relation between model checking and type systems with respect to bounding the
stack size of interrupt-driven programs. The relation itself may be of interest

in its own right.

1.3 The interrupt computation model

Interrupt-driven embedded systems generally have a fixed number of interrupt
sources (interrupt devices) with a software handler defined for each source. When an
interrupt occurs, control is transferred automatically to the handler for that interrupt
source, unless interrupt processing is disabled. If disabled, the processing of the

interrupt will wait for interrupt processing to be enabled.

Interrupt Mask Register While some modern, general-purpose CPUs have so-
phisticated ways of handling internal and external interrupts, the notion of an inter-
rupt mask register (imr) is widely used. This is especially true for the processors that
are used in embedded systems with small memory size, a need for low power con-
sumption, as well as other constraints. We list some characteristics of four processors

that are often used in embedded systems as follows:



product Processor # of interrupt | master
sources bit
Microcontroller | Zilog 786 6 yes
iPAQ Pocket PC | Intel strongARM, XScale 21 no
Palm Motorola Dragonball (68000 Family) | 22 yes
Microcontroller | Intel MCS-51 Family (8051 etc) 6 yes

Each of these processors have similar-looking imr’s. For example, consider the imr

for the MCS-51 (The imr is called interrupt enable (IE) register):

EA | — |ET2| ES | ET1 | EX1 | ETO | EXO

These bits have the following meanings respectively:

e EA: enable/disable all interrupt handling,

e — reserved (not used), and

e cach of the remaining six bits corresponds to a specific interrupt source.

We will refer to the EA bit (and similar bits on other processors) as the master bit.
The idea is that for a particular interrupt handler to be enabled, both the master bit
and the bit for that interrupt handler have to be enabled. This particular semantics

is supported by the Z86, Dragonball, MCS-51, and many other processors.

Interrupt Handling The processors used in embedded interrupt-driven systems
usually save the current processor status, including the values in general registers,
the current program counter, interrupt mask register, when starting to handle an
interrupt. We model this kind of handling in the following manner: when an interrupt
handler is called, a return address is saved on the stack, the processor automatically
turns off the master bit, and then starts to execute the code of the handler. At
the time of return, the processor turns the master bit back on, restores the program
counter to the previously saved return address and starts to execute code from the

return address.



1.4 The stack size problem and goals of the thesis

In order to obtain responsive handling, it is necessary to keep interrupt processing
enabled most of the time, including in the body of lower priority interrupt handlers.
However, this allows the possibility that interrupt handlers could be themselves in-
terrupted, thus making it difficult to understand whether real-time constraints can
be met. Conversely, to write reliable code with a given real-time property, it is often
simplest to disable interrupts in the body of interrupt handlers. This may delay the
handling of other interrupts, therefore making it difficult for the system to have other
desired real-time properties. The resultant tension between fast response times, easy-
to-understand and reliable code encourages developers to write code which is often
difficult to test and debug.

A particularly notorious programming error in the interrupt-driven software occurs
when the interrupt handlers are allowed to interrupt each other indefinitely. Such a
situation leads to both an unbounded stack and a potential unbounded handling time
which leads to two serious violations: a violation of the resource constraints and a

violation of the predictability properties of the system.

handler 1 { handler 2 {
// do something // do something
enable-handling-of-interrupt-2 enable-handling-of-interrupt-1
// do something else // do something else
iret iret

+ +

Figure 1.1. An example of indefinitely interrupting

Consider the two interrupt handlers in Figure 1.1. Suppose an interrupt from
source 1 arrives first, so handler 1 is called. Before returning, handler 1 enables

handling of interrupts from source 2, and, unfortunately, an interrupt from source



2 arrives before handler 1 has returned. Thus, handler 2 is called, and it, in turn,
enables handling of interrupts from source 1 before returning, thus, allowing a highly
undesirable cyclic handling which results in an unbounded stack and an indefinite
handling time.

Clearly, the error is not about misusing data; rather, it is about the need for
unbounded resources. Previously, static checking for such errors could only be done
using model checking. However, what is needed for model checking is the whole-
program analysis which cannot check program fragments [8,54]; if the program is
altered, model checking has to be run again on the entire program.

Another closely related problem is predicting the tightest upper bound of the stack
size caused by the interrupts. This problem is of particular interest because in the
process of designing the real-world embedded systems, it is often the case that the
amount of memory is small and fixed, due to the economic reasons, and designers are
constantly asked the question: does the stack fit into the amount of available RAM?
This need can be met by providing the tightest upper bound to the designers. In this
context, modular program checking of the stack size property would be also beneficial
because it saves both design and development time.

A traditional type system does not (1) check for stack unboundedness error; or
(2) give the tightest upper bound of the stack size usage. The goal of this thesis is
to present type systems that guarantee stack boundedness by enabling modular type
checking and to give the tightest upper bound for the stack size.

Each type contains information about the stack size and also serves as documen-
tation for the program. When an interrupt handler is altered, it is sufficient to re-type
check only that particular interrupt handler. Thus, we see that type checking is more
modular than model checking in this setting.

We study this problem in two different yet closely related settings: interrupt

calculus and periodic interrupt calculus.



1.5 Interrupt calculi

In order to design type systems for the stack size problem, we need a mini-
mal setting in which to study interrupt-driven systems. For many programming
paradigms, there is a small calculus which allows the study of properties in a language-
independent way and which makes it tractable to prove key properties. For example,
for functional programming there is the A-calculus [5], for concurrent programming
there is Milner’s calculus of communicating systems [34], for object-oriented program-
ming there is the Abadi-Cardelli object calculus [1], and for mobile computation there
is the m-calculus [35] and the ambient calculus [10]. However, these calculi do not
offer any notion of interrupts and interrupt handling. While such concepts might be
introduced on top of one of those calculi, we believe that it is better to design a new
calculus with interrupts at the core. This new calculus should focus on the essential
concepts and ignore everything else.

In this thesis, we introduce two versions of interrupt calculus: interrupt calculus
and periodic interrupt calculus which contain essential constructs for programming
interrupt-driven systems. A program in the calculi consists of two parts: a main part

and a number of interrupt handlers. The program execution has access to:
e an interrupt mask register that can be updated during computation,
e a stack for storing return addresses, and
e a memory of integer variables; output is done via memory-mapped 1/0O.

The calculi are intended for modeling embedded systems that should run “forever,”
and for which termination would be considered a disastrous error. To model such a
situation, the calculi are designed such that no program can terminate; nontermina-
tion is guaranteed.

Each element on the stack is a return address. In order to measure the size of the

stack, we simply count the number of elements on the stack.
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Interrupt calculus Interrupt calculus is a viable and convenient vehicle for us to
study the stack size problem for interrupt-driven programs. It captures the interrupt
mechanism at its core by explicitly designating an imr register of N bits. Specifically,
we represent the imr as a bit sequence bgb; .. .b,, where b; € {0,1}, by is the master
bit, and, for ¢ > 0, b; is the bit for interrupts from source ¢ which is handled by
handler ¢. It is important to notice that the master bit is the most significant bit,
and that the bit for handler 1 is the second-most significant bit, and so on. This
layout is different from some processors, and it simplifies the notation used later. We
assume that if the master bit and the bit that corresponds to interrupt source ¢ are

both turned on, then there is a call of the interrupt handler i.

Periodic interrupt calculus Periodic interrupt calculus is an extension of the
interrupt calculus in the sense that it incorporates a temporal (periods) dimension into
the interrupt mechanism: each interrupt source periodically generates an interrupt.
We focus on the predictability property that no interrupt can be missed, which means
that an interrupt should start to be handled before the next interrupt comes, and its
impact on the stack size. Therefore, in the context of periodic interrupt calculus,
the stack size is further bound by the latency constraints. Specifically, all interrupt
sources have their own periods and the periods are part of the program specification.
The system semantics also takes a timer (latency) for each interrupt source that: (1)
ticks down whenever an instruction is executed, and (2) is incremented whenever the
hander is called. We assume that if (1) the master bit and the bit that corresponds
to interrupt source i are both turned on, and (2) the timer holds a negative value,

then there is a call of the interrupt handler i.

1.6 Typed interrupt calculus

Our approach is to use types to analyze the stack size problem. To this end,
we present type systems that guarantee stack boundedness and enable modular type

checking.
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In this section, we will focus our attention on illustrating the type system for
interrupt calculus. We will introduce the type system for periodic interrupt calculus
in Chapter 3.

A type for a handler contains information about the imr on entry and the imr
at the point of return. Given that a handler can be called at different points in
the program where the imr may have different values, the type of a handler is an

intersection type [13,26] of the form:
" /
/\ imr) —— (imr )?).
where the j component of the intersection means:

if the handler is called in a situation where the imr can be conservatively
approximated by (Zmr) then at the point of return, the imr can conser-
vatively be approximated by (zmr) and during that call, the stack will
grow by at most 8’/ elements, excluding the return address for the call

itself.

The annotations ¢’ help in checking that the stack is bounded. Our type system with
annotated types is an example of a type-based analysis [43].

We will illustrate our use of types with six examples of increasing sophistication.
Among these example programs, the first five type check, while the sixth program
illustrates the limitations of our type system. We will use the concrete syntax that is
supported by our type checker; later, in Chapter 2, we will give an abstract syntax
that is similar to the concrete syntax used here.

Note that an imr value, say, 11, will be written as 11b in the concrete syntax,
to remind the reader that it is a binary value. In addition, the following type of a
handler .

A (Gmry = ('),

i=1

/ — —

will be written  ((imr)! => (imr )t : 69 ... (Gmr)* => Gimr)™ @ 6").
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Maximum stack size: 1

imr = imr or 11b

loop { handler 1 [ ( 11b -> 11b : 0 ) ] {
if ( gotchar == 0 ) { achar = indata
outdata = achar gotchar =0
gotchar =1 iret
} else { }
skip
}
}

Figure 1.2. A program for copying data from one device to another device.

The program in Figure 1.2 is an interrupt calculus version of Example 3-5 from
Wolf’s textbook [60, p.113]. The program uses memory-mapped 1/O; two variables

map to the device registers; and copies data from one device to another device.
e indata: the input device writes data in this register and
e outdata: the output device reads data from this register.

The line maximum stack size: 1 is a part of the program text. It tells the type
checker to check that the stack can never be of a size greater than one. The number 1
is a count of return addresses on the stack; nothing other than return addresses can be
put on the stack in our calculus. The header of the handler contains the annotation
11b -> 11b : 0. This header is a type which says that if the handler is called in a
situation where the imr can be conservatively approximated by 11, then it will return
in a situation where the imr can be conservatively approximated by 11, and the stack

will not grow during the call. The value 11 in this example should be read as follows:
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handler 1 [ ( 111b -> 111b : 0 ) ] {
maximum stack size: 1

skip
iret
imr = imr or 111b
+
loop {
handler 2 [ ( 111b -> 111b : 0 ) ] {
skip
skip
imr = imr or 111b
iret

Figure 1.3. Two selfish handlers

the leftmost bit is the master bit, and the next bit is the bit for handler 1. The value
11 means that handler 1 is enabled.

The program in Figure 1.3 has two handlers which do not enable the master bit
of imr in their code. with the difference being that there are now two handlers. The
handlers cannot be interrupted so the maximum stack size is 1. Notice that since
there are two handlers, the imr has three bits. Those bits are organized as follows.
The leftmost bit is, as always, the master bit. The next bit is the bit for handler 1,
and the rightmost bit is the bit for handler 2.

The program in Figure 1.4 illustrates how to program a notion of prioritized
handlers where handler 1 has a higher priority than handler 2. While handler 1
cannot be interrupted by handler 2, it is possible for handler 2 to be interrupted by
handler 1. Handler 2 achieves such a situation by disabling its own bit in the imr
with the statement imr = imr and 110b, and then enabling the master bit with the
statement imr = imr or 100b. Thus, handler 2 can be interrupted before it returns.
Accordingly, the maximum stack size is 2. The type for handler 1 is an intersection
type which reflects the fact that handler 1 can be called both from the main part of
the program and from handler 2. If it is called from the main part, then the imr is

111, and if it is called from handler 2, then the imr is 110. The type for handler 2
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handler 1 [ ( 111b -> 111b : 0 )
( 110b -> 110b : 0 ) 1 {

maximum stack size: 2 skip
iret
imr = imr or 111b }
loop { handler 2 [ ( 111b -> 111b : 1 ) ] {
skip skip
imr = imr or 111b imr = imr and 110b
} imr = imr or 100b
iret
}

Figure 1.4. Two prioritized handlers

has been given the annotation 1 because handler 2 can be interrupted by handler 1
which, in turn, cannot be interrupted.

The program in Figure 1.5 illustrates how both handlers can allow the other
handler to interrupt. Each handler uses the discipline of disabling its own bit in the
imr before setting the master bit to 1. Doing this ensures that the maximum stack
size 1s two.

Finally, the program in Figure 1.6 illustrates that n handlers can lead to a bounded
stack where the bound is greater than n. In this case, we have two handlers and a
maximum stack size of three. A stack size of three is achieved by first calling handler
1, then calling handler 2, and finally calling handler 1 again.

While our type system can type check many common programming idioms, as
illustrated above, there are useful programs that it cannot type check. For example,
the program in Figure 1.7, written by Dennis Brylow, is a 60 second timer. The
QUT variable will be 0 for 60 seconds after a request for interrupt 2. There are two

interrupt handlers:
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handler 1 [ ( 111b -> 101b : 1)
( 110b => 100b : 0 ) ] {

imr = imr and 101b
maximum stack size: 2

imr = imr or 100b

iret

imr = imr or 111b

}

1
oop { handler 2 [ ( 111b -> 110b : 1 )

imr = imr or 111b ( 101b -> 100b : 0 ) 1 {

¥ imr = imr and 110Db
imr = imr or 100Db
iret

Figure 1.5. Two cooperative handlers

e The first handler is for an external timer that is expected to request an interrupt

once each second.

e The second handler is a trigger. When it arrives, the OUT variable will become
0 for 60 seconds. Then OUT will become 1, and will remain so until the next

trigger event.

Our type system cannot handle this pattern where handler 2 disables itself and then
enables handler 1, and where the main program disables handler 1 and enables handler
2. Thus, while the program in Figure 1.7 has a maximum stack size of 2, it does not

type check in our type system.
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handler 1 [ ( 111b -> 111b : 2 )
( 110b -> 100b : 0 ) ] {

imr = imr and 101b
imr = imr or 100b
maximum stack size: 3 iret
}
imr = imr or 111b handler 2 [ ( 111b -> 100b : 1 )
loop { ( 101b -> 100b : 1) 1 {
imr = imr or 111b imr = imr and 110b
} imr = imr or 010b
imr = imr or 100b
imr = imr and 101b
iret
}

Figure 1.6. Two fancy handlers

1.7 Outline of the remainder of the thesis

In Chapter 2, we introduce our interrupt calculus, its syntax and semantics; and
we prove that no program can terminate. We also present a type system which ensures
the stack boundedness, and we present algorithms of how to automatically infer the
types that we need.

In Chapter 3, we present the syntax and semantics of the periodic interrupt cal-
culus. We give an abstract semantics of the concrete semantics, and, based on the
abstract semantics, we introduce our type system. We show how to construct the
types out of the abstract model. This construction illustrates an interesting equiva-
lence relation between model checking and type checking.

In Chapter 4, we make concluding remarks about our work by highlighting poten-

tial applications of this work.



maximum stack size: 1

SEC = SEC + 60
imr = imr or 110b
loop {

if( SEC == 0 ) {

ouT = 1

imr = imr and 101b
imr = imr or 001b
} else {

0uT = 0O

}

handler 1 [ ( 111b —>
( 110b ->
SEC = SEC + (-1)

iret

}

handler 2 [ ( 111b ->

( 101b ->

SEC = 60
imr = imr and 110b
imr = imr or 010b
iret

Figure 1.7. A timer

111b

110b :

110b :
110b :
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2 TYPED INTERRUPT CALCULUS

In this chapter, we formally introduce the interrupt calculus, its syntax and semantics,
and we show that no program can terminate. We also present a type system for the
calculus and prove stack boundedness; that is, once the program type checks, it
guarantees a bounded stack size. Furthermore, we provide algorithms on how to
infer the types for the interrupt calculus programs and study the complexity of type
inference. We conclude the chapter by summarizing related work and by providing

suggestions for future research.

2.1 Interrupt calculus
2.1.1 Syntax

Figure 2.1.1 gives the syntax of the interrupt calculus. We use = to range over a
set of program variables, we use imr to range over bit strings, and we use c¢ to range
over integer constants. The over bar notation h denotes a sequence hy . .. h,; we will

use the notation h(i) = h;. We use a to range over m and h.
We identify programs which are equivalent under the smallest congruence gener-
ated by the following rules:

(51;52);m = 31%(52;7"1)
(515 8); h = s1; (s2; h)

(513 82)58 = s15 (523 9)
With these rules, we can rearrange any m or h into one of the following seven forms:

loop s iret x=ea imr=imrAimr;a imr=imr\Vimr;a



19

(program) p == (m,h)

(main) m == loops | s;m

(handler) h == iret | s; h

(statements) s = z=-e | imr=imrAimr | imr=imrVimr |

if0 (x) s1 else so | s1; s | skip

(expression) e == ¢ | x | x4c | x1+ 29

Figure 2.1. Syntax of interrupt calculus

(if0 () s else s3);a  skip;a.

2.1.2 Semantics

We use R to denote a store, that is, a partial function which maps program
variables to integers.

We use o to denote a stack generated by the grammar: ¢ ::= nil | a:: 0. We
define the size of a stack as follows: |nill =0 and |a :: 0| = 1+ |o].

If smr = boby .. . b,, where b; € {0, 1}, then we will use the notation imr(i) = b,.

The predicate enabled is defined as follows:
enabled(imr,i) = (imr(0) = 1) A (tmr(i) =1) i€ l.n.

We use 0 to denote the imr value where all bits are 0. We use t; to denote the
imr value where all bits are 0’s except that the ¢th bit is set to 1. We will use A
to denote bitwise logical conjunction, V to denote bitwise logical disjunction, < to
denote bitwise logical implication, and —(-) to denote bitwise logical negation. Notice
that enabled(ty V t;, 7) is true for i = j and false otherwise. The imr values, ordered
by <, form a lattice with the bottom element 0.

A program state is a tuple (h, R,imr,o,a). We will refer to a as the current

statement; it models the instruction pointer of a CPU. We use P to range over program
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states. If P = (h, R, imr,o,a), then we use the notation P.stk = o. For p = (m, h),
the initial program state for executing p is P, = (h, \z.0, 0, nil, m), where the function
Ax.0 is defined on the variables which are used in the program p.

A small-step operational semantics for the language is given by the reflexive,

transitive closure of the relation — on program states in Figure 2.1.2.

(h,R,imr,c,a) — (h, R,imr A\ —tg, a :: o, h(i)) (2.1)
if enabled(imr, )

(h,R,imr,o,iret) — (h, R, imrVty,0’,a) if 0 =a::0'(2.2
(h, R, imr, o, loop s h, R, imr, o, s;loop s)
(h,R,imr 0,z = e;a h, R{x — evalp(e)}, imr, o, a)
(h, R, imr,o,imr = imr A imr’; a
h,R,imr V imr', o, a)
(h, R, imr, o, (if0 (z) s; else s5);a h,R,imr,o,s;a) if R(x) =0

(h, R, imr, o, (if0 (x) s; else s5);a h,R,imr,o,sy;a) if R(z) #0

( (2.2)
( (2.3)
( (2.4)
(h, R, imr A imr’, o, a) (2.5)
( (2.6)
( (2.7)
( (2.8)
( (2.9)

)
)
)
(h, R,imr, o, imr = imr V imr';a) —
)
)
)

(h, R, imr, o, skip; a h,R,imr,o,a)

Figure 2.2. Semantics of interrupt calculus

We define the function evalg(e) as follows:

cvalp(c) = c
evalg(z) = R(z)

evalg(z +¢) = R(x)+c

evalp(xy +x2) = R(z1) + R(x2).
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Rule (2.1) states that if an interrupt is enabled, then it may occur. The rule says
that if enabled(imr,i), then it is a possible transition to push the current statement
on the stack, make h(i) the current statement, and turn off the master bit in the imr.
Notice that we make no assumptions about the arrivals of interrupts; any enabled
interrupt can occur at any time, and, conversely, no interrupt must occur.

Rule (2.2) models interrupt return. The rule says that to return from an interrupt,
remove the top element of the stack, make the removed top element the current
statement, and turn on the master bit.

Rule (2.3) is an unfolding rule for loops, and Rules (2.4)—(2.9) are standard rules

for statements.

2.1.3 Nontermination

We say that a program p can terminate if P, —* P’ and there is no P” such that
P — P

We say that a program state (h, R, imr, o, a) is consistent if and only if (1) ¢ = nil
anda = m;or (2) o = R . bl muniland a = h, for k> 0, where k = 0

means o = m :: nil.

Lemma 2.1.1 (Consistency Preservation) If P is consistent and P — P’, then

P’ is consistent.

Proof A straightforward case analysis of P — P’

|
Lemma 2.1.2 (Progress) If P is consistent, then there exists P' such that P — P’.

Proof There are two cases of P:

e P = (h,R,imr, nil,m). There are two cases of m:

— if m = loop s, then Rule (2.3) gives P’ = (h, R, imr, nil, s; loop s), and
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— if m = s;m/, then Rules (2.4)—(2.9) ensure that there exists a state P’ such
that P — P’.

e P = (h,R,imr,h* ... :: h' ::m ::nil, k), k > 0. There are two cases of h:

— if h = iret, then either £ = 0 and s = m :: nil, and Rule (2.2) gives
P'" = (h,R,imr V to,nil,m), or k > 0 and hence
P = (h,R,imr Vto, h*~' ... kY omoonil, BF), and

— if h = s; 1/, then Rules (2.4)—(2.9) ensure that there exists a state P’ such
that P — P’.

We obtain the following result regarding the termination of interrupt calculus

programs.
Theorem 2.1.1 (Nontermination) No program can terminate.

Proof Suppose a program p can terminate; that is, suppose P, —™* P’ and there is
no P” such that P’ — P”. Notice first that P, is consistent by consistency criterion
(1). From Lemma 2.1.1 and induction on the number of execution steps in P, —* P,
we have that P’ is consistent. From Lemma 2.1.2 we have that there exists P” such

that P' — P”, a contradiction.

2.1.4 Monotonicity

We will differentiate two versions of the interrupt calculus: monotonic interrupt
calculus programs and non-monotonic interrupt calculus programs.

A monotonic interrupt calculus programs is a program such that all handler call-
ings observe the following behavioral property: when the handler returns (immedi-

ately after executing the iret statement), the imr value is less than or equal to the
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imr value at the time when the handler is called. A non-monotonic interrupt calculus
program does not follow this property.

We will focus on the monotonic interrupt calculus programs in the remaining
sections of this chapter. Chatterjee et al. [12] present an enriched version of the
interrupt calculus. They give an algorithm which does not require the monotonicity

restriction. In addition, the algorithm they use is based on the context-free graph.

2.2 A type system for interrupt calculus

We now present a type system for the interrupt calculus. This type system type

checks the monotonic version of the interrupt calculus.

2.2.1 Types

We will use imr values as types. When we intend an imr value to be used as a
type, we will use the mnemonic device of writing it with a hat, for example, imr.

We will use the bitwise logical implication < as the subtype relation. For example,
101 < 111. We will also use < to specify the relationship between an imr value and
its type. When we want to express that an imr value imr has type W, we will
write imr < imr. The meaning of this expression is that imr is a conservative
approximation of imr, that is, if a bit in ¢mr is 1, then the corresponding bit in imr
is also 1.

We use K to range over the integers, and we use 0 to range over the nonnegative
integers.

We use 7 to range over intersection types of the form:

5

/\((W)j 5 (imr)Y).

We use T to range over a sequence Tj ... T,; we will use the notation 7(i) = 7.
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2.2.2 Type rules

We will use the following forms of type judgments:

Type Judgment Meaning

T kg p Program p type checks

T Fg P Program state P type checks
T, imr k- K O Stack o type checks

THh @ 7T Interrupt handler h has type 7
T, imr k- K m Main part m type checks

T, imr k- xk h imr | Handler h type checks

T, imr k- K S : imr | Statement s type checks

A judgment T kg p for a program is related to the concrete syntax used in
Section 1.6 as follows. We can dissect the concrete syntax into four parts: (1) a
maximum stack size K, (2) the types 7 for the handlers, (3) a main part m, and
(4) a collection h of handlers. When we talk about a program (m, h) in the abstract
syntax, the two other parts K and 7 seem left out. However, they reappear in the
judgment: 7 g (m,h). Thus, that judgment can be read simply as: “the program
type checks.”

The judgment 7 Fx P for a program state extends the typing of programs to
program states.

The judgment 7, imr Fr m means that if the handlers are of type 7, and the
imr has type %\r, then m type checks. The integer K bounds the stack size so that
it is at most K. We can view K as a “stack budget” in the sense that any time an
element is placed on the stack, the budget goes down by one, and when an element
is removed from the stack, the budget goes up by one. This type system ensures that
the budget does not go below zero.

The judgment ?,%\r Fx h o imr means that if the handlers are of type T,
and the imr has type W, then h type checks, and at the point of returning from the

handler, the imr has type imr . The integer K means that during the call, the stack
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will grow by at most K elements. Notice that “during the call” may include calls to
other interrupt handlers.
The judgment 7, imr Fr s imr has a meaning similar to that of 7, imr Fr
—

h : imr.

For two sequences h, 7 of the same length, we will use the abbreviation:
THh T
to denote the family of judgments

7T h(i) :

S
—~

~.
~—

for all 4 in the common domain of A and 7.

We will use the abbreviation:

YViel...n

— if enabled(imr, 1)
safe(T,1mr, K) =

P

then, whenever 7(i) = ... A\ (imr — imr) \...,

we have 0 + 1 < K

The side condition of safe(7, imr, K ) is used to guarantee that it is safe for an in-
terrupt handler to be called. Intuitively, the stack should grow at most 0 elements
during the call, plus a return address for the call itself.

We will sometimes use imry, as a mnemonic, for the return imr value of an inter-

rupt handler.

?}_hi? ?,Ol—Km

_ 2.10
T l_K (m,h) ( )
R il imfgi;z\r | 7 imr Fr m (2.11)
T Fx (h, R, imr, nil, m)
F b b T imr<imr Timr Fx ho:imr, Timr, bx oo (2.12)

T i (i_z, R,imr o, h)
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Tamr Fgip om

T,amr Fg om il

T,omr Fra hoooamry

—_

T, 1mry I_K—i-l o

T,imr Fg h:io

7, (imr) A=ty b o

(imr)!

j€ln

TE b Ny ((mr) -2 (imr))

T,omr g s @ imr

T,imr kg loop s

T,omr Fg s @ amr

/

safe(T, imr, K)]

T,imr

/

I—Km

T,omr g s;m

/ —

T,imr kg iret @ amr

— —/
T,omr Fg s @ amr

—_

— —
T,imr b h o oamr

/ —
imr V tg < imr and safe(T,imr, K)

"

T,amr g s;h : imr

2

?,%\r Lk T =e : imr [safe(?,@‘,f()]

T,amr Fxoimr=imr Aimr’ o oimr A imr’ [safe(?, z'mr,K)]

T,amr Fxoimr=imrVimr' : oimr Voimr! [safe(?, z'mr,K)]

— —
T,omr bFg s; : imr

T,omr Fg So

amr

/

T,amr g if0 (z) sq else sy

—

oamr

[safe(?, imr, K)]
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(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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T,amr Fg o s1 o oimry T,imry Fr So :imry (2.24)
T,imr b S1;89 @ imry

T.imr by skip : imr [safe(?,i;z\r,K) (2.25)

Rule (2.10) is for type checking whole programs.

Rules (2.11)—(2.12) are for type checking program states. The actual imr value
imr is abstracted to a type imr which is used to type check the current statement. In
Rule (2.12), the last two hypotheses ensure that interrupts can return to their callers
in a type-safe way. In particular, the last hypothesis in Rule (2.12) type checks the
stack, which is done by Rules (2.13)—(2.14).

Rule (2.15) says that the type of handler is an intersection type, so the handler
must have all of the component types of the intersection. For each component type,
the annotation ¢7 is used as the bound on how much the stack can grow during a call
to the handler. Notice that an intersection of different components cannot be reduced
to a single component. The rule type checks the handler with the master bit initially
turned off.

Rules (2.16)—(2.25) are type rules for statements. They are flow-sensitive to the
imr, and most of them have the side condition safe(T, ZTT?’/‘, K). The side condition
ensures that if an enabled interrupt occurs, then the handler can both be called and

return in a type-safe way:.

2.2.3 Stack-size boundedness

This subsection is devoted to type checking of type-annotated interrupt calculus
programs and to proving the following soundness property about the type system of
interrupt calculus: given a natural number K, once an interrupt calculus program
is type checked, then it is guaranteed that the maximum stack size of executing the

program is bounded by K.
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Formally, for a program state P, define mazStackSize(P) to be either
e the least K > 0 such that for all P’, if P —* P’ then |P'.stk| < K, or
e “infinite” if no such K exists.

We will show that if 7 Fx p, then mazStackSize(P,) < K.

We now prove the following lemmas which will be used later in this section.

Lemma 2.2.1 (Safe-Guarantee, Statements) If F,%\r Fie s W/, then

safe(T,imr, K).

— —/
Proof By induction on the derivation of 7,imr Fx s : tmr; we omit the details.

Lemma 2.2.2 (Safe-Guarantee, Handlers) [f?,z??r Fx h %\r/, then

safe(7,imr, K).

Proof By induction on the derivation of 7, imr Fx ho: i/m\r,, using Lemma 2.2.1;

we omit the details. [ |
Lemma 2.2.3 (Safe-Guarantee, Main) If?,@ Fx m, then safe(?,i?@\r,f().

Proof By induction on the derivation of 7, imr x m, using Lemma 2.2.1; we omit

the details. [ |

Lemma 2.2.4 (Safe-Weakening) If K; < K, and safe(7,imr, K1),

then safe(T, imr, K,).

Proof From K; < K, and

Yiel...n

— if enabled(imr, 1)
safe(T,imr, Ky) =

then, whenever 7(i) = ... A\ (imr — imr) \...,

we have 0 +1 < K
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we have
Viel...n
if enabled(imr, 1)
then, whenever 7(i) = ... A\ (imr —— imr) A...,
we have § +1 < K,
that is, safe(?,i?@\r, K). [ |

Lemma 2.2.5 (K-Weakening, Statements) If K; < K and 7,imr Fr, s

—/
mr,

—

then T,imr kg, s @ imr.

— —
Proof We proceed by induction on the derivation of 7,@mr Fg, s : imr. There

are six subcases, depending on which one of Rules (2.20)—(2.25) was last used in the

—

derivation of 7, imr kg, s : imr.

Rule (2.20). We have
Timr bg, x=e : imr [safe(?,%\r,f(l)].

From K; < Kj, safe(?,i;z\r,Kl), and Lemma 2.2.4, we have safe(?,%\r,[(g).

Hence, 7, imr bk, T=e : imr.
Rule (2.21). The proof is similar to that for Rule (2.20).
Rule (2.22). The proof is similar to that for Rule (2.20).

Rule (2.23). We have

/ — —
T.amr Fg, Sy ioamr -
—— safe(T,1mr, K)|.

T,iomr b, if0 (x) s; else so : imr

T.amr Fg, s o oamr

—_— — —_—
From the induction hypothesis, we have 7,imr bk, s; : imr and 7,imr kg,

Sy imr . From K, < K, safe(F,i?L\r,Kl), and Lemma 2.2.4, we have

— — —/
safe(T,imr, K3). Hence, T,imr b, if0 (x) sy else so : imr.
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e Rule (2.24). We have

—_

Tamr Fg, s1amry T,imry By, Sa ot oimrg

p——

T,amr Fg, S1;82 1 imra

From the induction hypothesis, we have 7, imr kg, s; : imr; and 7,imry Fg,

S9 i/m\rg. Hence, ?,W Fr, S1;82 @ imra.
e Rule (2.25). The proof is similar to that for Rule (2.20).

/

Lemma 2.2.6 (K-Weakening, Handlers) If K, < K, and 7, imr by, h : imr

— —
then T,imr bFg, h @ imr.

Proof We proceed by induction on the derivation of 7, imr - K, Do imr . There
are two subcases depending on which one of Rules (2.18)—(2.19) was the last one used

— —/
in the derivation of 7,imr kg, h : mr.

e Rule (2.18). We have

/

— . — — —/ _
T,amr b, oiret @ oamr o limr Vg < imr and safe(T,zmr,Kl)]

From K; < Kj, safe(?,i;z\r,Kl), and Lemma 2.2.4, we have safe(?,%\r,[(g).
— — —
From safe(7, imr, K5) and imr V tg < tmr , we have

— —/
T,aomr bk, iret @ amr

e Rule (2.19). We have

/ 2

— — _ ! —
Tamr b, s amr  T,imr bg, hooamr

—7]

T.omr Fg, sih :oamr
From Lemma 2.2.5, we have

Tamr b, s @oamr.

From the induction hypothesis, we have

——!

—/
T,amr Fg, h @ oamr .
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— — —/ —1
From 7,imr Fg, s : imr and 7,imr bg, h : imr | we can use Rule (2.19)

— —1
to derive T,omr bk, s;h @ imr .

Type preservation
We now prove the type preservation theorem which is stated in Theorem (2.2.2).

Theorem 2.2.1 (Single-step type preservation) Suppose P is a consistent pro-
gram state. If T b P, K > 0, and P — P’, then T bx» P' and K' > 0, where
K' = K + |P.stk| — |P'.stk|.

Proof There are nine cases depending on which one of Rules (2.1)—(2.9) was used

to derive P — P'.

e Rule (2.1). We have (h, R, imr,0,a) — (h, R, imr A =tg,a :: 0, h(i)) and

enabled(imr,1). Since P is consistent, there are two subcases.

Subcase 1: We have P = (h, R, imr, nil, m) and
P' = (h, R, imr A =tg,m :: nil, h(i)). From 7 Fx P and Rule (2.11), we have

the derivation:

— —

TFHAh:T imr < imr Tamr Fg om

7 Fx (h, R, imr, nil,m)

From 7, imr Fx m, and Lemma 2.2.3, we have that:

Yiel...n

_— if enabled(@’, i)
safe(T,imr, K) =

—_—

then, whenever 7(i) = ... A\ (imr 2, imr) A...,

we have 0 + 1 < K

is true. From safe(T, i/m\r, K) and enabled(i/ﬂ;“, i), it follows that:

(i) =... N@mr 2> imr) \...  §+1<K.
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From 7 + h : 7 and Rule (2.15), we have 7, imr A =ty Fs h; : @mr. From

0 < K -1, ?,W AN-ty Fs h; i/m\r, and Lemma 2.2.6, we have
?,'é/ﬂ;’/\_\to }_K—l hz : 27’1-1\7’

From F,iZz\r Fx m and Rule (2.13), we have ?,i?@\r Fx—1 m : nil. From
F b b o T imr Aoty < imr A —tg, Toamr Aty Fr_i hi i imr,
Foimr Fx_1 m il and K’ = K + |P.stk| — |Pl.stk| = K —1> 6 > 0, we
can use Rule (2.12) to derive 7 kg P'.

Subcase 2: We have P = (h, R, imr,0,h), P' = (h, R, imr A —ty, h :: 0, h(i)).
From 7 g P and Rule (2.12), we have the derivation:

TFEh 7 imr<imr T,imr Fg h :imr, T,imr, Fg o
T Fx (h,R,imr o, h) '

From F,W Fi h %\rb, and Lemma 2.2.2, we have that

Yiel...n

_— if enabled(@’, i)
safe(T,imr, K) =

—

then, whenever 7(i) = ... A\ (imr 2, imr) A...,

we have 0 + 1 < K

is true. From safe(7, imr, K) and enabled(imr, i), it follows that
(i) = ... \(imr — imr) \\ ... §+1<K.

From 7 + h : 7 and Rule (2.15), we have 7, imr A =ty Fs h; : @mr. From

0< K —1, ?,W AN-tg b5 h; o W, and Lemma 2.2.6, we have

Toimr A -ty Fr_1 h; : amr.

—_

From ?,W Fr ho: Z'?I-”L\T’b, 7,imr, Fx o, and Rule (2.14), we have

T,imr Fg_1 h:o.

From7 b h : 7, imr A =ty < imr A —tg, 7,amr A =ty Fx_1 hi : amr,
T.imr Fx_1 hio,and K' = K + |P.stk| — |P'.stk| = K —1>§ > 0, we can
use Rule (2.12) to derive T kg P'.
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e Rule (2.2). We have (h, R, imr,0,iret) — (h, R, imr V ty,0’,a), and 0 = a :: 0’

Since P is consistent, there are two subcases.

Subcase 1: We have P = (h, R, imr,m :: nil,iret) and
P' = (h, R,imr V to,nil, m). From 7 Fx P, Rule (2.12), and Rule (2.13), we
have the derivation:

_ o —_ _ — T,imry Frir m
TkHEh T amr<imr T,imr bFg iret : mry ’/\ -
T,omry, From il

7 Fx (h,R, imr,m : nil,iret)

From 7,imr kg iret : wmry, we have imr Vty < imry,. From7 - h :

2l

mrViy < iTn\r\/to < %\rb, T, iTn\rb Fri1 m, and K' = K+ |P.stk|—|P'.stk| =
K + 1, we can use Rule (2.11) to derive 7 kg P'.

Subcase 2: We have P = (h, R, imr, h* :: ¢, iret) and

P' = (h,R,imr V ty,0’, h¥). From 7 Fx P, Rule (2.12), and Rule (2.14), we

have the derivation:

TEh 7 dmr<imr T,imr g iret : imr, T,imr, Frg hF o
T by (h, R, imr, h¥ :: o, iret) '

where 7, imr, Fx h* 2 o' is derived as follows:

—k —k

Toamry Fryr BE o dmry,  Toimr, by o

T.amry g hF o
_ - —_ . — —  _ & —k
From7 F h : 7, imrVity <imrVty < imry, T,imry, Fri A" 0 oamry,

—k

7,imr, Fgi1 o', and K' = K+|P.stk|—|P'.stk| = K+1 we can use Rule (2.12)

to derive T kg P'.

e Rule (2.3). We have (h, R, imr,nil, loop s) — (h, R, imr, nil,s;loop s). From
T ki P, Rule (2.11), and Rule (2.16), we have the derivation:

_ = . — T, imr b s : imr
TF LT imr < imr .

T,imr kg loop s

T kg (h,R,imr,nil loop s)
From 7 imr bFgx s : imr, T,imr kg loop s, and Rule (2.17) we have
T,imr b s;loops. From 7T F h : 7, imr <imr, T,imr Fg s;loop s, and

K'= K + |P.stk| — |P'.stk| = K, we can use Rule (2.11) to derive 7 Fg: P’
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e Rule (2.4). We have (h, R, imr, 0,z = e;a) — (h, R{x — evalg(e)},imr, o, a).

Since P is consistent, there are two subcases.

Subcase 1: P = (h, R, imr,nil, z = e;m) and

P' = (h, R{x — evalg(e)}, imr, nil,m).
From 7 Fx P, Rule (2.11), and Rule (2.17), we have the derivation:

_ = . — T,mr Fg x=e :imr T,mr Fg m
TEFh:7T mr<imr

T, imr Fg r=em

7 ki (h, R, imr,nil,z = e;m)

From7 b h : 7, imr < imr, 7,imr Fr m, and K' = K +|P.stk|— | P'.stk| =

K, we can use Rule (2.11) to derive T kg P,

Subcase 2: P = (h, R, imr,0,z = e; h) and
P' = (h, R{x + evalg(e)},imr,o,h). From 7 Fx P, Rule (2.12), and
Rule (2.19), we have the derivation:

—_

T,omr Fg x=e : imr

B o T,omr Fg h @ imry, _
TFh 7T imr<imr — — T,imr, Fg o
T,imr Fg x=eh : imr,

7 Fx (h,R,imr o,z = e;h)

From7 + h : 7, imr < wmr, T,omr bFg h : imry, T,2mr, kg o, and

K'= K +|P.stk| — | P'.stk| = K, we can use Rule (2.12) to derive 7 kg P’

e Rules (2.5)-(2.9). The proofs are similar to that for Rule (2.4); we omit the
details.

Theorem 2.2.2 (Multi-Step Type Preservation) Suppose P is a consistent pro-
gram state. If T g P, K >0, and P —™ P', then T Fx» P' and K' > 0, where
K' = K + |P.stk| — |P'.stk|.
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Proof We need to prove that

Vn >0, f7kFg P, K>0,and P —-" P, then T kg P and K’ > 0,
where K’ = K + |P.stk| — |P’.stk|.

We proceed by induction on n. In the base case of n = 0, we have P = P’ so
K' = K + |P.stk| — |P.stk| = K. From P’ = P and K' = K, we have T g, P" and
K'>0.
In the induction step, assume that the property is true for n. Suppose 7 Fx P,
K >0, and P —»™ P’ — P”. From the induction hypothesis, we have 7 . P’ and
K’ > 0, where
K' = K + |P.stk| — | P'.stk]| (2.26)
From Lemma 2.1.1 we have that P’ is consistent. From Theorem 2.2.1, we have

T hgr P” and K" > 0, where
K" = K' + | P’ .stk| — | P" .stk| (2.27)
From Equations (2.26) and (2.27), we have
K" = K'+|P.stk|— |P".stk|
= K + |P.stk| — |P'.stk| + |P'.stk| — | P".stk]|
= K + |P.stk| — |P".stk|
as desired. u

Theorem 2.2.3 (Stack Boundedness) If 7 g p, then maxzStackSize(P,) < K.

Proof Suppose T kg p. For K > 0 and any program state P’, we need to prove that
if P, —* P’ then |P'.stk| < K. Notice first that P, is consistent, and that 7 Fx P,
is derivable. From 7 b P,, K > 0, P, —=* P’, and Theorem 2.2.2, we have 7 b+ P’
and K’ > 0, where K’ = K + |P,.stk| — |P'.stk|. From K' = K + |P,.stk| — |P'.stk|
and | P,.stk| = 0, we have K’ = K — |P'.stk|, so, since K’ > 0, we have |P'.stk| < K,

as desired. u
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2.3 Type inference

In Section 2.2, we introduced a type system for interrupt calculus and described
how the type checking process guarantees stack boundedness and certifies that the
stack size is within a given bound. In an ideal world, the engineering of interrupt-
driven software would proceed by first specifying the types of all interrupt handlers,
then checking that those types guarantee a stack with a size within a desired bound,
and finally, writing and type checking the actual code in a modular fashion.

In this section, we will answer the following fundamental question: How do we take
interrupt-driven software and automatically annotate it with types that guarantee
stack boundedness and a stack size within a given bound? Translated into the setting
of the typed interrupt calculus, this question becomes a type inference problem. In
Section 2.3.1, we summarize our results on complexity. After that, we analyze the

complexity of the type inference problem.

2.3.1 Summary of the results on complexity

We present algorithms and lower bounds for two variants of the type inference
problem for the interrupt calculus. Our main result is that, given a program and
a bound on the stack size, a variant of type inference called stack-size checking is
in PSPACE. In addition to the PSPACE result of Stack-Size Checking, there are
other naturally-occurring type inference problems that are PSPACE-complete. For
example, type inference with finite types and atomic subtyping over a general partial
order of base types is PSPACE-complete [21,57].

We study four problems, concerning an untyped program p, a natural number K,

and types T:

e Maximum Stack Size. Given p, K, is mazStackSize(P,) < K 7

e Type Checking. Given p, K, T, is T - p derivable?
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e Stack-Size Checking. Given p, K, does there exist T such that 7 kg p is

derivable?

e Type Inference. Given p, does there exist 7 and K such that 7 Fg p is

derivable?

P, is the initial program state for a program p, mazStackSize(P,), defined in subsec-
tion 2.2.3, is the least upper bound on the sizes of all stacks which can occur during
an execution starting at P,, and 7 g p is a type judgment which says that, with the
types 7 for the interrupt handlers, the program p type checks and has a maximum

stack size of no more than K. The table in Figure 2.3.1 below summarizes our results:

Problem Lower Bound Upper Bound
Maximum Stack Size PSPACE-hard (Theorem 2.3.5) Open

Type Checking Open polynomial time (Sec. 2.2)
Stack-Size Checking ~ PSPACE-hard (Theorem 2.3.7) PSPACE (Theorem 2.3.3)
Type Inference Open PSPACE (Theorem 2.3.4)

Figure 2.3. Summary of results

A basic observation which can be made is that the types can be exponentially
large in the size of the program. The Type Checking problem is in polynomial time
because the types are part of the input. Thus, Type Checking is polynomial in a
possibly large input. A related phenomenon can happen with ML programs [32,33].

Our approach to showing the PSPACE upper bounds is to first reduce the Stack-
Size Checking problem to a constraint problem and then solve the constraint problem
in PSPACE. We also show that the Type Inference problem is polynomial-time re-
ducible to the Stack-Size Checking problem. Our approach to showing the PSPACE
lower bounds is to reduce the Maximal Stack Size problem to the Stack-Size Checking
problem, and then show that the Maximal Stack Size problem is PSPACE-hard.
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2.3.2 Constraints

We build a constraint system out of the un-typed interrupt calculus program
whose solutions are all viable types for the program.

Let IMR be the set of bit vectors of length n 4+ 1: IMR = {b}...b | b = 0,1}.

Let V = U}V, be a set of variables ranging over IMR, where the sets V;,...,V, are
pairwise disjoint. We assume that there are distinct variables v € V;, for i € 0..n.

We use v, w to range over V. The constraints are of the following forms

v, o' eV, i1€0.N

(v) veV, i€0.N

We will use X —, Y to denote a space of partial function from X to Y. We will
use D(F') to denote the domain of a partial function F'.

A solution to the constraint set C'is a pair (F,G):

F;, : IMR —, (V; — IMR)
G;: IMR —, Nat Vie0.N
D(F) = D(Gy)

D(Fy) =D(Go) = {00...0}

n

imr € D(F;) = F,(imr)vi™ = imr A =t Vi el.N

such that for imr € D(F;) and v,v" € V;
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Constraints Solutions

F;(imr)v € D(F;) A
G, (F;(tmr)v) + 1 < G, (imr).

Intuitively, a solution (F,G) consists of: (1) a sequence of functions F' that each,
for a given initial imr value, maps variables to imr values and (2) a sequence of
functions G that each, for a given initial imr value, gives a integer which is intended
to be the 0 for a given component of an intersection type.

For each i € 0..n, we use C/"™ to denote the union of (1) the constraints of the
first four forms where the variables are in V; and (2) the constraint v{" = imr A —t.

the last constraint is satisfied by (F, Q) if and only if F;(imr)vi™* = imr A —t,.

2.3.3 From types to constraints

For a program p, we will define a constraint system that uses the following vari-

ables: (1) for each occurrence of a, the variables v, and w,, (2) for each occurrence

!/

of iret, the variable v/,

in addition to the variables v i € 0..n.

From a program p, we generate a set of constraints C(p) in the following manner.
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for each occurrence of s: constraint

S1;m
loop s1
S1; h

iret

imr = imr A imr

imr = imr V imr

if0 () then s;else sq

skip
where v € V; i € 0..N. (If s occurs more than once, then the variables v, and wj
will be ambiguous. However, it will always be clear from the context which occurrence
is meant.)

Notice that the size of C(p) is linear in the size of p. The following connection
between Stack-Size Checking and constraint solving can be proved using standard

techniques.

Theorem 2.3.1 Let p be a program and let K be a natural number. There exists T
such that 7 F p if and only if the constraint system C(p) has a solution (F,G) such
that Gy(0) < K.

Proof Suppose that there exists 7 such that 7 Fx p. Let
D(7(i)) = {imr | 7(i) = ... Nimr = imr A ..}

We construct the domain of the solution (F, G):
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We construct G as the following:
Gi(imr) =6 if (i) =... Aimr ——imr A ...

where ¢ € 1..N and G¢(0) = K.

We construct F' by the following method. (We only give the construction of the
F function for the statement iret and loop; the other cases are similar.)

For the statement iret, we have the following fragment from its occurrence in the

type derivation tree:

T, 1mry bgiret @ amr [imrl V tg < imr and safe(T,imry, 0)

T,imr A —tg s h; - imr

— — 5 T
THR ¢« ... ANTMTr —imr A ...

—_

We construct FZ(ZTTL\T) as follows: F,-(W)viret = %\rl, Fi(imr)wyer = %\7’1 V to,

E(W}vi’ret = E(Z/m\r)vm“ V ty = imr, therefore, we have Fi(@)w;ret —imr, Vi <

!
iret*

imr = Fi(imr)v
For the statement loop, we have the following fragment from its occurrence in the

type derivation tree:

?,z’mrl I_K S1 . z'mrl

— safe(T, imr1, K)]
T,imry Fg loop sq

7,0 m
We construct FZ(ZZ”L\T’) as follows: Fo(z'Tn\r)woop s = Fo(z'Tn\r)vsl = imr1, FO(Z'Z”L\T)w51 =
Fo(imr)vs, = imr.
The F constructed by the above method trivially satisfy the constraints of the
forms: (v ="2"), (v =20V ANimr.), (v="20"Vimr.), and (v <').
It remains to be shown that the constraints of the form (v) are satisfied by (F, G).

Here we only prove that the constraint (vi.:) generated by statement iret is satisfied.

Other constraints are proved in a similar manner.
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Since
?,2'771\7’1 Fs iret : imr 2'771\7’1 Vi < imr and safe(?,@’l,é’)
?,ZT’I-”L\T/\_'TZO Fs by 'l/ﬂ;’
THh; : N s dmr A
we have imr € D(F;) = D(Gy), E(@’)v;ret — imr, and GZ(ZTTL\T) = ¢'. Since

safe(T, i/m\rl, '), we have

Viel...n

if enabled(@’ljj)

then, whenever 7(j) = ... A\ (imr N imry) N...,

we have § +1 < ¢’

Therefore, if enabled(%\rl,j) is true, then imry € D(G;) = D(Fj;) and Gj(z'?n?’l) = 4.

Hence, we have

[ Viel...n
enabled(ﬂ(@’)v;ret,j) =
Fy(imr)vie; € D(F}) A
Gj(ﬂ(@’)viret) +1< Gz(@)

which is constraint (vjet)-

Hence, (F,G) is a solution to constraints C(p).

Conversely, suppose the constraint system C(p) has a solution (F, G) and G (0) <
K. We build types 7 of the handlers h as follows:

— — Gi(z'?n\r) ./\
7(i) = /\ imr — " amr

IMreD(F;)
and F;(imr)v™! = imr A to. where i € 1..N.
We inductively build type derivations of 7,0 Fx m and 7 F h from the (F,G).
We only show the building of derivation of iret and loop. Others are similarly

built.
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For iret, the constraint variables are Vi, Wirer and v . Suppose we are building

the type derivation of iret in the following context

T,imry By iret : imr [imrl V tg < imr and safe(T, imry, )

T, imr A —tg By hy o oamr

_ — 5 —
THR « ... ANtmMr — imr A ...

where imr € D(F;) = D(Gy), & = G;(imr), Fi(imr)vee = imr1, Fi(imr)wie =
Fl-(z'/n%)viret Vi = imr Vto, F’i(i/T-n?‘)Ul = FZ(Z/TTZ“)U”M Vty = imr. It is necessary to

iret

—_

1. 27’1-1\7’1 V to S mmr
2. the safe(T, imry, K) condition is satisfied

Since iret generates the following constraints, which the solutions satisfy, we have:

(Wiret < Viper)

— —

F;(imr)wiyer = imr Vit < F,’(W)U{ret = imr

So (1) is satisfied.

Since the solutions also satisfy the constraint (vie;) generated at iret, we have

[ Viel...n
enabled (F;(imr)vie, ) =
Fy(imr)viee € D(F}) A
G (Fy(imr ) virer) +1 < Gy(imr)

which 1is
Viel...n
if enabled(%\rl,j)

—_

then, whenever 7(j) = ... A (imr N imry) A ..

we have 6 +1 < ¢’

where § = Gj(Fi(W)viret) =G; (imr1). Therefore, 2 is satisfied.
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For loop, suppose we are building its type derivation in the following context

T,imry Fr s :oimry

— safe(, imry, K)
T,imriy Fg loop sy

T, 0 I_K m
where 0 € D(F,) = D(Gg) and FO(W)MOOP 5 = F()(Z'Zl\r)vs1 = F()(Z'Zl\r)ws1 = imry.
We now need to show that the safe(T, imry, K) condition is satisfied.

Since the solutions satisfy the constraint (vieep s, ), We have

[ Viel...n
enabled (Fo(imr )Vioop s, ) =
FO(W)Uloop st € D(F;) N
G (Fy(imr)vioop 5,) + 1 < Go(0) < K

which is

Viel...n

if enabled(%\m, 7)

_— 5§

then, whenever 7(j) = ... A\ (imr; N imry) A ..

we have 0 + 1 < K

—_—

where § = Gj(FO(@’)vbop s1) = Gj(imry). n

2.3.4 Solving constraints

A simple constraint system is a constraint system with the property that for each
i € 0..n, C/™" either has a unique solution or is unsatisfiable. It is straightforward to
show that every constraint system C(p) is simple. So, in the remainder of this section,
we focus on solving simple constraint systems.

For a simple constraint system C, define:

D = {error}u

{F | 3G :
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F, : IMR —, (V; — IMR)
G;: IMR —, Nat Vie0.N
D(F;) = D(G)
D(Fy) =D(Go) = {OU}
Vi € 1.n, if imr € D(Fj), then
Fi(imr) is the unique solution of C}™"
and, for each constraint (v), where v € V;,
Vj € 1..N : enabled(F;(imr)v, j) A\ Fi(imr)v € D(F;) =
G, (F;(imr)v) +1 < G;(imr) }.
We can consider D to be the space of candidates for the F' part of a solution to a
simple constraint system, or error in case no solution exists. We equip D with an

ordering < which is defined as follows:
Vde D :d<error
F < F'if and only if Vi, imr : Fy(imr) = LV F;(imr) = F/(imr).

Notice that (D, <) is a finite partial order in which Aimr.L is the bottom element

and error is the top element.

Define
v o D—D
w(error) = error
(P F=FU
U{F} : F;(imr)v — the unique solution of Cfi(imr)v |
i €0.n,imr € D(F;),(v) € C whereveV,,jel.n:
H(F) = enabled (F;(imr)v, j)} A

HG : GO(O) S K A
Vi € 0..n,Vimr € D(F;),V(v) € C where v € V;,Vj € 1.n:
enabled(F;(imr)v, j) = G;(F;(imr)v) + 1 < G;(imr)

error otherwise.
\
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The case of “otherwise” covers two subcases. First, there may be a situation where:

Ji € 0..n,Jimr € D(F;),3(v) € C wherev € V;,3j € 1.n:

enabled (F;(imr)v, j) A C’fi(imr)v is unsatisfiable,

that is, we would like to define F; on Fj(imr)v, but no suitable definition is possible.

Second, there may be a situation where:

VG, Go(0) > K V 3i € 0.n, Jimr € D(F;),3(v) € C where v € V;,3j € 1.n :

enabled(F;(imr)v, j) A Fi(imr)v € D(F;) A Gi(Fi(imr)v) + 1 £ G;(imr),

that is, we cannot find a suitable G to pair up with F.

Notice that 1 is monotone. From the least fixed-point theorem, we have that
has a least fixed point, which we denote Ifp ¢, and that Ifp ¢ = U,>e¢™(Nimr.L).
It is straightforward to prove the following relationship between solutions of C' and

fixed points of 1.

Lemma 2.3.1 Given a simple constraint system C and K, F, we have that there
exists G such that (F,G) satisfies C and Go(0) < K if and only if F # error and F
s a fixed point of 1.

Lemma 2.3.2 Given a simple constraint system C' and a natural number K, we have

that C' has a solution (F,G) such that Go(0) < K if and only if ifp ¥ # error.

Proof Suppose Ifp 1) # error. From Lemma 2.3.1 we have that there exists G such
that (F,G) satisfies C' and G(0) < K.

Conversely, suppose C has solution (F, G) such that Go(0) < K. From Lemma 2.3.1
we have that F' # error and F is a fixed point of 1. Since F is a fixed point of 1) we
have Ifp ¢ < F, and since F # error, we have Ifp 1 # error. [ |

From Lemma 2.3.2 we know that we can check whether C' has a solution (£, G)
such that Go(0) < K simply by checking whether ifp 1 # error. One approach to

checking the condition is to first compute Ifp 1 and then check whether it is equal
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to error. It is straightforward to use the characterization Ifp ¢ = U,>o¢™(Aimr. L)
to compute Ifp 1 in exponential time. If the goal is to annotate a program with
inferred types, then this is the right approach. However, if all we are concerned with
is whether inferred types exist, then we can use the nondeterministic algorithm which

will be presented in the proof of Theorem 2.3.2 in the following section.

2.3.5 Stack-size checking is in PSPACE

Theorem 2.3.2 Given a simple constraint system C' and natural number K, we can

decide in PSPACE whether C has a solution (F,G) such that Go(0) < K.

Proof Since PSPACE=co-NPSPACE, the following co-NPSPACE algorithm is suf-

ficient.
Step 0: Let imr=0,i=0, F = Ximr.L, and d = 0.

Step 1: If C/™" is unsatisfiable, then terminate with error. Otherwise, let F' be the

unique solution of C}™.

Step 2: Nondeterministically choose a constraint (v) where v € V. If there does not
exist j € {1..n} such that enabled(F (imr)v, j) is true, then terminate with

success.

Otherwise, nondeterministically choose j € {1..n} such that enabled(F (imr)v, j)

is true; we let d =d + 1, imr = F(imr)v, i = j.

If d > K, then we terminate the algorithm with error, otherwise, repeat Step

1.

This algorithm nondeterministically checks whether Ifp 1 = error, using polyno-

mial space for storing each F-function plus some extra constant space. [ ]
Theorem 2.3.3 Stack-Size Checking is in PSPACE.

Proof Combine Theorem 2.3.1, and Theorem 2.3.2. [ |
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2.3.6 Type inference is in PSPACE
Lemma 2.3.3 Type Inference is polynomial-time reducible to Stack-Size Checking.

Proof Given an instance p of the Type Inference problem, where p has n interrupt
handlers, we define an instance p, 2" of the Stack Size Checking problem.

We need to prove that there exists 7, K such that 7 g p is derivable if and only
if there exists 7 such that 7 5. p is derivable.

The “if” direction is immediate. Conversely, suppose 37, K such that 7 Fg p is
derivable and that 7(i) = /\Vj(z?n\rf A, z?n\rZ)

In the derivation of 7 kg p, every safe condition is of the form safe(7, z'/m\r, U),
where U is either K or 7. If we collect all the inequalities in each safe condition, we
then have a set of inequalities I of the form (5277 +1< (5? and 517 +1< K.

We can represent [ by a directed graph G consisting of nodes 5f and K, in addition,
there is an edge from a to b iff the inequality b+ 1 < a is in I. It is clear that the
least value we can assign to node a in G is equal to the longest path starting from a.
The graph G should be acyclic because, otherwise, at least one node in G would be
assigned an infinite value.

Suppose that 55,/ is reachable from & and imrg,/ = imr]. Then there exists a node
U reachable from (5? and an edge from U to 65,/, which means that 65,/ +1<Uisin
I. By definition of the safe condition, if imr{,, = imr{ , then 5{,/ +1<Uisin [ iff
5f + 1 < U isin I. Thus, there exists an edge from U to 5Z , and, consequently, there
is a cycle in G from &/ to U and back to &7

7. For any two nodes 47

Therefore, if 5237 is reachable from 67, then imrg,l # imr;
and 5?,/ on any path of G, we have imr! # z'mr?,/. Since there are at most 2" number
of distinct imr values, the length of the longest path starting from K is at most 2.

If we construct 7/ by replacing every (5? in 7 with the length of the longest path
from 5f in G and let K’ equal to the length of longest path from K in G, then 7/ g/ p
is still derivable.

Since K’ < 2™ 7/ o p is derivable as well. [ |
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Theorem 2.3.4 Type Inference is in PSPACE.

Proof Combine Lemma 2.3.3 and Theorem 2.3.3. [ ]

2.3.7 Maximum stack size problem is PSPACE-hard

We now prove that the maximum stack size problem is PSPACE-hard. We first
show that the problem is co-NP-hard and, then, further prove that it is PSPACE-
hard.

We define a subclass of monotonic interrupt calculus which we call simple interrupt
calculus and show the maximum stack size problem is co-NP-hard and PSPACE-hard
for this class. It follows that maximum stack size is PSPACE-hard for monotonic
interrupt driven programs.

For imr’, imr” where imr’(0) = 0 and imr”(0) = 0, define H(imr'; imr") to be

the interrupt handler

imr = imr A —imr’;
imr =imrV (to V imr”);
imr = imr A =(to V imr");

iret.

A simple interrupt calculus program is an interrupt calculus program whose main

part is of the form

imr = imr V (imrg V to);

loop skip

where imrg(0) = 0 and every interrupt handler is of the form H(imr’; imr”). Intu-
itively, a handler of a simple interrupt calculus program first disables some handlers,
it then enables other handlers and enables interrupt handling. Such a situation would

allow a handler to be interrupted by other handlers. After that, it disables interrupt
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handling, and makes certain that the handlers that are enabled on exit are a subset
of those that were enabled on entry to the handler.

For a handler h(i) of the form H(imr’; imr"), we define function f;(imr) =
imr A (mimr’) V imr”. Given a simple interrupt calculus program p, we define a

directed graph G(p) = (V, E) such that
o V={imr | imr(0)=0},

o [ ={ (imr, fi(imr),i) | t < imr} is a set of labeled edges from imr to

fi(imr) with label i € {1..n}.

The edge (imr, fi(imr),7) in G(p) represents the call to the interrupt handler
h(i) when imr value is imr. We define imrg as the start node of G(p) and we
define M(imr) as the longest path in G(p) from node imr. The notation M (imr)
is ambiguous because it leaves the graph unspecified; however, in all cases below, the

graph in question can be inferred from the context.

Lemma 2.3.4 For a simple interrupt calculus program p, we have that

mazStackSize(P,) = | M (imrg)|.

Proof By definition, the state of a simple interrupt program p = (m, h) is of the
form (h, 0, imr, o, a), in addition, the stack size of p increases whenever an interrupt

is handled, and we have state transition of the form
(h,0,imr,o,a) — (h,0,imr A —tg,a :: o, h(i)) if imr > t; V t.

Let a;, ¢ € {1..4} represent the four statements in the body of an interrupt
handler such that any handler is of the form aq; as; as; ay. By definition of the simple
interrupt program, the master bit is enabled only between as and a3, where calls to
other handlers may occur. In addition, after a call to a interrupt handler returns, the
imr value is always less than or equal to the imr value before the call. So, we know
that, during a call to handler A; with initial imr value equal to ¢mr, the only possible

states where interrupts maybe be handled are of the form

(h,0,imr’, o, as; as), where imr’ < f;(imr).
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Let —™ be the reflexive, transitive closure of —. Equipped with this notation, we only

need to examine state transitions of the following form to compute mazStackSize(P,):

(h,0,imr,o,a) —* (h,0,imr’ a :: 0, as; a4),
where imr’ < f;(imr) Vi, such that ¢; V to < imr.
Let P = (h,0,imr,o,a) and P’ = (h,0,imr’,0,a). We can show by induction

that mazStackSize(P) < maxStackSize(P') if imr < imr’.

Therefore, it is sufficient to consider state transitions of the form
(h,0,imr,o,a) —* (h,0, f;(imr),a :: 0,as; as), where imr > t; V t,.
In the main loop, the possible states where interrupts may be handled are of the form

(h,0,imrg V tg, nil, loop skip)

(h,0,imrg V to, nil, skip; loop skip).

Let ag be the statements of the form loop skip or skip;loop skip.

To compute maxStackSize(P,), we only need to consider transitions of the form

<7l7 07 imTS Vv t07 g, a0> H* <7l7 07 fl(lmTS) V tOv Qo 1 0,0as; (I4>,
where imrg > t;, and
(h,0,imr, 0, a3;as) —* (h,0, f;(imr), as; a4 = 0, dy; al),

where 1mr > t; V .

It should now be clear that it is sufficient to use imr A =ty to represent states that
we are interested in with starting states represented by imrg. These two kinds of
transitions described above can be uniquely represented by edges of the form
(imrg, fi(imrg), 1), (imr A —to, f;j(imr A —ty), j) in graph G(p).

Therefore, mazStackSize(P,) is equal to the length of the longest path in G(p)

from the start node imrg. [ |

Lemma 2.3.5 For a simple interrupt calculus program p, and a subgraph of G(p),

we have that if imr < imry V imry, then |[M(imr)| < |M(imry)| 4+ |[M(imrs)].
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Proof We first prove the following claim.

Claim 1: If imr < imry Vimrs, and P is a path from node imr to imr’, then we
can find a path P; from imr; to imr} and a path P, from node imry to imry such

that |P| = |P,| + || and imr’ < imr’ V imrl,.
1 2

Proof of Claim 1. We proceed by induction on the length of P. The base case
of |[P| = 0 is trivially true. Suppose Claim 1 is true for |P| = k and that P’ is
P appended with an edge to imr”. We need to prove the case of P’. Since P
ends at imr’, 3t; < imr’ such that imr” = f;(imr’). By the induction hypothesis,
ti < imr’ < imr) Vimr,. Thus, Ja € {1,2} such that ¢; < imr!. Suppose that
t; < imr (the case of t; < imr), is similar and is omitted). We can let P| be P
appended with an edge to imr] where imr} = f;(imr]). By definition of f;, we have
filimr") < f;(imr})Vimry. Thus, we have |P'| = |P|+1 = |P|+ 1+ || = | P]|+| P2l
and imr” < imr] V imry,.

We can apply Claim 1 to the situation with M (imr) as the path P from imr to
0. Since | M (imry)| > |Py| and |[M(imry)| > | Py, we have |[M(imr)| < |[M(imrq)|+
| M (imrs)]. |

co-NP-hardness for simple interrupt calculus

We begin by first showing that the Maximum Stack Size problem is co-NP-hard.
Later, we show for the simple interrupt calculus problems, then problem is PSPACE-
hard. Lastly, we show that the Maximum Stack Size problem for monotonic interrupt

calculus programs is PSPACE-hard.
Lemma 2.3.6 The Mazimum Stack Size problem is co-NP-hard.

Proof We will do a reduction from the SAT problem. Suppose we are given a SAT
instance ¢ with L boolean clauses and n boolean variables z1,zs, ..., z,, where ¢;;

is the jth literal of the ¢th clause of ¢. We construct a simple interrupt program
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p = (m, f_L) as follows. Let h = { hij | ¢ijisaclauseof ¢ }, h;; = H((ij t) v
(\/V(f)i/j/:ﬁ(z;ij tz/]/)7 0), and imro = \/Vi7j tz_]
Recall that if h;; = H(imr'; imer”), then fi;(x) = x Aimr’ V imr”. We use e;; to

represent edges of the form (imr, f;;(imr)) in G(p).
Claim 1: |[M(imrg)| < L.

Proof of Claim 1. By definition, every edge in G(p) is of the form (imr, f;;(imr)),
where t;; < émr. By definition, fi;(imr) = imr A (= Vy;ti;) A (5 Vg, =0, tirg)-
g ]

Thus, M(imrg) contains at most one edge per clause in ¢ and hence | M (imrg)| < L.
Claim 2: ¢ is satisfiable if and only if |[M(imrg)| = L.

Proof of Claim 2. Suppose that T is a satisfiable truth assignment to ¢. For each
i, we let M(imry) contain an edge e;; for the first j such that T'(¢;;) = true. This
composition of M (imry) is possible because if e;; is in M(imr), then any edge e;
with ¢;;; = —¢;; is not in M(imry), since T'(¢y;) = false. Since, for each i, there is
one edge e;; in M(imry), we have |[M(imrq)| = L.

Conversely, if [M(imrq)| = L, then for each 4, there exists an edge e;; in M (imry).
Let T'(¢;;) = true iff M(imrq) contains edge e;;. T is a truth assignment to ¢ because
T(¢i;) = true iff T(¢y;7) = false for all ¢y = —¢;;. Since for each 4, at least one
T(¢;;) = true, truth assignment 71" satisfies ¢.

We conclude

¢ is not satisfiable
iff (M (imro)| < L —1 (Claims 1+2)
iff maxStackSize(P,) < L —1 (Theorem 2.3.4),

so the Maximum Stack Size problem is co-NP-hard. [ |
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PSPACE-hardness for simple interrupt calculus

We now show PSPACE-hardness for simple interrupt calculus. Our proof is based
on a polynomial-time reduction from the quantified boolean satisfiability (QSAT) prob-
lem [46].

We first illustrate our reduction by a small example. Suppose we are given a
QSAT instance S = IxVx; ¢ with ¢ = (l11 V 112) A (Io1 V1) = (X2 V =x1) A (X2 V x1),

We construct a simple interrupt program p = (m, h) with an imr register, where
h = {h(x;), h(Z;), h(w;), h(w;), h(L;) | i,j = 1,2} are 12 handlers. The imr contains
13 bits: a master bit, and each remaining bit maps one-to-one to each handler in h.
Let D = {x;, T, w;, w;, li; | 4,5 =1,2}. We use t,, where x € D, to denote the imr
value where all bits are 0’s except for the bit corresponding to handler h(x), which is
set to 1. The initial imr value imrg is set to imrg = t,, V tz,.

We now construct h. Let E(h(z)), x € D, be the set of handlers that h(z) enables.
This enable relation between the handlers of our example is illustrated in Figure 2.4,
where there is an edge from h(z;) to h(x;) iff h(x;) enables h(z;). Let D(h(x)),
x € D, be the set of handlers that h(x) disables. Let L = {h(l;;) | i,j = 1,2}. The
D(h(z)),x € D, are defined as follows:

D(h(x2)) = D(h(Z2)) = {h(22), h(Z2)} (2.28)
D(h(z1)) = {h(z1)} D(h(71)) = {h(z1)} (2.29)
D(h(wz)) = D(h(ws)) = {h(z1), h(Z1)} U{h(ws), h(ws) | 2 = 1,2} U L (2.30)
D(h(w1)) = D(h(w1)) = {h{w:), h(@1)} U L (2.31)

) (2.32)

2.32

D(h(lij)) = {h(lin), h(li2)} U {h(we) [ L = —ai} U {h(wr) [ Lij = 2}

If h(z) = H(imr'yimr"), then imr’ = ;o pin) ty and imr” = e pi t
where x,y,z € D.

We claim that the QSAT instance S is satisfiable iff |[M(imrg)| = 10, where
imrg =1z, Vtz,. We sketch the proof as follows.
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h(ws)  h(x1) h(z1)  h(ws)

h(wi) h(li1) h(li2) h(l21) h(la2) h(wr)

Figure 2.4. Enable relation of interrupt handlers

Let imrp = \/h(l)eL t;, where [ € D. From (2.32) and Figure 2.4, it can be shown
that [M(imrp)| = 2. From Figure 2.4, we have F(h(z1)) = {h(w;)} UL; and together
with (2.31), and (2.32), it can be shown that

IM(tz,)] =1+ | M(ty, Vimry)| <24 |IM(@imry)| =4

and this equality holds iff Jj;,jo € 1,2, such that lyj,, lpj, # —x1, because otherwise
handler h(w,) would certainly be disabled. Similarly, it can be shown that |[M(tz,)| <
4, and that

(Mt Vtz,)| < [M(te,)] + [M(tz,)] <8,

where the equality holds iff Jji,jp, such that Iy, |y, # —x; and Jjj,j5, such that
lijr, by, # x1. From Figure 2.4, we have E(h(x2)) = {h(w2), h(x1), h(Z1)}. Thus,

‘M(trzﬂ =1+ |M(tw2 \/twl \% tfl)‘ S 2+ |M(t901 thl)‘ = 107

and it can be shown from (2.30) and (2.32) that the equality holds iff Jj;,j, such
that I, I, # =%z, —x; and Jjj, j, such that lij;, iy # —x2,x1, which implies that both
Xo = true,x; = true and x, = true,x; = false are satisfiable truth assignments to ¢.
Similarly, it can be shown that |M(tz,)| = 10 iff both x, = false,x; = true and
x, = false, x; = false are satisfiable truth assignments to ¢.

From (2.28), we have | M (t,, V tz,)| = max(|M(t,,)],|M(tz,)|). Therefore,
|IM(imrg)| = 10 iff there exists x, such that for all x;, ¢ is satisfiable, or equivalently

iff S is satisfiable. For our example, S is satisfiable since dx, = true such that Vxy, ¢

is satisfiable. Correspondingly, | M (imrg)| = |[M(x2)| = 10.
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Theorem 2.3.5 The exact mazimum stack size problem for monotonic interrupt pro-

grams is PSPACE-hard.

Proof We will do a reduction from the QSAT problem. Suppose we are given an

instance of QSAT problem
S = El:chxn_l ce E|x2Vx1 (b,

where ¢ is a 3SAT instance in conjunctive normal form of n variables x,,,...,z; and L
boolean clauses. Let ¢;; be the jth literal of the 7th clause in ¢ and ¢ = /\Z.L:1 \/j?:1 Gij-

We construct a program p = (m, h) and h = {h(i) | i € {1...3L +4n} }.

As we did earlier, we define a graph G(p) = (V, E) such that V' = {imr | imr(0) =
0} and E = {(imr, f;(imr), i) | t; < imr}, where f;(imr) = imr A —ime’ V imr” iff
h(i) = H(imr'; imr").

For the sake of clarity, we define three kinds of indices: d;; = 3(i — 1) + j, where
i e {1.L},j € {1.3}; ¢¢ = 3L+ 4i—3+ a, and wf = 3L + 4i — 1 + a, where
i€ {l.n},ac{0,1}.

Let

D = {dn,dp, ds | Vi € {1.L}}
Dy = {da,dip,diz} U{wy | (a=1A ¢y =) V(a=0A ¢y = ~y) }
Wi = {wj |Vj e {l..i},Va € {0,1}}

Qi = {qj|Vje{l.i},Vaec{0,1}}.

We will use the abbreviation

imrg = \/ by, imrg =t Vig Vk € {1..n}.
i€D

Assume that n is even. For all a € {0, 1}, let

fao, (x) = TNty V(imry_aVite ), Vke{l.n/2}

fqgk (.T) = TN\ -imro. V (ingk_l V twgk), Vk € {171/2}
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fur(x) = xn- ) Vk € {1..n}
1€DUQ 1 UWy,

fo,(x) = an-\/ Vie{1..L},je{1,2,3}
kJEDij

Given an imr value r, we define the graph G,.(p) to be the subgraph of G(p) such
that any edge labeled d;; is removed for all 4, j such that ¢;; = -z and tyo <7, Or
¢ij = xx and t,1 < r. We use M, .(imr) to denote the longest path in G,(p) from

mr.

Claim 1: Vk € {1..5}, M, (imra)| = maxeeqo,1y [M,(tg )], and [M,(imro)| <

Proof of Claim 1. By definition, we have that Va € {0,1}, fee (v) =2 A=imry Vv
(imrar—1 V tyg, ), from which the claim follows.

By definition of fg,,, for each i € {1..L}, M(imr() can contain at most one edge
with label d;;, where j € {1,2,3}. Thus, |[M(imrg)| < L.

Claim 2: |M,(imrg._1)| = Zbe{o,l} |M,.(t

qgk—1)|.

Proof of Claim 2. From Lemma 2.3.5, we have | M, (imrap—1)[ < 3 Zpeqo1y [Mrlte -
Let P be the path from imrq,_; to ta constructed from MT(thk,l) by replacing

any node imr on M, ({0 ) with émr V¢, . It is straightforward to show that if

edge (imr,imr’ i) is on M, (tee ), then (imr Vit imr’Vin i) ison P. If

we concatenate P with Mr(tq%k—1)7 then we have a path from imrg,_; of length
|Mr(tq8k,1)| + |Mr(tq§k,1)|'
Claim 3: |[M(imr,)| <226+ L) — 6.

Proof of Claim 3. It is sufficient to prove that |M(imrg)| < 2%(6 + L) — 6. For

all a € {0,1} we have:

Mty )l = 1+ |M@imrag—1V tyg )|
< 24 IM(imrgg_1)|

= 2+ ) Mty )l

be{0,1}
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= 4+ Z |M(z’mr2k_2 V twgk
be{0,1}
6 + 2|M(’imT2]€_2)|

)|

-1

IN

(Mimry)| = max (IM(tg, )], [M(tg,)])

ac{0,1}
S 6+ 2|M(imr2k_2)|
From the last inequality and Claim 1, it is straightforward to show the claim by

induction on k.

Claim 4: For any r and a € {0,1}, [M,(tqe )| = 28(6 + L) — 6 iff Vb € {0,1},
Mor(ty )| =2F"1(6+ L) — 4, where 1’ =1V t,g

Wap
Proof of Claim 4. Suppose that [M, (s )| = 2(6 + L) — 6. The path M, (4 )

must contain the edge with label w$, because otherwise

(Mo (tgg )l = 1+ [M(imrog—1V tug, )|
= 1 + |./\/lr(imr2k_1)|
< 1+ |M(imrge_y)| <256+ L) — 7.

By definition of fg , for any node imr on the path M, (imro._1 V t4 ), we have
fuws (imr) = 0. Thus, the edge labeled w3, can only be the last edge on M., (4 ).
By definition of fg,;, the longest path from imra,_; V t,g containing edge labeled
wg,, does not contain any edge labeled d;; for all 7, j such that ¢;; = xg; if @ = 1,
and ¢;; = g, if @ = 0. This path is the same path in G,/ (p), where v’ = r V tug, -
Therefore,
(M, (tg )| =26+ L) =6 = [Myl(ty,)|
= 1+ [Mp(imro_1Vtug )|
< 14 [IMp(imrgg—y)| 4 [My(tug, )|

= 2+ Z |MT”(tqgk71)|7 and

be{0,1}

> Multy )l = 2°(6+L) -8

be{0,1}
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Since

(Molty | = 1+ [Mo(imra_e Vi, )l

S 2 + |Mr/(imr2k_2)|

< 24 |M(imr2k_2)| = 2k_1(6 + L) — 4,

we have Vb € {0, 1}, [My(tp )| = 2k=1(6 + L) — 4.

Conversely, assume that for all b € {0,1}, [M(tp )| = 2"1(6 + L) — 4 where
" =1V iy . From Claim 2, we know that [M(imrap—1)| = D peqo 1y Mt )| =
2k(6 + L) — 8.

Let P be a path from imroy_1 V tye to tye constructed from M. (imrog_1) by
replacing any node imr on M, (imrq_1) with imr VvV tuwg, - It is straightforward to
show that if edge (imr, imr’,4) is on M (imra,_1), then (imrV tyg , imr’ V tye 1)
is on P as well.

If we concatenate P with M, (t,g ), then we have a path from imra,_1 V tye in
graph G, (p) of length 2%(6 + L) — 7. Thus, | M, (tee )| = [My(tg )| = 2¥(6 + L) — 6.

Claim 5: for any " and b € {0, 1}, [M(tp )| =2""1(6+ L) — 4 iff
| M (imrg_o)| = 2871(6 + L) — 6. where 1" =1’V tws

Proof of Claim 5. The proof is similar to the proof of Claim 4, we omit the details.
Claim 6: |M((imr,)| = 2"/%(6+ L) — 6 iff 3a,Va,_; ... 3JasVa; € {0,1}, such that
for r = vke{l..n} Eyo |IM,.(imry)| = L.

Proof of Claim 6. From Claims 143, we know that |M.,.(imry)| = 28(6 + L) — 6
iff 3a € {0, 1} such that [ M, (t,, )| = 2*(6+ L) — 6. Together with Claim 4 and Claim
5, we have that for k € {1..n/2},

|M,(imrg)| = 25(6 + L) — 6, iff 3a € {0,1},Vb € {0, 1}, such that
| Mo (imrgp_g)| = 2871(6 + L) — 6, where 7" =r Vv tuwg, Vtws

It is straightforward to prove by induction from k = n/2 to 1, that
|M(Zan)| = 2n/2(6 + L) — 6 iff da,Va, 1 ...JasyVas,_1,

such that |M,(imro_o)| = 2°71(6 + L) — 6, where r = \/7_,, | t, -
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This claim follows when k = 1.

Claim 7: S is satisfiable iff Ja,,Va,,—; ...3asVa; € {0,1}, we have |M,.(imrq)| =

n
L, where r = \/}_, Loy

Proof of Claim 7. It is sufficient to prove that ¢ is satisfiable iff da,,...,a; €
{0,1}, such that for r = \/;_, to, we have |M,.(imrg)| = L.

Suppose we have ay, ...,a; such that r = \/}_, Eyr |M,.(imrg)| = L. We can
construct a truth assignment 7" by defining 7'(z) = true if ap = 0 and T'(xy) = false
if a, = 1. By definition of fg,,, for each i € {1..L}, there exists a j such that the
edge labeled d;; is on M, (imry). By definition of M, if an edge labeled d;; is on
M., (imrg) and ¢;; = xy, then a; = 0, and T'(zy) = true; and if ¢;; = -y, then
ap =1 and T'(xy) = false. T(¢;j) = true in both cases. Therefore, T satisfies ¢.

Conversely, suppose T satisfies ¢. We can construct r = \/Zzlthk from T by
defining ay = 0 if T'(zx) = true and ap = 1 if T'(zy) = false. For each i € {1..L},
there exists j such that 7'(¢;;) = true, which means that the edge labeled d;; can be
on the path M,.(imrq). Therefore, |M,(imrq)| = L.

We conclude that

S is not satisfiable
iff we do not have Ja,Va,_1 ...3JasVaq,
such that for r = \/,_, Ly, My (imro)| = L (Claim 7)
iff |M(imrg)| # 22(6 + L) — 7, where imrg = imr, (Claims 3+6)
iff mazStackSize(P,) # 2M2(6+ L) — 7 (Lemma 2.3.4),
so the exact maximum stack size problem is co-PSPACE-hard, that is, PSPACE-hard.
|

2.3.8 Stack-size checking is PSPACE-hard

Theorem 2.3.6 For simple interrupt calculus programs, Maximum Stack-Size is

polynomial-time reducible to Stack-Size Checking.
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Proof It is sufficient to prove that, given a simple interrupt calculus program p =
(m, h) and a natural number K, we have mazStackSize(P,) < K if and only if there
exists 7 such that 7 Fx p is derivable.

Suppose first that mazStackSize(P,) < K. From Theorem 2.3.4 and
mazStackSize(P,) < K, we have |[M(imry)| < K.

For each node imr in G(p), if t; Vto < imr, then let 7(i) = ... A imr Samr A,
where & = | M(f;(imr))|.

We need to show that 7 Fx (m,h) is derivable; that is, we need to show that
7+ h:7and 7,0 Fx m are derivable.

1. 7Fh:7

We need to show that 7 F h; : 7(i) for all <. Suppose that 7(i) = /\gzl(ﬁn\rj LA
Z/WE“J) It is sufficient to show that Vj € {1..q}, we have T, i A -ty Fei By .

Suppose that the body of h; is

imr = imr A imr’;
imr = imr V (to V imr”)
imr = imr A =(tg V imr”)

iret.

Since the master bit is disabled everywhere except between the second and third lines,

we only need to show that

—_

_ J . . . . . —7J .
7oamr Admr’ Vimr” g ooime =ime A =(to Voame”) s amr A =ty A i

_ 7] . . —J —J . —J
7oamr. Admr' A —tg b iret amr’, and (imr” A —tg Admr') Vg < amr

which is trivially true, and [safe(7, imr, )], where imr = i A i i, By
definition [safe(7, imr,§7)] is true iff Vk € {1..q}, if t, V t, < imr, then whenever
F(k) = ... A (imr > imr) A ..., we have § + 1 < &7,

From construction of 7, we know that d = |[M(fy(imr))|. Since imr = imr A
imr’Vaimr” = fz(ﬁn\rj), we have that 67 = | M (imr)|. Also since (imr, fi(imr)) € E,

we know that 67 > § + 1.
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2. T, 0 l_K m.
The body of the main loop is

imr = imr V imr;

loop skip;.

Thus, it is sufficient to prove that 7,imry b skip : imry and [safe(T, imrq, K)].
By definition, imrq is the start node of G(p); thus, K = |M(imrq)|. To prove
[safe(T, imry, K)|, notice that if 7(k) = ... A (imrg KN imrg) A ..., then § =
|IM(fr(imrg))|. Since (imrg, fr(imry)) € E and |[M(imrg)| = K we have that
K > |M(f(imrg))| +1=0d+ 1.

Conversely, suppose that there exists 7 such that 7 Fx p is derivable. From

Theorem 2.2.3 and 7 F p being derivable, we have that mazStackSize(P,) < K. R
Theorem 2.3.7 Stack-Size Checking is PSPACE-hard.

Proof Combine Theorem 2.3.5 and Theorem 2.3.6. [ ]

2.4 Related work

There is a large body of research dedicated to the problems of event-driven real-
time systems in general. Virtually all of it assumes interrupt handling can be con-
sidered instantaneous and fails to directly address interrupt handling and its related
stack size boundedness problem (except [8] which is described below), even though
their implementations utilize the interrupt as a underlying mechanism. Among the

papers written on this topic, the following works are particularly relevant.

2.4.1 Stack checking for interrupt-driven programs

Brylow, Damgaard and Palsberg [8] abstract the interrupt program into a con-
trol flow graph; they then model check the size of bounded stack of interrupt driven

programs by running a context free reachability algorithm on the graph. Their work
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is the most relevant one to ours because both works consider the stack boundedness
problem for interrupt-driven programs. In contrast to their work, we take another
approach. We abstract the interrupt systems and formally define a formal language
(interrupt calculus) that captures the interrupt mechanism. We use type systems (in-
tersection types) to study the stack boundedness problem in this formal environment.
We check the boundedness property by running type checking algorithm, rather than

model checking.

2.4.2 Sized types and dependent types

Hughes, Pareto, and Sabry [30,47,48] use sized types to reason about liveness,
termination, and space boundedness of reactive systems programmed in functional
languages. There are similarities between their work and ours: both use types an-
notated with explicit space information to reason the space boundedness, both use
constraint solving to infer the type annotations (space), and both enable modular,
type-based, compile-time type checking on the program to verify that the program
runs in bounded space. The sized type can be viewed as a specialized form of depen-
dent types [61-63]. (This extends the ML type systems with a parameterized size.) By
contrast, our type system of handlers is a hybrid of dependent types (stack growth 0)
and context-sensitive (intersection types), value-sensitive (imr values), flow-sensitive
analysis. In addition, as outlined below, there are four differences which separate

their work from ours:

1. Even though both their work and ours address space boundedness, their concept
of space boundedness is used in the sense that, for example, recursive data
structures should grow within a certain bound and functions should process
inputs within a constant amount of memory space, while our work is concerned
with stack boundedness caused by calling handlers when handling interrupts.
Thus, their work does not address interrupt handling, while ours is built upon

an interrupt computation model;
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2. Their work does not study complexity bounds;

3. Their work shows how to do type checking which relies on a moderate number
of type annotations. Their type checking process involves solving a constraint
system in order to be able to infer the size of space used by programs. By
contrast, we not only show how to type check the annotated interrupt programs,

we also show how to automatically infer the types and type annotations.

4. We use constraint systems to infer the intersection types and type annotations

(stack growth 0), that is, type inference, rather than to type check programs.

2.4.3 Event-driven FRP

Functional reactive programming (FRP) [28] is a high-level declarative language
for programming reactive systems. It has been implemented as an embedded language
in Haskell at Yale. Wan, Taha, Hudak [58,59] present two variations of FRP called
real-time FRP and event-driven FRP. Both real-time FRP and event-driven FRP
are designed such that the time and space behavior of a program are necessarily
bounded. Of the two languages, Event-driven FRP is especially germane to the
interrupt calculus.

The event-driven FRP is a simplified variant of FRP and is intended for program-
ming interrupt-driven micro-controllers. The event-driven FRP features events and
behaviors. The behaviors can change their states (values) only when an event occurs.
No events in Event-driven FRP can occur simultaneously, implying that no handling
of the events can overlap. Upon occurrences of events, Event-driven FRP programs
first compute the values that depend on the previous state of the computation, and
then, after that, update the state of the computation.

However, there is a fundamental difference between the semantics of Event-driven
FRP and our interrupt calculus. In Event-driven FRP, during the handling of an
event, there is no other event which can occur. This serialization of interrupt events

flattens the handling of events. By contrast, our interrupt calculus allows interrupts
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to occur which are handled during the execution of a handler. Because of this as-
sumption regarding events, Event-driven FRP programs are not concerned with the
problem of stack boundedness caused by interrupting a running handler. However,
we believe that allowing handlers to be interrupted can result in more responsive and
more fine-tuned (in terms of time) real-time software. For example, in [59], a simple
RoboCup controller program is shown in which a timer counter interrupt occurs much
more frequently than any other sources of interrupts. If the running duration of other
handlers is so long that the processor has to delay, or even drop, the interrupts of
the timer counter, then the output of the controller may experience instability, thus
causing unpredictable system behavior. This problem is caused by the mismatch
between the slow lower-level of interrupt-handling responsiveness and fast interrupt
arrivals. Our interrupt calculus achieves more responsive interrupt-handling by al-
lowing long-handled, but infrequent, interrupts to be interrupted by short-handled,
but frequent, interrupts. Doing this also enables more fine-tuned real-time programs
because short-handled interrupts can interrupt long-handled handling, allowing for a
shorter wait time and avoiding interrupt drops of short-handled interrupts.

The programs of Event-driven FRP can be translated to our interrupt calculus.
However, interrupt calculus programs cannot be faithfully translated to Event-driven
FRP. One example of this would be the fancy handlers example (Example 1.6 in
Section 1.5).

2.4.4 The Giotto language and the embedded machine

The Giotto language is a time-triggered language for embedded programming in-
troduced by Henzinger, Horowitz and Kirsch [22,23]. Giotto programs are translated
into a language called E code. E code runs on Embedded machine (E machine) [24,25].
Embedded machine is a virtual machine, independent of platform and schedulers. In
E-machine terms, a task is a periodic process that carries out a computation. Tasks

can be invoked with arguments (typically drivers) and output its results to task ports.
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The computation of tasks is not synchronous. Drivers are communication facilities
that may provide sensor readings to tasks, or load tasks results to actuators, or pro-
vide task results as arguments to other tasks. E code schedules tasks on E machine
such that the “time-safe” property holds. “Time-safe” means that the computation
of a task t always finishes before drivers access t’s output ports. There are two major
steps of ensuring the “time-safe” property. (1) during the compilation, the compiler
relies on the WCETs (worst case execution time) of tasks, triggers and drivers to
compute whether the tasks can finish in time, assuming the underlying scheduling
scheme. (2) the e code interpreter will guard the “time-safe” property at runtime.
If any assumptions about WCETSs prove to be incorrect, then the E machine will
generate exceptions at runtime. Relying on information about shared ports between
drivers and tasks in the ready queue, the e machine is able to tell whether there has
been “time-safe” violation. Determinism of outcomes of tasks comes immediately
from “time-safe” property.

The Giotto language and E machine provide one especially desirable feature: they
enable real-time processes which produce predictable behavior, independent of plat-
forms. However, Giotto and E machine are not designed to handle interrupts. The
programming paradigm that Giotto uses is one in which all tasks are periodic within
a mode (which is a set of tasks for some time). The interrupt calculus, on the other
hand, does not require interrupts to occur periodically. It is clear that stack bound-
edness caused by interrupts is not an issue in E machine since the E machine does
not consider the interrupt scenario.

There would appear to be no satisfactory translation between the Giotto language

and interrupt calculus programs.

2.4.5 Esterel

The Esterel language [7] is a specification language for reactive systems. The

central idea of the language is that it follows the synchrony hypothesis. The synchrony
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hypothesis specifies that each reaction is assumed to be an instantaneous, atomic
execution. The race between reactions (coming interrupts are handled before the
current handler returns in the context of our interrupt calculus) is avoided by adopting
such a hypothesis. Hence the stack boundedness problem does not appear in Esterel.

Esterel, on the other hand, is expressive and suitable for reactive system speci-
fications. It has clear behavioral semantics which are based on signals, events and
histories which our interrupt calculus does not have. It is for this reason that there
appears to be no comprehensive translation between the two languages, with the

exception of a few programs whose semantics fall within the intersection of both.

2.5 Future directions

The type system we give here type checks monotonic interrupt calculus programs.
Chatterjee et al. [12] enrich the interrupt calculus by allowing conditional imr oper-
ations (bit-wise and and or) that are dependent on the imr bits, and give an exact
stack size analysis for non-monotonic interrupt calculus programs which is based on
the context-free graph [55,56]. However, it remains unclear, as well as interesting,
what a type system would look like if we would like to be able to accept non-monotonic
interrupt calculus programs.

In addition, even though the Stack-Size Checking problem is PSPACE-complete,
it remains an open issue whether there are better algorithms for the Type Inference

problem than our PSPACE algorithm.
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3 PERIODIC INTERRUPT CALCULUS
3.1 Background

The interrupt calculus described in Chapter 2 does not take into account the
timing factor. Its semantics postulates that whenever the master bit of imr and one
of the bits of imr which corresponds to interrupts are both enabled, then a handler
must be called, thus implying that an interrupt occurs. However, this is not what
happens in reality. Most interrupt-driven software handles interrupts in a periodic
fashion. That is, the hardware receives an external device’s interrupts from time to
time with a fixed time interval; at the time of an interrupt arrival, the hardware
calls the corresponding interrupt handler. This periodic mechanism is widely used
in embedded systems. For example, a temperature sensor, as part of an embedded
system, periodically records the current temperature, and when finished collecting
data, it signals the microprocessor to receive the data. An interrupt occurs and a
handler is called to process the data received. This period is set by the external
Sensor.

It is important to determine whether all interrupts generated by a device can be
processed without missing any of them. Failing to do so may incur data loss, which
in turn may result in the instability of the whole system.

In this chapter, we generalize our theoretical framework of the interrupt calcu-
lus introduced in Chapter 2 by incorporating periods of external interrupt devices.
In particular, we identify the following important parameters regarding a specific

interrupt device:

e Period r. The fixed minimum interval between arrivals of the interrupt defined

a priori.
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e Latency t. The time interval between the arrival of an interrupt and the start

of handling the interrupt.

We say an interrupt is missed if t > r.

In this chapter, we focus on the semantics that include the imr OR operation
and allows interrupts to be interleaved. We consider whether interrupts are missed
or not (latency), which implies that the latencies of handlers are shorter than their
periods t < r. We analyze the stack size under the impact of the latency constraints,
a problem which is called the latency-space safety problem and which is formally
defined in Section 3.2.4.

We will formally extend our interrupt calculus to include latencies of external
interrupt devices, the result of which is called periodic interrupt calculus; then, based
on the the periodic interrupt calculus, we define an abstract semantics which safely
approzimates the concrete semantics with respect to the latency-space safety. Our
abstraction shows that it is necessary to preserve the imr values rather than abstract
them because, otherwise, the approximation would not be safe. We will further define
our types and the type system for the periodic interrupt calculus. We will use values
in abstract semantics as the sources of types. Therefore, our type system is based on
the abstract model.

An interesting by-product of our analysis is that it shows an equivalence rela-
tion between model checking and type checking. This relation not only confirms the
speculation about whether model checking and type system can have the same ex-
pressive power to verify the stack boundedness and predictability of interrupt-driven
programs, but also offers insights into the differences between the two as well as what
kind of applications should choose which of the two tools.

The remainder of this chapter is organized in the following way. In Section 3.2,
we formally present the periodic interrupt calculus, its syntax and semantics; we then
describe an abstract semantics for the periodic interrupt calculus in Section 3.3, which,
in essence, is an abstract model; in Section 3.4, we build our type systems on top of

the abstract semantics. We then proceed to consider the type construction problem.
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In Section 3.5, we illustrate our type construction process by giving a simple example;
we formally show how to build types and type derivations from the abstract model in
Section 3.6. We show that there is an interesting equivalence relation between type
checking and model checking in 3.7 and discuss the advantages and disadvantages of
type checking and model checking. Finally, we conclude the chapter by discussing

related work in Section 3.8.

3.2 Periodic interrupt calculus

In this section, we introduce the syntax and semantics of the periodic interrupt
calculus. We prove the nontermination property of the calculus programs. We also

formally state the latency-space problem in this section.

3.2.1 Syntax
(system) k == (T,p)
(program) p == (m,h)
(main) m == loops | s;m
(handler) h == iret | s; h
(statements) s = z=-e | imr=imrAimr | imr=imrVimr |
if0 = then s else sy | s1; sy | skip
(expression) e == c |z | x4c | x1+ 22

Figure 3.1. Syntax of periodic interrupt calculus

Figure (3.1) shows the syntax of the periodic interrupt calculus. A periodic inter-
rupt calculus program consists of a number of devices and program p. We assume a

fixed number of devices N, whose periods are specified by 7, We use u and v to range
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over 1..N, unless we specify otherwise. The overbar notation 7 denotes a sequence
r1...rN, where Yu € 1..N : r, > 0; and we will use the notation 7(u) = r,. T(u) is
the minimum time between the arrivals of consecutive interrupts from device wu,

A program p consists of a main program and N handlers. We use p.m to refer to
the main program m in (m, h). The overbar notation h denotes a sequence hy ... hy;
and we will use the notation h(u) = h,. We use z to range over a set of program
variables, imr to range over bit strings, and ¢ to range over integer constants. We
call x := e, imr = imr A imr, imr = imr V ¢mr or skip primitive statements. We use
the notation £ to denote the set of all primitive statements plus iret. We use a to
range over m and h.

We identify programs that are equivalent under the smallest congruence generated

by the rules:

(51;32);m = 31%(82;7"1)
(515 8); h = s15 (s2; h)

(s1;82) 585 = s1; (525 9)
With these rules, we can rearrange any m or h into one of the seven forms:

loop s iret T =e¢€a imr = imr A imr;a imr = imr V imr;a

(if0 « then s; else s9);a  skip; a.

3.2.2 Semantics

We use R to denote a store, a partial function mapping program variables to
integers. We use o to denote a stack generated by the grammar: o = nil | a :: 0.
We define the size of a stack as follows: |nil| =0 and |a :: 0| =1+ |o].

If imr = boby . .. by, where b; € {0,1}, then we use the notation imr(i) = b;. We
use 0 to denote the imr value where all bits are 0. We use t; to denote the imr value

where all bits are 0’s except that the ¢th bit is set to 1. We use A to denote bitwise
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logical conjunction, V to denote bitwise logical disjunction, < to denote bitwise logical
implication, and — to denote bitwise logical negation.

We use T to denote a latency vector. The T is a vector of N numbers such that:

e If T(u) > 0, then an interrupt from device u has been pending for at least T'(u)
units. In particular, if T(u) = 0, then an interrupt from device u has just

arrived.

e If T(u) < 0, then no interrupt from device u is pending, and the next one will

arrive in exactly —7'(u) units.

We use the notation T < Ty to denote Vu € 1..N : T (u) < To(u).

A program state is a 6-tuple (h, R, imr,T,0,a). We use P to denote program
states. If P = (h, R, imr,T, o, a), then we use the notations P.h = h, P.R = R,
P.imr = imr, Po =0, PT =T, P.a = a, and P.stk = |P.c|. For p = (m,h), the
initial program state to execute p is Py = (h, Az.0,0, Ty, nil, m), where T(u) < 0.

A small-step operational semantics for the language is a reflexive, transitive closure
of the relation — on program states, which is defined in Figure (3.2). The semantics

uses the following auxiliary definitions:

cvalp(c) = c
evalg(z) = R(z)

evalg(z +¢) = R(x)+c

evalp(xy +x2) = R(z1) + R(x2).

We define the set of pending devices P as follows:
P(imr,T) = {u | imr(0) = 1 and imr(u) = 1 and T(u) > 0 where u € 1..N}

The notation n denotes the current program counter and is defined as follows:
n(a) = s if a = s;a’ and s is if0 x then s else s, or either
x :=e, imr=imr A imr, imr = imr \VV imr or skip
n(a) =a if @ = loop s or a = iret

n(a) = n(sy; (s2;a’)) if a = s;a" and s is sq; So;
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(h,R,imr,T,o,a) — (h,R,imr A —tg,0,(T),a :: o,h(uw)) (3.1)
if u € P(imr,T) An(a) € L
(h, R,imr,T,o,iret) — (h,R,imrVto,0(T),0’,a) (3.2)
if P(imr,T)=0and o =a: 0’
(h,R,imr,T,o,loop s) — (h,R,imr,T,o,s;loop s) (3.3)
(h,R,imr,T o,z :=e;a) — (h, R{x — evalgr(e)},imr,0(T),0,a) (3.4)
if P(imr,T) =10
(h, R, imr,T,o,imr =imr Aimr’;a) —  (h, R, imr Aimr’,0(T), 0, a) (3.5)
if P(imr,T) =)
(h, R,imr,T,o,imr =imrVimr';a) — (h, R, imrVims',0(T),0,a) (3.6)

if P(imr,T) =)

(h, R,imr,T, o, (if0 x then s1 else s2);a) — (h, R,imr,T,o,s1;a) (3.7)
if R(z) =0

(h, R,imr,T, o, (if0 x then sq else so);a) — (h, R,imr,T,o,s2;a) (3.8)
if R(z) #0

(h,R,imr,T,o,skip;a) — (h,R,imr,0(T), 0, a) (3.9)

if P(imr,T) =)

Figure 3.2. Semantics of the periodic interrupt calculus

We define the transfer functions 8(T) and 6,(T) over latency vectors T as follows:

Vuel.N : 0T)(u) = T(u)+1
_ T(u)+1 ifu=#wv
Vue 1.N : 0,(T)(u) = _( ) 4
Tu)+1—-7(u) fu=wv
For the sake of simplicity, we assume the primitive statements each individually

execute in one unit of time. Statement if0 x then s; else sy and main loop s are
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instantaneous in the sense that they execute in 0 units of time and there is no handler
invocation. Our treatment of if0 z then s; else s, and loop s does not reduce the
complexity of the problem; it is merely used to simplify later part of type construction.
If device u is pending and the instruction at the current program counter is not
instantaneous, then Rule (3.1) is applied and handler h(u) is called. If multiple devices
are pending, one of them is applied nondeterministically. If no device is pending, then
one of Rules (3.2)-(3.9) is applied, depending upon the current program counter.
We use P —™ P’ to denote that there are n > 0 steps involved in the transition

from state P to P’; we use P —™* P’ if we do not care about the number n.

Imr Value Transfer Function

For the sake of convenience, we define the following transfer function over imr

values for each primitive statement as well as for the interrupt return statement.

xs(imr) = imr if st=skip | z:=¢
xs(imr) = imr Adimr’ if s o=imr =imr A imr’
xs(imr) = imrVimr' if s=imr=imrV imr’
Xs(imr) = imrVty if s = iret

It is straightforward to prove the following proposition.

Proposition 3.2.1 (Monotonicity of Imr Transfer Functions) The imr trans-

fer functions xs are monotone. That is, if imry < imry, then xs(imry) < xs(imrs).

3.2.3 Nontermination

We say that a program p can terminate if Py —™ P and there is no P’ such that
pP—P.

We say that a program state (h, R,imr,T, o, a) is consistent if and only if (1)
o = nilanda = myor(2)oc = h¥ ...kt umuniland a = h, for k >0,

where k = 0 means o = m :: nil.



75

Lemma 3.2.1 (Consistency Preservation) If P is consistent and P — P’, then

P’ is consistent.
Proof A straightforward case analysis of P — P’. [ ]
Lemma 3.2.2 (Progress) If P is consistent, then there exists P' such that P — P’.

Proof From P is consistent, there are two cases of P.

1. P = (h, R, imr,T,nil,m). There are three cases depending upon the form of

n(m):
(a) n(m) is of the form loop s, then Rule (3.3) gives P’ such that P — P’.

(b) n(m) is of the form if0 = then s; else s9, then Rules (3.7-3.8), depending
upon whether R(x) = 0, gives P’ such that P — P’.
(c¢) m(m) is either of the form z := e, imr = imr A imr, imr = imr V imr or skip.
Then we have n(m) € L. There are two subcases:
i. u€ P(imr,T), then Rule (3.1) gives P' such that P — P'.
ii. P(imr,T) = 0, then Rules (3.4-3.6) and (3.9), depending upon what
n(m) is, ensure that there exists a state P’ such that P — P’

2. P = (h,Rimr,T,h* ... :h' :mnil,h), k > 0. There are two cases

depending upon the form of n(h):

(a) n(h) is of the form iret, then n(h) € L. There are two subcases:

i. u € P(imr,T), then Rule (3.1) gives P’ such that P — P'.
ii. P(imr,T) =0, then from Rule (3.2)
either £ = 0 and s = m :: nil, and hence P’ = (h, R, imr V tg, nil, m),

or k > 0and hence P’ = (h, R, imr V to, T, ¥ = ...t A =om o nil, RF).

(b) n(h) is either of the form x := e, imr = imr A émr, imr = imr V imr or skip,

then we have n(h) € L. There are two subcases:
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i. u€ P(imr,T), then Rule (3.1) gives P’ such that P — P'.
ii. P(imr,T) = (), then Rules (3.4-3.6) and (3.9), depending upon what
n(h) is, ensure that there exists a state P’ such that P — P’

(c) n(h) is of the form if0 = then sy else s9, then Rules (3.7-3.8), depending
upon whether R(z) = 0, gives P’ such that P — P'.

Theorem 3.2.1 (Nontermination) No program can terminate.

Proof Suppose a program p can terminate, that is, suppose Py —™ P and there is
no P’ such that P — P’. Notice first that P, is consistent by consistency criterion
(1). From Lemma 3.2.1 and induction on the number of execution steps in Py —* P,
we have that P is consistent. From Lemma 3.2.2 we have that there exists P’ such

that P — P’, a contradiction. [ |

3.2.4 Latency-space safety analysis

Given a natural number K, the latency-space safety analysis of a periodic interrupt
calculus program is that, for each state of the program that is reachable from the
initial state, the latencies of the state do not exceed the periods and the stack size of
the state is also no greater than K. If the above safety property is satisfied, then we
say that the program is safe. Formally, we define the latency-space safety analysis

as: given K > 0,

Py —* P= (PT <7APstk<K)

3.3 Abstract semantics

In this section, we eliminate the store component of the concrete program state
in the abstract semantics, which makes latency-space safety analysis decidable. In

addition, we approximate the concrete latency vector (T) by using the abstract latency
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vector (?) We call the result the abstract semantics. We further show that the
abstract semantics safely approzrimates the concrete semantics with respect to the
latency-space problem (soundness).

We will use the binary relation < to specify the relationship between a T and its
approximation % The meaning is that % is a conservative approximation of T for
all u € 1..N, we have T(u) < ?(u)

An abstract program state is a 5-tuple (h, imr, ?, o, a), where imr is the current
imr value and % is the abstract latency vector. h is the group of handlers, o is the
program stack, a is the current statement. We use ) to denote abstract program
states. If Q = (h,imr,T, 0, a), then we use the notations Q.h = h, Q.imr = imr,
Qo=0,QT =T, Q.a=a,and Q.stk = |Q.c|. For p = (m, h), the initial abstract
program state to execute p is Qo = (h, 0,?0, nil, m), where %0 = 0.

We now formally define the approximation relation between the concrete states

and the abstract states.

Definition 3.3.1 (Approximation Relation A) A binary relation A over con-
crete and abstract states is an approzimation relation (P,Q) € A iff P.h = Q.h,
P.imr = Q.imr, P.o = Q.0, PT < Qf and P.a = Q.a.

An abstract version of the pending device set P is defined as follows:
ﬁ(imr,?) = {u | imr(0) =1 and imr(u) = 1 and %(u) > 0 where u € 1..N}

For any uw € 0..N, since T conservatively approximates T, if T'(u) > 0, then

T (u) > 0. We, thus, have the follow proposition regarding P and P:

—~

Proposition 3.3.1 (P approximation) IfT < ?, then P(imr,T) C P(imr, T).

~

The abstract transfer functions 6(imr, ?) and 0, (?), where v € 1..N, over an imr

~

value and abstract latency vectors T', are defined as follows:

0 if u € ﬁ(imr,?)
?(u) +1 otherwise

~

Vu € 1..N H(émr,?)(u) =
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Yue1.N : 6,(T)(u) = (u) +1—7(u) ifu=nuv

e )]

(u)+1 otherwise

Note that the abstract transfer functions take imr as an extra argument compared
with their concrete versions because it has to be known which handler is enabled at
the time when approximating the latency of the next step.

For those steps other than the interrupt (Rule 3.1), if handler u is pending to be
called, then the best approximation of the latency of the device u after executing the
step is 0 (a(imr,%(u)) =0ifue ﬁ(imr,?)). This is because if a non-instantaneous
step of Rule (3.2-3.9) is applied in the concrete semantics, then no interrupt device
is pending; however, the reason that the device is pending in the abstract semantics
is only because we over-approximate its latency by a positive number. Therefore, the
the best approximation is 0.

A small step operational abstract semantics is a reflexive, transitive closure of the
relation < over program states, which is defined in Figure (3.3).

If device u is pending and the current program counter is not instantaneous, then
Rule (3.1) might be applied, in which case handler h(u) is called. If multiple devices
are pending, one of them may be applied nondeterministically. Otherwise, one of
Rules (3.2)-(3.9) is applied, depending upon the current program counter.

We use () —" @' to denote that there are n > 0 steps involved in the transition

from state Q to Q’; we use Q —™* ' if we do not care about the number n.

Abstract State Consistency We say that an abstract program state (h, imr, f, o, a)
is consistent if and only if (1) ¢ = niland @ = m;or (2) o = h* ... hl m il

and a = h, for k > 0, where k£ = 0 means ¢ = m :: nil.

Lemma 3.3.1 (Consistency Preservation) If Q) is consistent and QQ — Q', then

Q' is consistent.

Proof The proof is a straightforward case analysis on Q < @Q’. We omit the details.



(h,imr,T, 0, a)
(h, imr, %, o, iret)

(h, émr,?, o, loop s)

(h, imr,?, o,x = €;a)

(h, imr,%, o,imr =imr A imr’; a)

(h, émr,?, o,imr = imr V imr’; a)

(h, imr, T, o, (if0 = then s, else s5); a)
(h, imr,f o, (if0 = then s else s3); a)

(h, imr,f o, skip; a)

~ =
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(h,imr A =tg, 0,(T), a :: o, h(u)) (3.10)

if u € Plimr, T) An(a) € L
(h, imr V to, HA(imr, ?), o a)
ifo=ua:0o

h, imr,?, o, s;loop s)

h, imr, a(imr,?),a, a)
h,imr A imr’, 5(imr,?), o, a)

(
(
(
(R, imr v ime’, 8(imr, T), 0, a)
(
(
(

Figure 3.3. Abstract semantics of the periodic interrupt calculus
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Corollary 3.3.1 (Consistent Program State) If(Q, —" Q, then Q) is consistent.

Proof We prove by an induction on n.

In the base case n = 0, we have @) is

consistent by definition. In the induction step, we have @y —"*! @, from which it

follows Qy —" Q" and Q" — . From @y —™ Q" and the induction hypothesis, we

have ()’ is consistent. From ' is consistent, ' — ) and Lemma 3.3.1, we have Q@ is

consistent.

Abstract state space We define the abstract state space as the set of all reachable

abstract states from the initial abstract state QQq.

Definition 3.3.2 Define R = {Q | Qo —™* Q}.
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We next prove that if each latency vector of the interrupt calculus program is bounded

by its respective periods and if the stack size is bound by K > 0, then R is finite.

Theorem 3.3.1 Given K > 0, if Qy —* Q = (Q.T <7 A Q.stk < K), then R is
finite.

Proof An abstract state () consists of imr, ?, o and a. We next show that there are
a finite number of abstract states by proving that every component of the abstract
state is finite. There are a finite number of imr values. If Qy —™* Q = Q.? <7,
then there are a finite number of T. There are a finite number of program points a.
If Qp —* Q = Q.stk < K, then there are a finite number of ¢ because the size of ¢

is bound by K and the return points a are finite. [ |

Soundness of Abstract Semantics

The soundness of abstract semantics over concrete semantics lies in the fact that
the abstract semantics conservatively approximates the concrete semantics with re-
spect to latency-space safety analysis in the sense that, if for any abstract @) that is
reachable from )y, we have Q.? <7 AQ.stk < K, then for any P that is reachable
from Py, we have PT < 7 A Pstk < K. We next prove in Corollary (3.3.2) that

abstract semantics is sound with respect to the latency-space analysis.

Lemma 3.3.2 (Single Step Approximation) If (P,Q) € A and P — P’, then
there exists a state Q' such that Q — Q' and (P', Q") € A.

Proof There are nine cases depending on which one of Rules (3.1 - 3.9) is used in

P — P.

e Rule (3.1).
We have P = (h, R, imr, T, 0, a), P' = (h, R, imr A =to, 0,(T), a :: 0, h(v)) where
v e Plimr,T), n(a) € L, and Q = (h, imr,?, o,a). From (P,Q) € A, we have
T < T. From T < T and Proposition (3.3.1), we have P(imr,T) C ﬁ(z’mr,?).
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From v € P(imr,T) and P(imr,T) C ﬁ(imr,?), we have v € ﬁ(imr,?).
Let Q' = (R, imr A —to, 0,(T), a = 0, h(v)). From v € P(imr, T), n(a) € £ and
Rule (3.10), we have Q — @Q'. We need to prove Yu € 1.N : 6,(T)(u) <
0, (?) (u). There are two subcases.

1. Subcase 1: © = v.
From u = v, we have 0,(T)(u) = T(u) +1 -7
T(u) + 1 —7(u) and T(u) < T(u) we have 6,(T)
From 0,(T)(u) = T(u) + 1 — 7(u), we have 6,(T)(u) <

2. Subcase 2: u # v.
From v € ﬁ(imr,?), we have imr(0) = 1. From u # v, we have
0,(T)(u) = T(u) + 1 and 0,(T)(u) = T(u) + 1. From T(u) < T(w), it fol-
lows T(u) + 1 < T(u) + 1. From 0,(T)(u) = T(u) + 1, 0,(T)(u) = T(u) + 1
andT(u)—l—lg?( )+ 1, we have 60,(T)(u) < 0,(T )( ).

~ =

Thus, we have 6,(T) < 6,(T), from which it follows (P’,Q’) € A.

Rule (3.2).

We have P = (h, R, imr, T, o, iret) where 0 = a :: o,

P’ = (1, R, imr V to,0(T), 0", a) and Q = (R, imr, T, o, iret).

Let Q' = (h, z'mr\/to,a(imr,?),a’, a). From o0 = a :: ¢’ and Rule (3.11),
we have Q — @Q'. From P — P’ and Rule (3.2), we have P(imr,T) = ()
From (P,Q) € A, we have T < T. We need to prove Yu € 1..N : 0(T)(u) <

a(imr,?) (u). There are two cases.

1. ue ﬁ(z’mr,?(u}), in which case g(zmr,?)(u) = 0.
From u € ﬁ(imr,%(u)), we have imr(0) = 1 and imr(u) = 1. From
P(imr,T) = 0, we have v ¢ P(imr,T). From imr(0) = 1, imr(u) =
1 and u ¢ P(imr,T), it follows that T(u) < 0. From T(u) < 0, we
have T'(u) +1 < 0. From 0(T)(u) = T(u) +1 and T(u) + 1 < 0, we
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~

have O(T)(u) < 0. From (imr,T)(u) = 0 and O(T)(u) < 0, it follows
0(T)(u) < Oimr, T)(u).
2. u ¢ ﬁ(imr,?(u_)), in which case é(imr,?)(u)_ = T(u) + 1.
From T(u) < T(u), it follows T'(u) + 1 < T(u) + 1. From (T)(u) =
)(u) = T(u) + 1 and T(u) + 1 < T(u) + 1, we have

~

Thus, we have §(T) < H(imr,?), from which it follows (P, Q') € A.

e Rule (3.4-3.6) and Rule (3.9).
The proofs are similar to that of Rule (3.2).

e Rule (3.3).
We have P = (h, R, imr, T, o,loop s), P' = (h, R, imr,T, 0, s;loop s) and
Q = (h, imr,?, o,loop s). Let Q" = (h, imr,?, o, s;loop s). From Rule (3.12),
we have Q — @Q'. From (P,Q) € A, we have T < T. From T < ?, we have
(P, Q) € A.

e Rule (3.7 - 3.8).
The proofs are similar to that of Rule (3.3).

Lemma 3.3.3 (Multi-step Approximation) If (P,Q) € A and P —" P’, then
there exists a state Q' such that Q —™ Q" and (P',Q’') € A.

Proof Proof by induction. We omit the base case where n = 0 because it is trivial.
In the induction step, we suppose (P, Q) € A and P =" P’ — P”. From (P,Q) € A,
P —™ P’ and the induction hypothesis, there exists a @’ such that @ —™ @ and
(P, Q") € A. From (P',Q') € A, P' — P"” and Lemma (3.3.2), there exists a state
Q" such that Q <= Q" and (P",Q") € A. [

Corollary 3.3.2 (Soundness of Abstract Semantics) If @y —" Q = (Q% <
TAQ.stk < K), then Py =" P = (PT <7 A P.stk < K).
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Proof From Vu € 1.N : Ty(u) < 0 and Vu € 1..N : ?O(u) = 0, we have Ty <
%0. From Py = (h, R,0, T, nil,m), Qo = (h, R,O,?O,nil,m> and Ty < %0, we have
(Po, Qo) € A. From Py —™ P, (FPy, Q) € A and Lemma (3.3.3), there exists a state @
such that Qy —" @ and (P, Q) € A. From (P, Q) € A and Definition (3.3.1), we have
PT < QT A Pstk = Q.stk. From Q.T <7, Q.stk < K and PT < Q.T A P.stk —
Q.stk. We have PT <7 A P.stk < K. [ |

3.4 Type system

The abstract semantics gives an abstraction of the concrete semantics. We will use
it as the source of types. In this section, we introduce a type system for the periodic
interrupt calculus. We show that if a periodic interrupt calculus program type checks,
then the program cannot go wrong with respect to the latency-space problem (type

soundness).

3.4.1 Types

We use K to range over the integers, and we use ¢ to range over the nonnegative
integers. We call the pairs (imr,?) in abstract states contexts. We use the sets of
contexts as types. A single context (imr, %) is a singleton type. Assuming that the
set of all the contexts (imr, ?) is uniquely indexed, we use ¢ and j to range over the
indexes; we use I and J to range over the index sets. In particular, for u € 1..N, we
use the notation I* to denote the index set such that if i € I, then the pair (imr;, ?Z)
is a context in which handler h(u) can be invoked; we use notation J# to denote the
index set such that if j € J*, then the pair (imrj,?j) is a context in which handler
h(u) which is invoked in the context (z’mm,i) can return; we use the notation J}

to denote the maximum stack growth over the course of the call of h(u) invoked in

context (imr;, ﬁ)
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Specifically, we define types as follows:

(Type of s) S = /\iel(imm,ﬁ — Ve imr;, T;)
(Type of m) M =\ o imr, T;.

(Type of h) H = N limry, Ty — ey imry, T)
(Type of handler h(u),u € 1.N) 7 u= A, p.(imr, T &, vjeJ;* imrj,fj)

We define the type of statement s as an intersection type:
/\ieI(zmrl,T — Ve zmrj,fj), indicating that if statement s starts its execution
in the context (zmr,, T, i), where i € I, then it will finish its execution in one of the

contexts {imr;, Tj | 7 € Ji}, where J; is the resultant index set of executing s in the

~

context (imm,i). We define the type of main m as a union type: \/ ., imr;, T},
indicating that m can be safely executed if it starts its execution in one of the contexts
{zmm,T | i € I't. We define the type of i as an intersection type: A, (imr;, T —
VjeJi “mr;, f]), which bears a similar meaning to that of statements. For u € 1..N,

we define handler type 7 as an intersection type: A,_;.(imr;, % N V jes imr;, %j),
indicating that if the handler is invoked in the context (imr;, T, i), where i € I, then
it will return in one of the contexts {imr;, Tj | j € J!'}, in these calls stack growth
will not exceed the number ¢}*. We use notation 7 to denote handler types such that
7(u) is the type of handler h(u).

For u € 1..N, we define the well-formedness of 7(u) as follows.

Definition 3.4.1 (Well-formedness of 7(u))
T(u) = /\igu(z’mri,i N Ve imrj,?j) is well formed if I* # () and ¥i € I* :
S > 0N JH#£ 0.
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We will use the following type judgments:

Type Judgment | Meaning

7 Fx (m,h) program p = (m, h) type checks
T Fx Q state P type checks
T, Fxg o stack o type checks

7 h(u) : T(u) | handler h has type 7(u)

il

Fe m: M main part m has type M
Fx h : H Handler A has type H

il

T Fg s: S Statement s has type S

The typing environment 7 carries the types of all handlers and is present in all
judgments. The judgment 7 Fg (m,h) means that program p = (m, h) type checks
in the environment 7. The integer K bounds the stack size to be at most K. We
can view K as a “stack budget” in the sense that, any time an element is placed on
the stack, the budget decrements by one, and, when an element is removed from the
stack, the budget increments by one. The type system ensures that the budget does
not go below zero. The judgment T Fx () means that the abstract program state
@ type checks in the environment 7. The judgment 7.7 Fx o means that stack
o type checks in the environment 7 and in the context (imri,i). The judgment
7 h(u) : 7(u) means that handler h(u) has type 7(u) in the environment 7. We
abbreviate the family of judgments 7 F h(u) : 7(u) as 7 = h : 7. The judgment
T Fx m : M means that main part m has type M in the environment 7. The
judgments 7 Fx h : H and T Fg s : S have similar meanings to that of

T l_K m: M.
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We define the well-formedness of type judgments for s, m and h as follows.

Definition 3.4.2 (Well-formedness of type judgments) Define

1.7 Fg s : /\Z.E](imri,i — Ve, imrj,fj) is well formed if I # 0, Vi € T :
Ji #0 and K >0

~

T Fx m o\ opimry, Ty is well formed if I # 0 and K >0

o
\]

3. T kg h : /\ig(imri,i = Ve, imrj,?j) is well formed if I # 0, Vi € I :
Ji #0 and K >0

3.4.2 Type rules

For the sake of convenience, we will use the following auxiliary notations in our

later presentation of the chapter. &, &t and (, are all defined on the context indexes.

~ ~

o {,(i) = j such that imr; = x,(imr;) and f O(imr;, T;), where s is either
x :=e, imr =imr A imr, imr = imr V ¢mr or skip.

~ ~

(imr;, T)

o &iet(?) = j such that imr; = imr; V ty and fj

e (,(i) = j such that imr; = imr; A =ty and ? @L(i)

We define the type rules as follows, where safe(7, I, K) is defined in Definition
(3.4.3).

7 Fx m : (0,0) THL:T

- — (3.19)
T I_K (m> h)
T E I T T . : ) ia?i
TEhiT T Fkm i Vi imr i € 1] (3.20)
T }_K <h, imri/, TZ'/, niI, m>
THh:T T bpg h:/\igimm,iﬁ\/jejiimrj,%j
Vi e Jy 1 T, 7 Fi o
Wen  (321)

T l_K <E, Z'mTi/,?i/,O', h)
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e T .22
7,7 Fr m il el (3.22)
?l_K-i-l h : /\ielimri,?iﬁ\/ J Z'mr],? Vi" e Jy Z?,Z'// Frki1 O y
7,7 Fx h:o [ € 1]
(3.23)
T Fou h(u) - imrui,?ui — V. uimr-,?- Vie I"
; - Cu(i)> + Cu() _ g;} Jrtj _ (3.24)
TER(u): N zmr,,TZ,—>\/j€Ju imr;, T
T Fg s N\, imri,?iﬁ - amr ,?
r Pier v &P WWiel:J; Cl (3.25)
T kg loop s : \/,c imr;, T
T l_K S /\ielimri7?iHVjeJi imrj,?j
T l_K m \/2 ,iMTi,?i
< _ Viel:J,C I (3.26)
T Fr ssm o2 e imr, T
T kg os o N\ Izer,T —>\/€J,zmry %]
T bk bt N\  imry, T — Ve imr; 7,
= LS T il g CT (3.27)
T Fr osih o Nigpimry, Ty — \/ .o, imr;, T
whereVi e I:J;=U{J/ | jeJ}
T Froiret @ N zmrl,T — Ve zmr],?y [safe(T, I, K)] (3.28)
where Vi € 1+ J; = UL | 5 € U, cpgmn 7y 13 U {Gra(i)} '
T Fr st Nies imri,iﬁ\/je‘,i imrj,?j [safe(T, I, K)]
whereVie I:J;={J;|7j€ Uueﬁ(imr 7 JEYUA{E(3)} (3.29)
and s 1s a primitive statement

ml

Fro st Niepimr, Ty — \ ooy itmr;, T
Nicpimry, Ty — \ g imry, T
T kg if0 x then s; else s

il

l_K So

J _ (3.30)
: /\ie[ imrg, Ty — V jegtug! imr;, T
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Viel:J CI' (3.31)

T Fr 518 ¢ /\ielzmri,Ti—>\/jEJi imr;, T

where Vi € I:J;={J] | j€ Ji}

We define the condition safe(7, I, K) as follows.
Definition 3.4.3 (Latency-Space Safety Condition) Define safe(7, 1, K) as

)
(i) iel" and
~ _ N I C T and
(1) (ielAuePlimr,T;)) = (ii) J*CIa
(iii) 6*+1< K and
| (

~ =

iv) 0,(T:)<T

~ ~

Rule (3.19) is for type checking the periodic interrupt calculus program p = (m, h).
If both m and h type check, then the program type checks. Rules (3.20)-(3.21) are
for type checking abstract states. The side condition i’ € I of both rules ensures that
the context (imry, i/) of the state is covered by the type. In Rule (3.21), the second
hypothesis ensures that it is safe for the handler to return to its calling contexts. This
hypothesis involves type checking stacks, which is specified in Rules (3.22)-(3.23).

Rule (3.24) is for type checking handlers. Notice that the handler type is an inter-
section type, we, therefore, need to check all the component types of the intersection
with their respective stack budget. The rule type checks the handler with imr(0)
turned off.

Rules (3.26)-(3.25) are for type checking the main part of the program.

Rules (3.27)-(3.28) are for type checking the handler part. The side condition
of Rule (3.27) states that the context in which statement s finishes should be the
context in which h starts executing. However, the context in which h starts executing

is not necessarily the context in which statement s finishes because, before the actual

execution of h, there my be invocations of other handlers which correspond to pending
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devices, in which case, the context in which such an invocation of handler returns is
also the context in which h starts executing.

Rule (3.28) has a latency-space safety condition as a side condition. Condition

~

safe(T, I, K) is used to make sure that within context (imr;, T;), i € I, it is safe for
a handler which corresponds to a pending device to be invoked and for the handler to

return. In particular, the safety condition in the rule states the following conditions:

Item (1) Item (i) of the implication part states that if there is a pending device u in

~

the context (imr;,T;) then the context is one of the contexts in which handler
h(u) starts executing. This is because, according to the abstract semantics, if

a device u is pending in context (imr;, T;) then handler h(u) may be invoked

in the same context.

—~

Item (7i) states that if device u is pending in the context (imr;, T;), then the
context (z'mrj,%j), where j € J#, in which handler h(u) finishes is also the
context in which iret starts executing. This is because, before executing iret,
the handler which corresponds to a pending device may first start executing

and then return; therefore, the contexts in which the handler returns should be

included in the contexts in which iret starts.

~

Item (i7i) guarantees that if there is a pending device u in the context (imr;, T),
then the additional amount of stack space (stack budget) required by the exe-
cution of h(u) is limited within the upper bound K — 1. This item is crucial
in ensuring that the boundedness of the additional stack space (stack growth)

used by the call of h(u).

Item (iv) makes sure that if there is a pending device  in the context (imr;, T;)
in which case an interrupt that corresponds to device u can occur (Rule (3.10)),

then the latency vector after the interrupt is also safe.

Item (2) ensures that the latency vector in the contexts after executing iret meets
the latency requirement; that is, no latency on each device exceeds its period

after executing iret.
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Rule (3.28) uses the notation: Vi € I : J; =J{J; | j € Uueﬁ(imn,i) J'E U {&re(7) }
to define the contexts in which iret finishes. Note that J; is recursively defined. (J;
ranges over a finite lattice, therefore the J; always has a solution by fixed point
construction.)

For any ¢ € I, the notation defines J; as

~

1. &ret(i) € J;. This is because in the context (imr;, T;), iret can always start
its execution and finish in the context (imre, (), T tvee(i)); Tegardless of whether

there are pending devices or not.

2. J;C J,ifj e Uueﬁ(imri,_i-) J*. This is because if there is a pending device w,
then the context (imr;, T;) in which h(u) finishes is also the context in which
iret starts executing, in which case we have j € I. By definition, J;, the index

set of the contexts in which iret finishes, should be included in J;.

Rule (3.29) is for type checking primitive statements. Rule (3.30) is for type

checking branch statements. Rule (3.31) is for type checking sequential statements.

3.4.3 Type soundness

In this subsection, we prove that the type system is sound with respect to the
abstract semantics; that is, if a periodic interrupt calculus program type checks,
then the program cannot go wrong with respect to the latency-space problem. The
proofs are mainly concerned with the type preservation for each step of the abstract

semantics.
Type preservation

We first prove some lemmas that will be used in the proof of Lemma (3.4.9).

Lemma 3.4.1 (Safety Guarantee, statements s) If7 Fx s : A\, imm,i —

~

Ve, imr;, Tj, then we have safe(7, I, K).
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Proof The proof is by induction on the derivation of 7 Fx s /\2.61 imri,fi

—_—
Ve, imrj,%j. There are three cases depending on which one of the Rules (3.29)-

(3.31) is used to derive T b s @ N;cpimry, Ty — ;o imry, T

1. Rule (3.29). The proof is trivial in this case because the side condition of
Rule (3.29) contains safe(7, I, K).

2. Rule (3.30). We have

T Fr s1 /\ielzmri’Ti_)vjle imr;, T

T Fr So /\ieIzmri,Ti—>\/jeJ_f imr;, T
K

~

T kg if0 2 then sy else so @ A, imr;, T — vjleUJif imr;, T

From 7 kg s1 @ N\;op imri, T; — \/jeﬂ imr;, fj and the induction hypothesis,

we have safe(7, I, K).
3. Rule (3.31). We have

T Fr s : /\ielzmr,-,T,-—>\/j€J£zmrj,T-

T Fr s2 0 Niep zmr,-,T,-—>\/jEJ£, imrj, T

T l_K S1, 89 - Aie[imri?Ti_}\/jEJi imrj,Tj

where J; = {J] | j € Jj}. From T g 51 @ Ay imry, T; — Vier imrj,fj
and the induction hypothesis, we have safe(7, I, K).

Lemma 3.4.2 (Safety Guarantee, handler h) If 7 Fx h : A, imri,?i —

Ve, imr;, Tj, then we have safe(7, I, K).

Proof There are two cases depending on which one of the Rules (3.28) and (3.27)

~

is used to derive 7 g h @ N,o; itmr, T; — VjeJ- imr;, T,
1

1. Rule (3.28). The proof is trivial in this case because the side condition of

Rule (3.28) contains safe(7, I, K).
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2. Rule (3.27). We have

where J; = U{J} | j € Ji}. From T b s @ Ay imry, Ty — Ve imrj,fj
and Lemma (3.4.1), we have safe(7, I, K).

Lemma 3.4.3 (Safety Guarantee, main m) If7 Fx m : \/, imr,-,i then

we have safe(T, 1, K).

Proof There are two cases depending on which one of the Rules (3.25), (3.26) is

used to derive 7 Fx m 1 /., imr,-,ﬁ.
1. Rule (3.25). We have

Ths o Nerimri, Ti — ey imry, T

~

T kg loops : \/,o,imr, T,

From 7 F s : A, imri,i- = Ve, imrj,?j and Lemma (3.4.1), we have

safe(T, 1, K).

2. Rule (3.26). We have

T l_K S /\ielimT“TiH\/jeJi imrj,Tj

T Fx m : \epimr, T,

T Fr ssm o2 e imr, T

From7 kg s @ Aoy z'mri,?i = Ve, z'mrj,?j and Lemma (3.4.1), we have

safe(T, 1, K).
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Lemma 3.4.4 (K-weakening, Safety) If 0 < K; < K, and safe(T,1,K;), then
we have safe(T, I, K3).

Proof From Definition (3.4.3), we have safe(T, I, K,) as

i) ieI"and
it) J*C I and
i) o0 +1< K; and

-~ =<

K
(1) (ielAue ﬁ(z’mri,i)) = E
\ (ZU) 6)u(irz) S T

~ ~

From K; < Kj, we have 6 + 1 < Ks. Replacing Item (1).(#i7) with 0} +1 < K, we

have
)
(i) ielI"and
~ = i) JPC I and
(1) (ielAuePlimr,T;)) = (i) e
(iii) 0%+ 1< K, and
| () 0.T) <7
2) Viel : O(imr,T,) <7
which is safe(7, I, K3). u

Lemma 3.4.5 (K-weakening, Statement s) If
Tl s /\igimm,fi — VjeJi imrj,fj and 0 < Ky < Ky, then T kg, s

Niep imry, T — Vjer- imr;, T

Proof We prove by induction on the structure of the derivation of 7 kg, s
Niey imer, T, — V jeg, imry, fj. There are three cases depending on which one of the

Rules (3.29) - (3.31) are used in the last step of the derivation.

1. Rule (3.29).
We have

?I_Kl S /\mnm,T, — \/ imrj,Tj

el JjeJ;
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and

6) Viel:s=Ul 15 €U, pun 7 ULE6)

(i) safe(7, I, K;)
where s is x := e, imr = imr A imr, imr = imr V imr or skip. From (ii),
0 < K; < Ky and Lemma 3.4.4, we have safe(T, I, Ks). From (i), safe(7, I, K3)

~

and Rule (3.29), we have 7 g, s © A, imm,i — Ve, tmr;, T

. Rule (3.30).
We have

~

Thr, st 0 Nigg tmri, Ty — Vjle imrj, T

Thw, s2 0 Nigpimry, T — \/jEJif imr;, T;

T bk, if0 2 then sy else so @ A, imr;, T — vjleUJif imr;, T

From 7 Fg, 51 @ Ao imr,-,ﬁ- — VJ'EJf imrj,fj, 0 < K; < K, and the
induction hypothesis, we have

(1) T l_Kz S1 /\iEI imr,-,TZ- — Vjle imrj,Tj
Similarly, from 7 Fg, s2 @ A, imm,ﬁ — \/jeJif z'mrj,fj and 0 < K; < K,
and the induction hypothesis, we have

(ii) Thi, 52+ Nigpimr, Ty — \/jEJZ_f imr;, T

J
From (i), (ii) and Rule (3.30), we have

T bk, if0  then sy else so @ A, imr;, T — VjEJfUJl_f imr;, T

. Rule (3.31).
We have

T }_Kl 82 . /\iell ZmTZ’TZ — v]eJ{’ ZTTW'J, j

T, 81552 ¢ /\iel imry, Ty — Vjeji imry, T’

and U;ep Ji' € Uiy Jiand Vi€ 12 J) € I', where J; = | J{J} | j € Ji}. From
Thros1 0 Nies imm,fi — Vjle imrj,fj, 0 < K; < Ky and the induction

hypothesis, we have
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(1) T l_Kz S1 /\iEI imr,-,Ti — VjEJf imrj,Tj

7

Similarly, from 7 Fg, 52 @ N,op z'mri,ﬁ- — Vjer- imrj,fj and 0 < K; < K,

and the induction hypothesis, we have

~

(11) T l_Kz S9 . /\iEI’ imri,?,- — vjEJi imrj,Tj
From (i), (ii), U;ep Ji" € Uyes Jis Vi € 1 - J] C I', and Rule (3.31), we have

T }_Kz S1:89 ¢ /\iEI zmri,Ti — VjEJi zmrj,Tj

Lemma 3.4.6 (K-weakening, Handler h) If

Thr, b Nier imr,-,ﬁ- — Vjer- imrj,fj and 0 < Ky < Ky, then 7 bk, h

/\iEI imm, Tz — ijJi imrj, Tj.
Proof We prove by induction on the structure of the derivation of 7 kg, h

Niep imry, Ty —\/ jeg, imrj, T;j. There are two cases depending on which one of the

Rules (3.28), (3.27) are used in the last step of the derivation.

e Rule (3.28).
We have

7}_](1 iret : /\ZmTZ,TZ — \/ imrj,Tj

icl Je€Ji
and
6) Viel:di=UL15eU, pum m It U {ml}
(i) safe(T,I, K;)
From (ii), 0 < K; < K5 and Lemma (3.4.4), we have safe(7, I, K3). From

—~

(i), safe(T, I, K3) and Rule (3.28), we have T kg, iret : A, imr;,T; —

ijJi mmrj, Tj.
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e Rule (3.27).
We have

Thr s @ Niggpimr, T — VJ'GJZ imr;, T
Tl h o Ner zmm,T —V; e imry, T

= ~

Thrsih ot Nigpimri, Ti — \ ey imry, T
and ;e Ji' € Uy Jiand Vi€ 12 Jj C I', where J; = | J{J] | j € Ji}. From
Thr, s @ Ner imry, Ty — Vier imrj,fj, 0 < K; < Ky and Lemma (3.4.5),

we have

(1) Trr,s @ Nies imm,i — VJ'GJi’ imrj,Ej
From 7 Fg, b 0 Niep imm,i — VjeJi imrj,?j and 0 < K; < K, and the
induction hypothesis, we have

(i) Thkr, h @ Nep imm,i = Ve, imrj,%j
From (i), (ii), U,ep /i € Uier Ji Vi € I 2 J{ € I' and Rule (3.27), we have

= ~

T }_Kz 55 h : /\ie[ ZmTZ-’ TZ - VJ'GU{JJ-/ ljreJ!} mmrj, Tj.

Lemma 3.4.7 (J-weakening, statement) If

T Fx s 0 N imm,ﬁ- — VjeJi imrj,fj, i €I and u € ﬁ(imrir,fi/), then
1" e Jﬁ = (i// elINJIn C JZ/)

Proof We prove by induction on the structure of the derivation of s. There are

three cases depending upon the form of s.

1. s is either of x := e, imr = imr A imr, imr = imr V imr or skip.
From 7 Fg s @ Ao imri,?i = Vjes, imrj,?j and Rule (3.29), we have
safe(T, 1, K) and
§) Vi€l g = Ul € Uyoppm 7 3 U AE0)
From safe(7,1,K), i € I, u € P(imry,Ty), and Item (1).(ii) of Defini-
tion (3.4.3), we have J} C I, from which it follows i" € J} = i" € I.

From (i), u € P(imry ,T ), it follows " € J}} = Jin C Jy.
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2. sis if0 x then s; else s,.
From 7 kg if0 2 then s, else s, : A, imri,i — Vjer- imrj,i- and
Rule (3.30), we have
1) 7 Fx st N imri,i — Vjle imrj,?j
(i) 7 Fr s2 @ Nies imri,?i — \/jEJif imrj,?j
(i) Viel:J;=JUJ/
From (i),7 € I, u € ﬁ(imr,-/,i/) and the induction hypothesis, we have
(iv) "eJi=@{"elINJ,CJy)
Similarly, from (ii), i € I, u € ﬁ(imri/,?y) and the induction hypothesis, we
have
(v) " eJi= (" €INJT, CJy)
From (iv), (v) and (iii), we have " € Jj = (" € I A Jiw C Jy).

3. s1is s1; S9.
From 7 Fx 51382 @ Nigs imm,i — VjeJi imrj,%j and Rule (3.31), we have
(1)
(i) 7 Fx sz : Niep imr,-,i _)VJ'EJ{’ imrj,?j
(i) Viel:J CrI
(iv) Yiel:Ji=U{J/|jeJ}

/
(2

~

il

l_K S1 - /\ielimri,Ti—>\/j€Jl,im7‘j,Tj

From (i), @' € I and u € P(imry, Ty) and the induction hypothesis, we have
(v) i"eJi=i"€el
(vi) " eJi=J,CJ,
From ¢ € I and (iv), we have
(vit) Jy =U{J} | je€ S}
From (v) and (iv), we have
(vili) 1" € Ji= Jw=U{J]|j€ S}
From (vi), (vii) and (viii), it follows " € J} = Ji» C Jyr.
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Lemma 3.4.8 (J-weakening, handler) If

T Fx h o N z’mri,ﬁ- — Vjer- imrj,fj, V€I and u € ﬁ(z’mri/,ﬁ-/), then

i"e Jl= (@"elINJy CJy).

Proof We prove by induction on the structure of the derivation of hA. There are two

cases depending upon the form of h.

1. his iret.
From 7 kg iret : A, imr,-,i- = Ve imrj,?j and Rule (3.28), we have
safe(T, 1, K) and
(1) Viel: ‘]Z = U{JJU € Uueﬁ(lmn,?l) Jzu}_u {giret(i)}
From safe(7,I,K), ¢ € I, u € P(imry,Ty), and Item (1).(ii) of Defini-
tion (3.4.3), we have J} C I, from which it follows i" € J}} = i" € I.
From (i), u € ﬁ(imm/,?y), it follows " € J = Jin C Jyr.
2. his s;h'. From 7T g s;h' 0 N\ imr,-,i- — VjeJi imrj,?j and Rule (3.27),

we have

(1) T I_K S /\iEI imm,?,- — VjEJf imrj,?j
(11) T I_K h : /\iEI/ imr,-,fi — VjEJZ{/ Z'mrj,fj
(i) Viel:J/ CI
(iv) WEI:JZ-:U{J]’-'UEJ{_}
From (i), @ € I and u € P(imry, Ty) and Lemma (3.4.7), we have
(v) i"eJi=i"€el
(vi) " eJi=J,CJ,
From i’ € I and (iv), we have
vil) g = UL g€ 1)
From (v) and (iv), we have
(viti) 1" € Ji= Jw=U{J]|j€ S}
From (vi), (vii) and (viii), it follows " € J} = Ji» C Jyv.
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Lemma 3.4.9 (Single Step Type Preservation) Given K > 0 and Q is consis-
tent, if T Fg Q, Q.? <7, Q — @, then there exists a K' > 0 such that T Fx: Q'
and K' = K + Q.stk — Q'.stk and Q'.T <.

Proof We have nine cases depending upon which one of the Rules (3.10) - (3.18) is

used.

1. Rule (3.10).
We have (h, imri/,i/,a, a) — (h, imr@(i/),?@(i/),a 20, h(v)) and

vE P(zmr, ,T). Since @ is consistent, there are two subcases.

Subcase 1: Q = (h, imri,,ﬁ-/, nil, m) and Q' = (h, IMre, iy, f@(i,), m :: nil, h(v)).

From 7 by (h, imry, Ty, nil, m) and Rule (3.20), we have

THh:T T bgx m: \/ieﬂmﬁ‘,i
T l_K (E,immr,fi/,a,h)

and i/ € I. From 7 kg m \/.EI imm,i and Lemma (3.4.3), we have
safe(7,1,K). From v € P(imry, Ty), safe(7,1,K) and Item (1) of Defini-

tion (3.4.3), we have
i) delr

and Rule (3.24), we have
(v) T ksy h(v) s imre, @, TC @ — V; s zmrj,?
From 65 > 0 and (iii) above, we have 0 < ¢ <

n > K — 1. From (v) above,
0 <0y < K —1 and Lemma (3.4.6), we have

(vi) Thrg_1h(v): imrgv(y),?@(y) = Ve imrj,Ej
From (ii), we have Z
(vil) Vi"e Jy:i"el
From (vii), T Fx m : Vg imr,-,i and Rule (3.22), we have

(viii) Vi" € J):7,i" Frg m il
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From 7 + h : 7, (viii), (vi) and Rule (3.21), we have 7 Fx» Q' and K' =
K+ Q.stk — Q'.stk = K —1 > 0. From (iv), we have ? o) < T, which is
QC? <T.

Subcase 2: Q = (h, imri/,i/, o,h) and Q' = (h, imrgv(i/),?gv(i/), h:: o, h(v)).
From 7 Fx (h, imri/,ﬁ-r, o, h) and Rule (3.21), we have

Nicp imr, T — VjeJi imr;, T

/O’h)

THh:T V"€ Jy:T,i" bk o T bFg

h :
7 kg (h, imr,,?
andd' € I. From7 Fg h @ A\, imr,-,?- — VjeJ- imrj,?- and Lemma (3.4.2),
we have safe(7,1,K). From v € P(imry,Ty), safe(,I, K) and Item (1) of
Definition (3.4.3), we have

i) delr
(i) JycCI
(i) dp+1<K
(iv) B,(Ts) <7

From (i), 7 h : 7 and Rule (3.24), we have

~

(v) Tl—gv h(v) : I ¢, (i1 Tcy(z —>\/ e imr;, T
From ¢} > 0 and (iii), we have 0 <y < K — 1. From (v), 0 <0} < K —1 and

Lemma (3.4.6), we have

(Vl) T l_K—l E(’U) : imrcu(l-,), f@(i’) — V].EJZJ/ imrj, j—\‘j

~

From 7 Fg h @ N pimr, T — VjeJl- imrj,fj, el,ve ﬁ(imr,-/,ﬁ-/) and
Lemma (3.4.8), we have

(Vi) "€ Ji=i" el

(viil) " € JY = Jon C Jy
From Vi" € Jy : 7,7" Fx o and (viii), we have

(ix) Vi" € J8:Vi" € Ju 7" by o

~

From 7 bFr h o Nipimr, Ti — Ve, imrj,fj, (ix), (vii) and Rule (3.23),
we have

(x) Vi"eJ):7,i" Fg h:o
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From 7 - h : 7, (x), (vi) and Rule (3.21), we have 7 Fr Q" and K’ = K +
Q.stk — Q' .stk = K —1 > 0. From (iv), we have ?Cv(i/) < 7, which is Q’.? <T.

. Rule (3.11).

We have Q = (h, imr,-/,i-/,a,iret) — (h, ’Zm?“giret(i/),?giret(i/),O'/,CL>, where o =
a :: o', Since (@ is consistent, there are two subcases.

Subcase 1: Q = (h, imry, ? 22 nil,iret) and Q" = (h, imrfiret(i/)’?giret(i/)? nil, m).
From 7 Fg (R, imry ,T h :: o,iret) and Rule (3.21), we have

THh:7T Yi"€Jy:7,i" Fr om il

T bx iret o Niepimr, Ti — ey imry, T

Fx (R, imri/,ﬁ-/,m 22 il iret)

and 7 € I. From 7 kg iret : A\, z'mri,i- = Ve imrj,?j and Rule (3.28),

we have
(i) Viel:&eli)e

(ii) Viel : a(imri,?i) <7 (from Item (2) of safe(7, I, K))
From ' € I and (i), we have & (i) € Jy. From Vi" € Jy : 7,i" Fxg m : nil
and Rule (3.22), we have

(i) 7 Frsrm: Voop imrs, T;

(iv) Yi"eJy:i" el
From &t (7) € Jy and (iv), we have et (i') € I'. From T+ h : 7, (') € I,
(iii) and Rule (3.20), we have T kv Q" and K' = K+Q.stk—Q'.stk = K+1 > 0.

From i’ € I and (ii), we have ?&ret(i’) < 7, which is Q/? <T.

Subcase 2: Q = (h, imri/,i/, h:oiret) and Q' = (h, imre, 1), Tgm o, h).
From 7 Fx (h, imri/,ﬁ-r, h :: o,iret) and Rule (3.21), we have

THh:T Yi"€Jy:7,i" Fx huo

T Fgoiret N\, imry, —>\/j6]l_ imr;, T

T,
Ty

7 Fx (h,imry, Ty, h o, iret)
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and i € I. From 7 kg iret : A, imri,i = Ve, imrj,?j and Rule (3.28),

we have

(i) Viel:&eli) e J;

(i) Viel : O(imr,Ti) < (from Item (2) of safe(7, I, K))
From i’ € I and (i), we have &et(i') € Jy. From Vi" € Jy - 7,7" b h o and

Rule (3.23), we have
(111) T I_K—i-l h: /\iEI’ imr,-, j—\‘z — VjEJ{ imrj, fj
(iv) Yi" € Jy V" € Tl T " by 0
(v) W'eldJy:i"el
From &et(i') € Ji and (iv), we have
(vi) V" € Jéiret(i/) T b o
From &et(i') € Jy and (v), we have &et(7') € I'. From 7 F h @ 7, &ee(i') € I,
(vi), (iii) and Rule (3.21), we have 7 kg Q" and K’ = K + Q.stk — Q' .stk =

K +1>0. From ¢ € [ and (ii), we have ?&et(i/) <7, which is Q’.? <T.

. Rule (3.12).
We have Q = (h, imrif,fi/,nil,loop sy, @ = (h, imri/,ﬁr,nil,s;loop s) and
Q — @Q. From Q.f < 7 and Q’.f = Q.f, we have Q’.T\ < 7. From

7 ki (h,imry, Ty, nil, loop s) and Rule (3.20), we have

?"EZ? T l_K IOOPS . \/iejz'mri,fi

T Fx {(h,imry, Ty, nil loop s)

—~

and i’ € I. From 7 kg loop s : \/,.,imr;, T}
1) TEs: N imri,i — VjeJl- z'mrj,?j
() Viel:J,CI

From (i), (ii), 7 Fx loop s : /o, z'mri,i- and Rule (3.26), we have

and Rule (3.25), we have

(iii) 7 Fx siloops : V. imr;, T
From (iii), 7 = h : 7, i’ € I and Rule (3.20), we have 7 g Q' and K’ =
K+ Q.stk — Q' .stk = K > 0.
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4. Rule (3.13).

We have (h, imry, Ty, 0, (z :=e);a) — (R, imr&::e(y),?&::e(i/), o, a). Since Q

is consistent, there are two subcases.

Subcase 1: Q = (h, imri/,i/, nil, (x :=e);m) and

~

Q' = (h, imrgz:e(if),?gz::e(i/), nil, m). From 7 Fg (h,imry, Ty, nil, (z := e); m)

and Rule (3.20), we have

THFh:T T Fg (z:i=¢);m : \/ieIz’mri,ﬁ-

7 ki (h, imri/,?ir, nil, z := e;m)

andi' € I. From 7 kg (z:=e);m : .o imri,i and Rule (3.26), we have

1) 7Fkx z:=e: Ny imri,i- = Ve, imrj,?j

() 7 kg m o oy imr, T,

(i) Viel:J,CI
From (i) and Rule (3.29), we have

(iv) Viel:&.—.(i) € J!

(v) Viel : g(z'mri,?i) <7 (from Item (2) of safe(7, I, K))
From ¢ € I and (iv), we have &,._.(i') € Jy. From ¢’ € I and (iii), we have
Jy € I'. From &,._.(i') € Jy and Jy C I') we have £,._.(7) € I’ From
(ii), T F h : 7, &u—e(?’) € I’ and Rule (3.20), we have T g Q' and K' =
K +Q.stk— Q' .stk = K > 0. From ¢ € I and (v), we have ?fx::e(i/) < 7, which
is Q/? <T.
Subcase 2: Q = (h, imri/,i/, o,(x :=e);h) and
Q = (h, z'mrgz:e(i/),?gz::e(i/), o,h). From7 Fg (h, imrir,i-/, o, (z :=e); h) and
Rule (3.21), we have

TEh:T V"€ Jy:T,i" Fg o

T Fx (z:=e)h : /\ielimri,fiﬁ\/jeh imrj,fj

T bk (hyimry, Ty, 0,z :=e;h)

and i € I. From 7 kg (v :=e);h : Ay imry, T; — Ve, imrj,fj and

Rule (3.27), we have
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~

Fx xi=e o Njgpimry, T — VJ'EJ{ imr;, T

il

()
(11) T l_K h : /\iEI” imri, ,—Z/:z — vjEJ.” imrj, j:j
(i) Viel:J CI"

(iv) Yiel:Ji=U{Jj|jeJ}
From (i) and Rule (3.29), we have

(v) Viel:&.—.(i)eJ]

(vi) Viel : 8(imr;,T;) <7 (from Item (2) of safe(7, I, K))
From ¢ € I and (v), we have &,._.(i') € J,. From ¢ € I and (iii), we have
J, € I". From &,._.(i') € J, and J, € I"” we have {,._.(i') € I". From i’ € |
and (iv), we have

(vii)  Ji = U{55 |7 € Jir}
From &,._.(¢') € J, and (vii), we have

(Vlll) Jé;::e(i,) g J’L’
From Vi" € Jy : 7,i" bk o and (viii) we have

(iX) Vi e Jé;::e(i’) 1T,
From 7 - h : 7, £.—o(i) € I", (ix), (ii) and Rule (3.21), we have 7 Fx @' and
K'= K+ Q.stk—Q'.stk = K > 0. From i’ € I and (vi), we have ?&::e(i/) <T,
which is Q'.T < 7.

i// }_K g

. Rule (3.14),(3.15) and (3.18).
The proofs are similar to that of Rule (3.13).

. Rule (3.16).

We have (h, imri/,ir, o, (if0 2 then s else s5); a) — (h, imri/,ir, 0,81; ).
From Q.? <7 and Q’.? = Q.?, we have Q’.? < 7. We next prove that there
exists a K’ > 0 such that 7 Fx Q" and K’ = K + Q.stk — @Q'.stk. Since Q is

consistent, there are two subcases.
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Subcase 1: Q = (h, imrir,i/, nil, (if0 = then s; else s3);m) and
Ql = <E, Z'TTLT’Z'/, fi/, niI, S1; m)

From7 b (h, imry, Ty, nil, (if0 = then s; else s5);m) and Rule (3.20), we have

THh:7 7T Fg (if0 2 then 51 else s5);m Viesr imri,ﬁ-

7T ki (h,imry, fi/, nil, (if0 = then s else s3);m)

and 7/ € I. From T Fg (if0 = then s, else sy);m @ \/, imr,-,i and
Rule (3.26), we have

(i) 7 kg if0 z then sy else sy : A, imri,i — VjeJi imrj,?j

(i) 7 b m : ey imrs, Ts
and Vi € [ : J; CI'. From (i) and Rule (3.30), we have

(i) 7 Fr 510 Ngpimri Ty — Ve imry, T

(iv) Fros2 0 Nies imri,?i — \/jEJif imrj, T
and Vi € I : J; = J'U J/, from which it follows Vi € I : J' C J;. From
Viel:J;CI'andViel: J CJ;, wehaveVieI: J! CI'. From (iii), (ii),

Vie I:J C I and Rule (3.26), we have

~

il

(V) T Fg s;;m : \/iejz'mr,-,i
From i € I, 7+ h : 7, (v) and Rule (3.20), we have 7 s @' and K’ =
K+ Q.stk — Q' .stk = K > 0.

Subcase 2: Q = (h, imrir,fi/, o, (if0 = then s else s3); h) and
Q' = (h,imry, Ty, 0,51;h). Rule (3.21), we have
TEh:T V'€ Jy:Ti" bg oo

T Fg (if0 2 then sy else s2);h = A, imr,-,ﬁ — Vjer- imrj,fj

7 Fx (b, imry, fi/, o, (if0 = then s else s5); h)
and i € I. From 7 kg (if0 = then s; else s3);h @ A z’mri,i —
Ve, imrj,fj and Rule (3.27), we have
(i) 7 kg if0 2 then sy else sy @ A, imr,-,ﬁ — Vjle imrj,fj
(11) T I_K h : /\iEI” imlr’i, fl - vjeJZ{/ im’r’j, fj
(i) Viel:J CI"
(iv) Yiel:Ji=U{J]|jeJ}
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From (i) and Rule (3.30), we have
(V) T l_K S1 - /\ie[ imrhfi - \/jEJit Zm'f’],fj
(vi) T Fr os2 N imr;, T; — Viess imr;, T
(vil) Viel:J =JuJ/

From (vii), we have
(viii) Viel:JfCJ
From (viii) and (iii), we have
(ix) Viel:JiClI"
Let
() Viel:Jr=ULl|je T
From (v), (ii), (ix),(x) and Rule (3.27), we have
(xi) 7 kg si;hoo Ny imm,iﬁ\/jeji,,, imrj,?j
From (iv), (x) and (viii), we have
(xil) Viel:J" CJ
From ¢ € [ and (xii), we have J C Jy. From Vi" € J; : 7,i" kg o and
J" C Jy, we have
(xiii) Vi"eJ) :7,i" Fk o
From 7 - h : 7, (xiii), (xi), # € I and Rule (3.21), we have 7 g Q' and
K =K+ Q.stk — Q'.stk = K > 0.

7. Rule (3.17).
The proof is similar to that of Rule (3.16).

Lemma 3.4.10 (Multiple Step Type Preservation) Given K > 0 and Q) is con-
sistent, if T b Q, Q.? <7, Q <="@Q, then there exists K' > 0 such that T Fx (),
K' =K + Q.stk — Q.stk and Q".T <T.

Proof We proceed by induction on n.
In the base case: n =0, we have Q = ). The proof is trivial.

In the induction step, assume that the property holds true for n. Suppose 7 Fx @,
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K >0, Q.? < 7and Q =" @ — @Q". From the induction hypothesis, we have
T kg Q@ and K’ > 0, where K' = K + |Q.stk| — |@Q’.stk| and Q’.? < 7. From
Lemma 3.3.1 we have that Q' is consistent. From K’ > 0, ()’ is consistent, 7 Fzx @',
Q’.? <7, @ — Q" and Lemma 3.4.9, we have 7 Fg» Q" and K” > 0, where
K" = K'+|Q .stk| — |Q" .stk| and Q”.? <7. From K' = K + |Q.stk| — |Q".stk| and
K" =K'+ |Q'.stk| — |Q" .stk|, we have

K" = K'+|Q .stk| —|Q" stk|
= K +|Q.stk| — |Q .stk| + |Q'.stk| — |Q" .stk|
= K +|Q.stk| — |Q".stk|

as desired. [ |

Corollary 3.4.1 (Latency-Space Boundedness) Given K >0, if T Fx Qo and
Qo —* Q, then (Q.T <7) A (Q.sth < K).

Proof Notice that () is consistent and QO.? <7. From K >0, Qo.? <77 Fg Qo
Qo —™ Q and Lemma (3.4.10), there exists K’ > 0,7 Fr Q and K’ = K+ Qq.stk —
Q.stk and Q.? < 7. From Qg.stk = 0 and K' = K + Qg.stk — Q.stk, we have
K' =K — Q.stk. From K' > 0 and K’ = K — Q).stk, we have Q).stk < K. [ |

Theorem 3.4.1 Given K > 0, if there exists T such that T ‘g p, then Qp —™*
Q= (QT <7)A(Qusth < K).

Proof From 7 Fx p and Rule (3.19), we have

i) 7 kg m: 0,0

i) 7Fh:7T
From (i), (ii) and Rule (3.20), we have T Fx Qo. From K >0 and 7 kg Qo and
Qo —™* @ and Corollary (3.4.1), we have (Q? <7)AN(Q.stk < K). u

3.5 An example

In this section, we illustrate how we construct types from an abstract model by

running a simple example.
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Consider the interrupt calculus program given in Figure (3.4). The main part
of the program first enables both interrupt sources; it then enters an infinite loop.
handler 1 enables the master bit of imr and then returns; handler 2 performs similar
operations. The period for handler 1 is 4 time units; and the period for handler
2 is 20 time units. For the sake of convenience, we label each program statement
by m® m!', 1Y, hi, h9, h. We will use these labels to represent the statements in the

reachable states of the abstract model given in Figure (3.5).

Main: Handler 1: 7(1) =4 Handler 2: 7(2) = 20
m®: dmr=imrVv 111 B : dimr=imrVv100 RS : imr = imrV 100

m!: loop skip hi: iret hi: iret

Figure 3.4. The example program

Figure (3.5) shows an excerpt of all reachable states from the abstract model of
the example program. The notation <% denotes a transition which uses rule n. Note
that we only give the transition paths which entail the largest stack growth, with
one exception for the transitions (3.48-3.53) which include all the possible paths of
executing h; hi starting from the state (011, —1, =17, hd :: m! =2 nil, AY; A1), We will
use transitions (3.48-3.53) to illustrate the construction of the types for handler 1.

Figure (3.6) illustrates the a segment of the growth of the stack size over the time
of the example program following a path given in Figure (3.5) (The path is: 3.45-3.48,
3.50-3.57). Note that the stack size can grow as high as 3, rather than 2, following
this path.

Since abstract states always carry h, we omit it for the sake of simplicity. In
addition, to make the presentation more clear, we assume h(0) = p.m in this section.

We now show how to construct the types for handlers 7. For each program point
a and stack o, we compute the context set I°** which contains the contexts that
are reachable from the initial program state; we compute the context set 7% _

imr, T u

which contains the contexts that are reachable from the state (imr,T, o, h(u)); we



(000, 0,0, nil, m°; m*)

(111,0,0, nil, m*)

(011, 3,1, m" == nil, AY; h)
<111,—2,2,m - nil, A})
(011, =1, =17, hi == m* == nil, h9; hd)
(111,0,—16,h% =mt il ha)
(011, -3, —15,h3 = hj = - nil, AY; h)
(111, =2, =14, h3 :: A} == m* 2 nil, hy)
<111,—1,—13,h} =mt il hi)
<111,07—12 2 nil, h)
(011, -3, =11, h1 == m* = nil, hY; A1)
(111, -2, —10, A == m* == nil, A7)
(111, —1,-9,m" = nil, A])

(111,0,0, nil, m*)

(011,1, =19, m" :: nil, h3; A)
(111,27—18 :nil, h)
(011, =1, =17, hd == m* = nil, hY; A1)
(111,0,—16, hy :: m* = nil, A7)
(111,0,—16, hy :: m* = nil, A7)
(011, =3, —15,h} :: hY == m! w2 nil, Y3 h1)
(111, =2, =14, hl - hd == m! w2 nil, h)
(111, =1, —13,hd == m* =2 nil, A)
<111,0,—1 - nil, h)
(011, -3, —11,h3 = m* == nil, AY; h)
(111, -2, —10, h3 :: m* 2 nil, A7)
(111, =1, =9, m" == nil, k)

(111,0,0, nil, m")
5 m o nily ;
011,-3,1, il,hY; hi
s m! : nil,

111, -2,2, il h}
(011, =1, =17, h} - m* 2 nil, A9; h)

onil,
111,0, 16, by :: il, b
(011, -3, —15,h3 :: hi == m* w2 nil, AY; h)
(111, -2, —14, h3 == hi == m* w2 nil, h)
(111, =1, =13, h} = m* 2 nil, h3)

mt nil,

111,0, —12, il, hi
(011, =3, =11, h} = m* =2 nil, A9; R1)
(111, -2, =10, h} =z m* = nil, A})
(111, —1, -9, m" = nil, A7)
(111, 0, -8, nil, m*)
(011,1, =19, m" :: nil, h3; h3)
(111,2,—18,m! :: nil, hd)
(011, =1, =17, hd == m* =2 nil, A9; A1)
(111,0, =16, hd =z m* = nil, A})
(111,0, —15,m" :: nil, hd)
(011, -3, —15,h :: hy =2 m* il B9 AY)
(111, =2, =14, h} = hd =:m! w2 nil, h)
(111, =1, =13, hd == m* 2 nil, A)
(111,0, =12, m" :: nil, hd)
(011, =3, —11,h3 :: m* =2 nil, AY; h)
(111, -2, —10, hy :: m* = nil, hY)
(111, — m?* :: nil, hy)
(111,0, =8, nil, m*)

Figure 3.5. Excerpt of the reachable states of the example program
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compute the context set J* 7 which contains the contexts that are reachable from
imr,

(imr, f, 0,a) by executing s if a is s;a’ or by executing h is a is h; in addition, we
7% _ whose value is the largest stack growth from the

imr,T

compute the stack growth K
state (imr, f, 0,a) during the execution of s if a is s;a’ or during the execution of h
if a is h.

We construct the types as follows:

for any s in program types(s) : = e amr, T — - imr', T
y p g yp ( ) /\(imnT)EI‘_"é’a? ? V(imT’,T/)GJJ’S;aT 9
imr,T,u imr,T
for : = i, T
or m types(m) V(imr,T)Elgllérg vmr,
” = =/
for h types(h) : = imr, T — — imr’, T .
yp ( ) /\(imT,T)EI(_T’h _ Y v(imT’,Tl)GJJ’h _ 9
imr,T,u imr,T
We construct 7 as follows: Vu € 1..N :
o, h(u) - ,
_ . = imrat ,§u(f) . =
T(u) = /\ imr, T = \/ imr’, T
(imn?)el"’a/\(imr/\toﬁu (?))EI‘“”’E(“) (imr’,?/)eJUﬁ(u)

st B (7)

We define the type judgment for any s in the program as: 7 I—Kc,,m?) s @ types(s);

we define the type judgment for m as: 7 I_Ko'oné m : types(m); \i;g'Tcyléﬁne the type
judgment for h as: Tt yon _ R types(y).

We now illustrate hoi;;;zg construct 7 for the program in Figure (3.4). We will

limit our focus to 7(1) for handler 1. 7(2) of handler 2 is similarly constructed.

It is straightforward from the transition excerpt given in Figure (3.5) to derive the

following;:
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a o (imr,?) eI g Juoh) e oM gohO oy
imrAte,01(T) imr, T
m il (111,0,0) (011, —3,1) (111,0, 8) 2 (3.33-3.44)
hy  Rlim! il (111,0,-16) (011,-3,—15) (111,—1,—13) 0 (3.37-3.39)
Al m! il (111,0,-12) (011,-3,—11) (111,—1,-9) 0 (3.41-3.43)
hh  m! il (111,2, —18) (011,—1,-17) (111,0,—-12) 1 (3.47-3.48,
3.50-3.53)
(011,-1,-17) (111,0,—-15) 1 (3.47-3.49)
(111,0,-2) (011,-3,—11) (111,-1,-9) 0 (3.54-3.56)
Al hY:m! il (111,0,—16) (011,—3,—15) (111,-1,—13) 0 (3.50-3.52)
Therefore, we have the following intersection type for handler 1:
7(1) = ... /\(111,0,0) = ...V (111,0,—8) V
A111,0,-16) = ... v (111, -1, -13) V ...
A(111,0,-12) = v (111,-1,-9) V ...
A111,2,-18) — .. v (111,0,-12) V (111,0, —15) V
A1L,0,-2) =5 v (111, -1,-9) V ..

We next illustrate how to construct the type derivation for each program point. We

again take handler 1 as an example. Consider the type derivation for A(1) in the con-

text (011, -1, —17) SN .V (111,0,—12) Vv.... The state transitions (3.48-3.53) which
1,—17,hi = m!
of h?; hi are given in Figure (3.5). Note that transitions (3.48-3.53) include all the pos-

1, —17,h) == m! o nil hY; hi).

It is straightforward from transitions (3.48-3.53) in Figure (3.5) to derive the follow-

are reachable from the state (011, — 22 nil, hY; hl) during the execution

sible paths of executing h{; hl starting from the state (011, —

ing:



113

h :mlinila h :m:mila hd:mlinila

(imer, T) € I 1 00 (imr’,?) eJ? 7 K" = " From
a=h;a  (011,-1,-17) (111,0, —16) 0 (3.48)
a=hi (111,0, —16) (111,0, —15) 0 (3.49)
(111,0, —16) (111,0,—12) 1 (3.50-3.53)
(111, -1, —13) (111,0,—12) 0 (3.53)
We, thus, have the following derivations
7 ko AY:(111,—1,-17) — (111,0, —16) (3.58)
7 k1 hy:(111,0,—16) — (111,0,—12) v (111,0, —15) (3.59)

A (11, —1,-13) — (111,0,-12)

From Rule (3.28), for derivation (3.59), we need to show that the following safety

condition is observed:

1. (a) for the context (111,0,—16), we have the context that appears to the left
side of the arrow in 7(1): 7(1) = ... A(111,0, —16) — (111, =1, —13) A ...
(b) for the contexts that appear to the right side of the arrow in 7(1): 7(1) =
. A(111,0,—16) —= (111, =1, —13) A.. ., we have
(111, -1, -13) € If"
(c) from 7(1) = ... A(111,0,—16) N (111, -1, —-13) A ..., we have that the
largest stack growth § during the call of (1) with the context (111,0, —16)

h :mlinila h :m! nllh1

is 0. From K g 15 =1and 6 =0, we have 0 +1 < K\ g

(d) it is trivial to show that 6;(111,0, —16) = (—3, —15) < (4, 20).

2. It is trivial to show that A(111,0, —16) = (0, —15) < (4,20) and
0(111,—1,—13) = (0, —12) < (4,20).

The safety condition of the derivation (3.58) can be similarly shown. We omit the

details here.
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Since {111,0,—16} C {(111,0, —16), (111, -1, —3)}, from (3.58), (3.59) and

Rule (3.31), we can derive

T by A% R (111, -1, —17) — (111,0,—12) v (111,0, —15)

3.6 Type construction

The abstract semantics defines a transition graph R of the dynamics of a periodic
interrupt calculus program. In this section, we show how to construct types from the
graph R.

In subsection 3.6.1, we define a function ¢z and show that the function ¢ has a
least fixed point pr by using Tarski’s fixed point theorem. The intuition of the fixed
point g is that, for any abstract state in the graph R and a segment of program
code, ur can compute (1) the set of states that are reachable by executing the code
segment; and (2) the largest stack growth during the execution of the code segment.

The property that, given an abstract state in R and a segment of program code,
wipr computes the set of states in R that are reachable by executing the code segment
is defined as the soundness of pig on R. We also define the stack-irrelevancy of pyr
on R, which states the fact that it has nothing to do with the stack component of the
starting state when pig computes (1) the set of states that are reachable by executing
a code segment from a given abstract state, and (2) the largest stack growth during
the execution of the code segment. We further define the completeness of g on R,
which states that if an abstract state (), is reachable from another abstract state ()
by executing a segment of code, then the abstract state () is included in the set of
the reachable states of () which is computed with the help of the fixed-point function
wpr. The properties of soundness, stack-irrelevancy and completeness are formally
defined in subsection 3.6.2. In addition, we prove ppr has the three properties on R
in the same subsection.

In subsection 3.6.3, we show how to construct types and type judgments with

the help of the function uiz. In subsection 3.6.4, we prove that the constructed
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types and type judgments are well-formed in the sense of Definition (3.4.1) and Def-
inition (3.4.2). We show how to build the type derivations of statements, the main
program and handlers out of R, in subsection 3.6.5.

Since abstract states always carry h, we omit it here for the sake of simplicity. In

this section, we let h(0) = p.m.

3.6.1 1 function

Recall that R (Section 3.3) is the set of all reachable abstract states from the
initial abstract state Qo. We require that, given a number K > 0, VQ) € R : (Q? <
7 A Q.stk < K). From Theorem (3.3.1), it follows that R is finite.

For u € 0..N, we define effective code set C, for each h(u).

Definition 3.6.1 (Effective code set C,) Let h(u) € C, if h(u) is not of the form

loop s, and let s;loop s € Cy. If a € C, and

e a is of the form s;a’ and s is either x := e, imr = imr A imr, imr = imr V imr

or skip and a' # loop s, then let a’ € C,.

a is of the form s;a’ and s is if0 x then s; else so, then let si;a’ € C, and

s9;a’ € C,.

a is of the form s;a’ and s is sy; S, then let s1;a’ € C,

a is of the form h and h is s;h’, then let h' € C,.

a 1s of the form h and h 1is iret, then let iret € C,,.

Let C = |J{C. | u € 0..N}. We use variable a to range over C. Clearly, C # () and
C is finite. Let S = {o | (imr,f o,a) € R}. We use variable ¢ to range over S.
Clearly, S is finite and S # () (because we have nil € S.) Recall that in Section 3.4
we assume all the contexts {(imr,?)\(imr,?, o,a) € R} are uniquely indexed; we
now let Z = {i | <imrl-,i,a, a) € R}; we use variables ¢ and j to range over Z.

Specifically we denote the index of (Qq.imr, QO.?) by ig. We use variables I and J
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to range over 27; We let N = {0..K}. We use variable k to range over Nx and M
to range over 2N

Define function f : Zx 8 xC — ((2Z x N)); we use f(i,0,a).I to denote the first
element of the pair f(i,0,a) = (I,k); use f(i,0,a).k to denote the second element

of the pair f(i,0,a) = (I, k); define the set of all such functions as D = {27*5%¢ —
22I></\/'K)}.

Define an auxiliary function max = AM.k : 2V — N as
M # O A (max(M) = k such that k € M ANVE € M : k > k')
Define function ¥z : D — D as follows:

Definition 3.6.2 (vYr) Define f' =Ygrf: foralli€Z, 0 €S and a € C:

1. if a = s;a’ and s is either x := e, imr = imr A imr, imr = imr \V imr or skip:
f'i,o.0) = (ULf(G o sia). I | e JPUf alé(i) }, B
max({ f(a(Cu(7)), s;a":s0, h(uw)).k | w € P(imr;, T;)} U
{f(,0,8d).k | jeJ}U{lo]}))

where

J = U{F(a(Gu(0), 5050 h(w).I | w € Plimr;, T,)}
2. if a=s;a and s is if0 x then s; else s5:
.f,(iv g, (I) = ( f(zv g, 51; a,)‘[ U f(l7 g, 52; a'/)'Iv
max({f(l7 g, 51; a/)'k7 f(l7 0, S2; a/)k})

3. ifa=s;d and s is sy; So:
flio,a) = (U{f(,0,805d).0 | j €T},
maz({ f(i, 0,515 (s2:d')).k} U{f(j, 0,52:d') .k | j € J}) )

where

J = f(i,o,81;(s9;d")).1

4. if a=h and h is iret:
f'i,0,0) = (ULf (G oviret) T | j € T U{ aGires(d)
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~

maz({ f((Cu(7)), iret:so, h(w)).k | w € Plimr, T;)} U
{f(G,o,iret).k | j € Ty U{|al}))

where

J = UL ((Cu(D), iret:iso, B(w)).I | w € Plimr;, T;)}

5. ifa=h and h is s; h':
f'lo0a) = (UL o W) T | g€ T}, max({f(j,0,1').kyU{f(i,0o.s;0) .k | j €
J}))

where

J=fli,o,s;1).1
where operation ::s on C and S is defined as:

a0 ifazc€eS
nil ifa:o¢S

YVaeC : Vo eS§ : a:so=

and operation « is defined as:

. z ifzel ‘ . . .
Viel:a(z)= where z is of the form either (,(i) or &s(7)

io if 2¢7
We define a reflexive, antisymmetric and transitive binary relation < over D as

follows: f; < fo iff
Voe8 :NYaelC : YieZ : fi(i,o,a).] C fo(i,o,a).d A fi(i,o,a).k < fo(i,0,a).k

Let frbeVieZI :YoeS:VaeC: fr(i,o,a) = (Z,K) and let f| beVie T :Vo €
S :Va € C: fr(i,o,a) = (0,0), and let D" C D, then we have \/;.p, f < fr and
fL < Njep fo 1t is straightforward to show that (D, <) is a lattice.

We define fyasVi € Z:Vo € S:VYaeC : fo(i,0,a) = (0,]0]).

Given the relation < over D, it is straightforward to show that function ¥ is

monotone. It follows from Tarski’s fixed-point theorem that ©r has a least fixed-

point pr.
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Proposition 3.6.1 (uyr Rewrite) Foralli € Z, 0 € S and a € C, we have

1. If a = s;d’ and s is either x := e, imr = imr A imr, imr = imr V imr or skip,

then we have
pir(iso a)l = | J{udr(j o s1d).0 | j € JYU{a(&l(i)}
pr(i, o a) k= mas({ur(a(GuD)), s a's0,B(u)k | w € Plimry, T)}U
{mir(j,0,8:d").k | j € JhU{|o|})
where J = J{pbr (a(Cu(i)), 83 a::50, h(u)).I | u € ﬁ(imri,?i)}.
2. Ifa = s;a’ and s is if0 x then s; else sy, then we have
:U’w’R(Z? g, CL)I = NwR(Za 0, 51; a/)‘] U ,W/}R(Z, 0, 823 CL/).[

MwR(i>0-v G,)k’ = max({W/JR(ia@ 315a,)-kal“/)72(i>07 52;0'/)']{:} )
3. if a=s;d and s is sy; s9, then we have

ppr(i,o,a)d = | J{mdr(i 0,500).1 | j €T}
wpr(i,0,a).k = mar({ur(i,0,s1; (s9;a)).k} U{pur(j, 0,80 ).k | j € JT})
where J = pgr (i, 0, 81; (s9;a’)).1
4. If a =h and h is iret:
pr(iyo.a)d = | J{mr(j,o.iret).I | j € J}U{ al&rel(i)) }
jir(iyo.a)k = maa({pr(a(Cu(0)), iret:so, h(w).k | u € Plimr, Ti)} U
{rvr(j o,iret).k | j € J}U{[ol} )
where J = {ubr (a(Cu(i)), iret:so, h(u)).I | u € Plimry, T;)}
5 Ifa=h and h is s; h':
:U’w’R(i?O-? CL)I = U{/“/}R(j: g, h/>] ‘ j S J}
e (iyo a).k = mar({ur(i, o, 0).k} U{upr(j,0.h).k [ j € J})

where J = pr(i,0,s;h').1
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Proposition 3.6.2 If Q) € R = Q.stk < K, thenVi € 7T : Vo € § : Va € C :
M¢R(ivg> (I)k’ <K.

We now prove some lemmas regarding the fixed point puix.

Lemma 3.6.1 Foralli €Z, 0 €S and a € C, we have

1. ifa = s;d, s is either x := e, imr = imr A imr, imr = imr \V imr or skip and u €

Plimr;, T;), then we have g ((Cu(i)), s a0, h(w)).k < pvg (i, 0, s;a').k

2. if a = s;a’ and s is if0 x then s; else sy, then we have pr(i,o,s1;ad').k <

NwR(’La g, S; CL,).]{? and NwR(Z7 0, 52; a,>‘k < :uw’R(?H g, 8; (1,/).]{?

3. if a = (s1;82);d, then we have g (i, o, s1; (s9;a")).k < pbgr(i, o, (s1; $2);d’).k

and j € MQ/JR(Z, g, 51; (52; a,>)‘[ = ,Uz?/)R(j, 0, 52; a,)'k < MQZJR(Z? g, (81; 82); a,>'k

4. if a = iret and u € P(imr;, T;), then we have ppr((Cu(i)), iret::so, h(u)).k <
ur (i, o, iret) .k

5. if h = s; 1, then we have ur(i,o,s; ).k < ug(i,o,h).k and
j € M¢R(27 g, S; h/)I = M¢R(]v g, h/)k < H¢R(27 g, h)k

Proof The proofs of each Item is immediately from corresponding Item of Proposi-

tion (3.6.1). u

Lemma 3.6.2 Foralli €Z, 0 €S and a € C, we have
1. g (iyo,a).d # 0
2. wpg(i,o,a).k > |o|

Proof We proceed by induction on the structure of a € C. There are five cases

depending upon the form of a.
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1. ais of the form: s;a’ and s is either x := e, imr = imr A imr, imr = imr V imr
or skip.

From Item (1) of Proposition (3.6.1), we have
() ppr(is0,850).d = U{ur(j 0, 50).0 | j € Ty U{a(&(i)}

where J = {utr(a(Cu(i)), s; azso, i(w)).I | u € Plimrs, T;)} -
(ii) R, 0,a).k = max({pr ((Cu(i)), s d's0, h(w)).k | w € Plimry, T;) U

{f(,0,8d) k] jeJtUflol})
From (i), we have o(&s(7)) € pur (4,0, s;a).I, which is Item (1).

From (ii), we have uyx (i, 0, s;a).k > |o|, which is Item (2).

2. a is of the form: s;a’ and s is if0 x then s; else s,.
From Item (2) of Proposition (3.6.1), we have
(1) /“/}R(Zu g, a)I = Nw’R(Za g, 81; CLI).[ U MQ/}R(% 0, 52; CL/).I

(11) M@DR(% g, (I)k’ = maX({M¢R(Z> 0, 81; CI,/).]{?, M¢R(Z> 0, 82; a/)'k} )
From the induction hypothesis, we have

(i) VieZ:VoeS: wr(i,o,s;a’).I # 0 and
VieZ :NoeS8:umr(i,o,se;ad).l#0
(iv) VieZ:YoeS8:ur(i,o,s1;ad).k> |o| and
a).

VieI:NoeS§: ugr(i,o,s9;d).k> o]
From (i) and (iii), we have g (i,0,a).I # 0, which is Ttem (1).

From (ii) and (iv), we have uy(i,0,a).k > |o|, which is Ttem (2).

3. a is of the form: s;a’ and s is sq; ss.
From Item (3) of Proposition (3.6.1), we have
(i) pr(i,o,a).] = U{mr(j,0,82;d").1 | j € J}

(11) M@DR(% g, (I)k’ = maX({M¢R(Z> g, S81; (52; a,))'kv M¢R(]7 g, 52; a,)‘k | ] € ‘]})
where J = NwR(Z7 0, 51; (52; CL/))-I

From the induction hypothesis, we have
(i) VjeT:VoeS: urljo,si; (s3a)).0 #0
(iv) Vj€ZI:VoeS:upr(j,o,si;(sea)).k> ol

(v) VjeZI:VoeS8:uwr(j,o,s0;d).l#0
From (iii) and J = ug (i, 0, s1; (s9;a’)).I, we have J # (.
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From J # (), (v) and (i), we have uig(i,0,a).I # (), which is Item (1).

From (iv) and (ii), we have uir(i,0,a).k > |o|, which is Item (2).

4. a is of the form: h and h is iret.
From Item (4) of Proposition (3.6.1), we have
() pr(i o,a).] = U{pbr(j,o,iret).] | j € J} U{ afiree(i)) }
where J = J{ppr (a(Cu(i)), iret::so, ()1 | u € Plimr;, T;)}
(ii)  pr(i,0,a).k = max({ur (a(Cu(i)), iret:so, h(u)).k | u € ﬁ(imm,i)}u

{f(jo,ivet).k | j € J}U{[o]})
From (i), we have o(&iet(7)) € ppr (7, 0,a).1, which is Item (1).

From (ii), we have uix(i,0,a).k > |o|, which is Item (2).

5. a is of the form: h and h = s; R/.
From Item (5) of Proposition (3.6.1), we have
(1) /“/}R(Zu a, CL)I = U{/“/}R(.]? g, h,)‘[ ‘ j S J}

(11) :uwR(zv g, (I)k’ = maX({M¢R(Z> a, S, h,)'k7 M¢R(]7 a, h,)k | j € ‘]})
where J = ur(i,0,s;h').1

From the induction hypothesis, we have
(i) Vje€Z:VoeS8: ug(j,o,sh")).I#0
(iv) Vje€Z:NoeS:uwpr(j,o,8h)).k>|0|

(v) VieZI:VoeS8:ur(j,on)).I#0D
From (iii) and J = ur (i, 0, s;h').I, we have J # .

From J # (), (v) and (i), we have uyr(i,0,a).I # (), which is Ttem (1).

From (iv) and (ii), we have uyz(i,0,a).k > |o|, which is Item (2).

3.6.2 Soundness, stack-irrelevancy and completeness of 1

We define an anti-reflexive, transitive relation C over stack variable S as follows:
o Co iff o'’ =ay .. i ap o 0, where kK > 1. We define a reflexive, antisymmetric,

transitive relation C over stack variable S as follows: ¢ C ¢’ iff 0 = ¢’ or ¢ C o'
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We label the transition @ — Q' with (9" if it is the Rule (3.10); label Q — Q' with
)99 if it is the Rule (3.11). We use variable 7 to denote state transition path. Given
a path 7, we use function II(7) to denote the set of labels along w. We abbreviate

1ov ¢ (), .., 19 ¢ T(7) as 17, ..,17 ¢ TI(7), where [ can be either ( or ).
Proposition 3.6.3 We have

1. If m: Q —=* Q" and Q.0 C Q'.0, then for any o such that Q.0 C 0 C Q'.0, we
have (€ II(m).

2. Ifm:Q —* Q" and Q'.0c C Q.0, then for any o such that Q'.c C o C Q.o, we
have )° € I(m).

S Ifr:Q—=*Q, Qo=0Q" .0 and)? ¢ (r), then (¢ II(n).
4. If ' is a sub-path of m and then I(7") C II(7r).
5. If m is a concatenation of w1 and mw, then II(7) = I1(m) U II(m2).

Proposition 3.6.4 We have

*

1. if path 7: (imri,i, 0,51; (s9;0)) =™ (imr;, ? ,a), then 3i' along ™ such that
a) and

(imm,fi,a, S1; (SQ;CL» — (immr,fi/,a, So; Q@

(z’mm/,ﬁ-/,a, So;a) —* <imrj,fj,a, ay.

2. if path 7 : <zmn,? 2 0,8, h)y =™ (imr;, ?',O’, a), then 3i' along ™ such that
(zmr,,TZ,a sihy =* (imry, Ty, a0, h) and

(imr; ,TZ ,a:0,h) — (zmr],Tj,a, ay.

3. Foru € 0..N, if s;a € C, and path =: <imr,~,i,a h(u)) —* <imrj,?j,a, ay,

*

then there exists i’ along ™ such that (zmrl,TZ,a h(w)) —* (imry, Ty, 0, s;a)

ok

and {(imry ,TZ 1,0, 8;a) — <zmrJ,T 0,a).
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Definition 3.6.3 We denote Q —* Q' if there exists a path w from @ to Q)" such
that

1. Qo=Q.0=0 and (?,)7, ({Q @ YQa)o £ [(7), or
2. Qo= (Q.a):0and Q.0 =0 and (°,), (@ D5 o¢ II(r).

o+
Definition 3.6.4 We denote Q —* Q' if there exists a path ™ from Q) to Q' such
that

1. Qo=Q.0c=0and (°,)° ¢ (), or

2. Qo=(Q.a) 0 and Q.0 =0 and (°,)" ¢ I(r).
Proposition 3.6.5 We have

10 Q5 Q) then Q55 Q.

= o+ =
2. 4f (imr;, Ty, 0,a1) —* (imr;,T;,0,a2), then 3" such that
= = o+

RN g =
(imr;, Ty, 0,a1) —=* (imry, Ty, 0,a3) and (imr;y, Ty, 0,a3) —* (imr;, T;,0,as).

= o+ =
3. if (imr;, Ty, 0,a) —* (imr;,T;,0,a), then either i = j ori# j An(a) € L.

= o+ =
Lemma 3.6.3 If w: (imry,T1,0,a1) —* (imre,Ts,0,as) and ¢’ C o, then we have

(7,)7 ¢ ().

Proof Suppose for the sake of contradiction that ('€ II(m). Then there must
be a state transition (imr’,?,a”,a) — (imr’' A ﬁto,gu(?/),a’,ﬁ(u)) along 7, for
some u € 1..N. Consider the sub-path 7’ of 7 (imr’ A ﬁto,gu(?/),a’,ﬁ(u» ¥
(imm,%g,a, as). From o’ C 0, 0 C o, and Item (1) of Proposition (3.6.3), we have
that (“€ II(7'). From 7’ is sub-path of 7, (“€ II(n’) and Item (4) of Proposition
(3.6.3), we have (€ II(7), which is a contradiction.

Suppose for the sake of contradiction that ) € II(7). Then there must be a state
transition (z’mr’,?/,a’, iret) — (imr’ \/to,a(imr’,?/),a”,a) along 7, where ¢/ = a ::

= —=</
o”. Consider the sub-path of ©’: (imry, Ty, 0,a,) <™ (imr’, T ,o’,iret). From o’ C o,
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o C o, and Item (2) of Proposition (3.6.3), we have that there is a )7 € II(7’). From
7 is sub-path of 7, )7 € II(7’) and Item (4) of Proposition (3.6.3), we have )7 € II(7),

which is a contradiction. [ |

Lemma 3.6.4 We have

o =

= o+ = =
1. if<imT1,T1,U, CL1> S <7;m7’2,T2,0', CL2> and(z’mr2,T2,a, CL2> ¥ <imr3,T3,a, CL3>

RN o =
then (imry, Ty, 0,a1) —* (imr3, T3, 0,a3).

2. foru e 1.N, if (zmrl,Tl,a ay — (imry A ﬂto,au(%l),a o, h(u)) and
o = = o+
(imry A ﬂto,Hu(Tl),a wo, h(u)) —* (imrg, Ty, 0,a), then (imry, Ty, 0,a) —*

<Z.mr2> T2> g, a’> :
o+ = = o’
* <imr2, T2a g, h’2> and <imT2, T2a g, h’2> —

/

3. ifo =a o, (imr,T1,0,h) —

*

2N = o —~
(imrs, T, 0, a), then (imry,T1,0,h1) —* (imrs, T3,0',a).

= ‘7+ o+ =
4. if (imry,Th,0,a1) — <ZmT2,T2,0' as) and(zmrg,Tg,a as) —* (imrs, T3, 0,as),

U+
then (zmrl,Tl,a ay) — (zmrg,Tg,a, as).

= o+ =
Proof 1. From (imry,T1,0,a1) —* (imry, T, 0,as), we have path 7 :

(imrl,%ha, a (zmrg,Tg,a as) and (7,)° ¢ Il(m). From

* *

) =
(z’mrg,?g,a, as) — (zmrg,Tg,a as), we have path my : <imr2,?g,a, as) —
(z’mrg,?g,a, az) and (7,)7, (%%7,)%% & [I(my). Concatenating m; and ms, we
have path 7s: (imrl,Tl,a,al) ¥ (imr3,%3,a,a3>. From (7,)7 ¢ II(m),
(7,)7, (%50 Y9359 ¢ TI(my), 73 is a concatenation of m; and my and Item (5) of
Proposition (3.6.3), we have (7,)7, (%359 )7 & [I(m3), from which it follows

= o =
<7;m7’1, Tl, g, CL1> S <imr3, Tg, g, CL3>.

~

2. From (imr; A o, 0, (T1),a :: o, h(u)) S (imry, Tg, o, a), we have path m:
(imiry /\—|t0,9u(T1),a o, h(u)) —* <imr2,T2,a, a) and (7,)° ¢ II(m). Con-
catenating (imrl,?l,a, a) — (imry A ﬁto,gu(?l),a ,h(u)) and 7, we have
path 7’ : <imr1,?1,a, a) —* <imr2,?g,a, a). From (7, ) ¢ 11(), there is nei-

ther (7 nor )? along the transition
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(imrl,%h o,a) — (imry A —tg, (92(?1), a o, h(u)), ™ is a concatenation of 7
and the transition and Item (5) of Proposition (3.6.3), we have (7,)7 ¢ II(n’),

= o+ =
from which it follows (imry, T4, 0,a) —* (imry, Ty, 0, a).

3. From (z’mrl,?l,a, hy) S* (z’mrg,?g,a, hs), we have path 7 :
(z’mrl,?l,a, hy) —* (z’mrg,?g,a, hs) and (7,)7 ¢ Il(m). From 0 = a :: 0/, we
have ¢’ C 0. From o' C o, <imr1,?1,a, hy) S* <imr2,?2,a, hs) and Lemma
(3.6.3), ()7 ¢ Ti(m). From (imra, T, 0, ha) <" (imry, Ty, o', a), we have

path 7y : <imr2,?2,a, hy) —* <imr3,?3,a’,a> and (7)), (?¢ I(m,). Concate-

nating m, and my, we have path 73 : (imry, T4, 0, h1) —™* (imrs, T3, 0’,a). From

(7)), (°,)° ¢ I(m,), 73 is a concatenation 7, and 7 and Item (5) of Proposi-

!

tion (3.6.3), we have (°,)7, (°¢ II(m3), from which it follows (imry, ?1, o, hy) Sl

(z’mrg,fg,a’,a).

*

RN g N RN
4. From (imry, Ty, 0,a1) —* (imry, To,0,a5), we have m; : (imry,T1,0,a;) —*

= = o+ =
(imre, T, 0,a9) and (7,)7 & Il(my). From (imry, Ty, 0,a2) —* (imrs, T3, 0,a3),

we have my: <imr2,?2,a, ag) —* <imr3,?3,a, as) and (7, )7 ¢ II(my). Concate-

*

nating m; and my, we have m3: (imre,To,0,a0) —™ (imrs,Ts,0,a3). From

(?,)7 ¢ Il(m), (7,)° ¢ I(my), 73 is concatenation of 7m; and my and Item (5) of
Proposition (3.6.3), we have (7, )7 ¢ II(m3), from which it follows

= o+ =
<7;m7’2, TQ, g, CL2> S <imr3, Tg, g, CL3>.

Corollary 3.6.1 We have

o

<imr2,f2,a, CL2> and(imr2,f2,a, CL2> —* <im7“3,f3,a, CL3>

*

= o
1. if<imT1,T1,U, CL1> —

= g =
then (imry, Ty, 0,a1) —* (imrs, T3, 0,a3).
= o = = o’
2. if o =a o, (imr,T1,0,h) —=* (imry, To,0,hy) and (imry, T, 0, hy) —*
O_/

(z’mrg,fg,a’,a), then (imrl,fl,a, hy) —

*

(imrs, fg, o', a).

(o

Proof 1. From (imrl,%h o,a1) —* <imr2,?2, 0,as) and Item (1) of Proposition

(3.6.5), we have
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o+
k

= RN RN [
(imry,T1,0,a1) —* (imre, Ty, 0,as). From (imry,T1,0,a1) —

*

<Z-m7"2,?2, g, (12>,
(imrs, T, 0, as) S (imrs, Ts, 0, a3) and Item (1) of Lemma (3.6.4), we have
(z’mrl,?l,a, a) —* <imr3,?3,a, as).

2. From (z’mrl,?l,a, hy) S (z’mrg,?g,a, hs) and Item (1) of Proposition (3.6.5),

we have
= o+ = = o
(tmrq,T1,0,h1) —=* (imry, Ty, 0, he). From (imry, T4, 0, hy) —

!

*

<imr2,?2,a, h2>,
(z’mrg,?g, o, ha) e (z’mrg,?g, o',a),0 = a:: o' and Item (3) of Lemma (3.6.4),

*

2N g N
we have (imry,Ty,0, h) —* (imrs, T3,0',a).

Let f € D. We define the soundness of f on R as follows.

Definition 3.6.5 (Soundness of f on R) f is sound on R iff for alloc € S, a €C
andi € T, if (imm,i,a, a) € R, then

= g

1. j € f(i,o,s;d").0 = (imr;, Ty, 0,s;a") —* (imrj,?j,a, a)ifa=s;d

— !
~ g

2. j€ fli,o,h).I = (imr;,T;,0,h) —* (imrj,?j,a’,a’> ifa=hando=d ::o

/

We simply say that f is sound if it is clear from the context which R we refer to.

Lemma 3.6.5 Suppose (z’mm,i,a, a) €ER,

1. if a = s;d’ and s is either x := e, imr = imr A imr, imr = imr \V imr or skip,
then we have a(&,(3)) = &,(i) and (imr;, Ty, 0,a) <> (imrgs(i),ffs(i), o,d).

o

2. if a = s;d’ and s is if0 x then sy else sy, then we have (imr;,T; 0,s;a")y —
) = ) = o . =
(imr;, Ty, 0,81;d") and (imr;, Ty, 0,s;d") — (imr;, T;, 0, s9;d’).

o.l

J. Zfa' =iret ando =a’ = 0/7 then we have O‘(giret('é)) - giret(i) and (imri,?i, a, CL> —
(i) Tt 05 @)

~

4. ifu € Plimry, T;) and n(a) € L, then we have a::so = a :: o, a(Cu(i)) = Cu(d)

and (z’mm,i,a, a) — (imrgu(i),?gu(i),a 0, h(u)).
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Proof 1. From (imri,i,a, s;a’) and applying either Rule (3.13) - (3.15), or

(3.18), depending on what s is, we have

(i) (imri,i,a,s;a’) — <imr§s(i),?&(i),a, a).
From (i) and either Rule (3.13) - (3.15), or (3.18) does not introduce (7, )7, (¢
or )¥#? we have

(i) (imr, Ti,0,5:0) < (imre,), Te.), 0, a').
From (z’mm,i,a,s; a’) € R, and (i), we have <imrgs(i),?&(i),a, a') € R, from
which it follows &4(7) € Z. From &,(i) € Z, we have a(&s(7)) = &5(4).

ﬁ>l

2. From (imr;, T;,0,s;a’y and Rule (3.16), we have

i 0,80y — (imr;, T;,0,81;4d).

H>I

(i) (imr;,
From (i) and Rule (3.16) does not introduce (7, )7, ((s1:):o Y1050 e have
(z’mm,i,a,s; ay < <imri,i~,a, s1;a’).

From (z’mfri,i,a, s;a’) and Rule (3.17), we have

(ii) <imri,i~,a,s; a) — (z’mri,i,a, So; ).

From (ii) and Rule (3.17) does not introduce (7, )7, (520039 )(s2167)50 e have

<émria fia g, s; (1/> & <imria fﬂ g, 52; a/>‘

3. From (imr;, T;,0,iret), 0 = a’ :: ¢/ and Rule (3.11), we have

N

(i) (imr;, T;, 0,iret) — (imre, ), Tfm() o' a).
From Rule (3.11) does not introduce (7, )7 or (**? and (i), we have
(zmr,,TZ,a iret) — i (1mre, (i) Tgm() o',a’). From (z’mri,i,a,iret) € R and
(i), we have
(imr&ret(i),%&ret(i), o',a’y € R, from which it follows &e(7) € Z. From et (i) € Z,
we have a(&iret(7)) = Eirer(1)-

4. From u € P(imry, T;), n(a) € L, (imm,i, o,iret) and Rule (3.10), we have
(i) (z’mri,i,a, iret) < (z‘mrgu(i),?gu(i),a o, h(u)).
From (z’mri,i,a, iret) € R and (i), we have (z’mrgu(i),?@(i),a z o, h(u)) € R,
from which it follows a :: ¢ € S and (,(i) € Z. From a :: 0 € S, we have
atso =a:: 0. From (,(i) € Z, we have a((,(7)) = G, (7). u
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Lemma 3.6.6 If f is sound on R then Vg f is also sound on R.

Proof From Definition (3.6.5), we need to prove the following: for alli € Z, 0 € S
and a € C, if (z‘mri,i,a, a) € R, then

- g N

1. jeyrfi,o s d).l = (tmr,T;,0,sd) —=* (imr;, T;,0,d) if a = s;d

/
= o —=

2. jeyrf(i,o h).I = (imr;,T;,0,h) —* (imr;,T;,0',a") if a =h and 0 = d' =:

0./

If a = s;d/, then we need to prove Item (1). There are three cases depending on

the form of s.

1. sis either x := e, imr = imr A imr, imr = imr V imr or skip.
From <imri,?i,a, s;a') € R, a = s;a and s is either x := e, imr = imr A imr,
imr = imr V imr or skip and Item (1) of Lemma (3.6.5), we have a(&5(7)) = &(1)
and (z’mri,i,a, a) <% (émrgs(i),?gs(i),a, a'). From a(&(i)) = &(i) and Item
(1) of Proposition (3.6.1), we have
() Yrfli,0.s:a).0 =U{f(j,0,8d)1|]je T} U{&()}

where J = J{f(a(Cu(7)), s;a' 50, h(u).] | u € ﬁ(z’mri,ﬁ)}. There are two

subcases depending on whether ﬁ(z’mm, T ;) is empty or not.

Subcase 1: ﬁ(z’mm,ﬁ-) = 0.
From ﬁ(z’mn,i) = 0, a(&(i)) = &(i) and (i), we have Ygr f(i,0,s;a’).I =
{fs(i)}._From Yrf(i,o,s8; a’)_.[ = {&(i)} and

. = o . -
(imr;, Ty, 0,a) = (imre,6), Te, ), 0,a"), we have

jEYRf(i,0o,8d).1 = (z’mm,ﬁ-,a, a) 7, <imrj,fj,a, a).

Subcase 2: ﬁ(z’mm,i) £ ().
Let u € ﬁ(z’mn,i). From (z’mri,i,a,s; a) ER,u€ ﬁ(z’mri,i), n(s;a') € L
and Item (4) of Lemma (3.6.5), we have s;a’::s0 = s;ad’ 1 0, a((u(i)) = (.(7)

and <imri,f,~,a, a) — (z’mrcu(i),fgu(i), s;a’ o, h(u)). From s;a’:50 = s;a' =2 o
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and a(C,(7)) = Cu(i), we rewrite J as J = U{f(Cu(i),s;a" = o, h(u)).I | u €

~

P(imr;, T;)}. From (zmrz,TZ,a a) — (z’mrcu(i),?gu(i),s;a’ i 0, h(u)) and
(imr;, T;, 0,a) € R, we have (imre, 6y, f (i), 83 @ o h(u)) € R. From

(imrgu(i),?gu(i), s;a’ i o,h(u)) € R and f is sound, we have
(i) j € f(Culi), 830 0, h(u)).]
(zmrgu(l),Egum,&a i 0, h(u)) S <zmr],? )
From (z’mm,i,a, a)y — (imrcu(i),?cu(i),s; a'::o,h(u)), (i) and Item (2) of

Lemma (3.6.4), we have
(iii) j € f(Cu(d),s;a = o, h(u)).I = (me,T,,a s;a’y — T <zmr],7 a’)
From u € ﬁ(imn,i) (iii) and J = (J{f(Cu(i), s;0" 2 o, h(u)).I | u € P(zmrl,i)},
we have
(iv) jeJ= (zmn,T“a s;al) — s (imrj,?j,a,s;a’)
From (imr;, TZ-, o,a) € R and (iv), we have
(v) jeJ= (imrj,?j,a,s; a) eR
From (v) and f is sound, we have
i) jeJ= (€ f(,o sd)d = (imr;,T; 0 sd) < (imry, Ty,o,d))
From (iv), (vi) and Item (1) of Lemma (3.6.4), we have

(vii)) jeJ= (€ f(yosad)l= (imr;,T;oa) — S (z’mrjr,?j/,a, a'))
which is

(viii) j' € U{f(j,a,s,a) Ilje J} = (zmn,TZ,a a)y — S (imrj/,?j/,a, a')).
From (szrl,T“a, a) <% (imre ) Tgé(z) o,a’), (viii) and (i), we have

&s(d
jEYRf(i,o,8d).1 = (zmr,,f pa') —* <zm7’j’fj,g’ a').

. sis if0 x then s; else s,.

From Item (2) of Definition (3.6.2), we have

(i) vrf(i,o,s;d).0 = f(i,o,s1;d).1U f(i,0,s9;a).1
From (imr;, Ts, 0, s;0') € R and Item (2) of Lemma (3.6.5), we have
(i) <imTi,fi>U,S§a/> < <im7“z'>ﬁ',0> s1;a)

~ ~

(iii) <im7”z‘,Ti,0'73§a/> < <im7"i,Ti707 52;@/>
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from which it follows: (imm,fi,a, sp;a’) € R and (imri,ﬁ-,a, so;a') € R.
From (z’mfri,ﬁ-,a, s1;a') € R and f is sound, we have

= g =
(iv) je€ fli,o,s1;d).0 = (tmr;,T;,0,s1;d") —=* (imr;,T;,0,d")

From (imr;, T;, 0, s9: a’) € R and f is sound, we have
(v) je€ fliyo,s9;d).]= (z’mm,i,a, S9;a’) S <imrj,?j,a, a’)
From (ii), (iv) and Item (1) of Corollary (3.6.1), we have
(vi) j € f(i,o,s1;d).] = <imri,ﬁ,a,s;a’) e <imrj,?j,a, a’)
From (iii), (v) and Item (1) of Corollary (3.6.1), we have
(vii) j € f(i,0,s9;0).1 = (z’mfri,i,a, s;a') o (imrj,?j,a, a)
From (vi), (vii) and (i), we have j € Yxf(i,0,s;d’).] = (z’mfri,i,a,s;a’) S

(imrj,?j,a, CL/>.

. 818 81; S9.

From Item (3) of Definition (3.6.2), we have
() Yrf(i,0,a).] =ULf( 08001 | j €T}

where J = f(i,0,s1;(s2;d’)).I. From
<im7’i,fi,07 (51; 52)2@/> = <im7"z‘,fi70'7 S1; (52;a’)> and <Z'm7“i7fi70'7 (51; 52)2@/> S

R, we have (z’mri,ﬁ-,a, s1; (s9;d’)) € R. From

(imr, ﬁ-, 0,81; (s2;a’)) € R and f is sound, we have
g S

(ii) j € f(i,0,81;(s9;d).1 = (z’mm,i,a, s1; (s9;a")) —=* (imr;, T, 0,s9;a")
From J = f(i,0,s1;(s2;d")).1 and (ii), we have

(i) j € J = (imr;, Ts,0, 515 (s2:0)) —* (imry, T, 0, 50 ')
From (z’mri,i, 0,81; (s2;a’)) € R and (iii), we have

(iv) jeJ= (imrj,?j,a, sg;a') € R
From (iv) and f is sound, we have

(v) jeJ=

<imrj/,fj/,a, a'))

*

(J' € f(j,0,80:0").] = <Z'm7“j>?j,0> So; ) -
From (iii), (v) and Item (1) of Corollary (3.6.1), we have
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(vi) jeJ=

(j/ € f(]? g, 82;a,)'[ = <imri7%\iaav 515 (52;a,)> —* <7;mrj’7TJ’7O- a >)
which is
(vii) j e U{f(.o,s00). 0 |jeT}=

*

- o —~
(imr;, T;,0,51;(s2;d")) —=* (imry, T, 0,d)

From (vii) and (i), we have

(&

J € Yrfi,o,(s1;82);d).1 = (z’mm,i,a, (s1;82);a") —* (imrj,?j,a, a)).

If @ = h, then we need to prove Item (2). From <imm,i, o,h) € R and Corol-
lary (3.3.1), we have (imr;, T\i, o, h) is consistent, from which it follows 0 = a’ :: o’.

There are two cases depending on the form of h.

1. his iret.
From (imr;, ? Jret) € R, 0 = @ :: ¢’ and Item (3) of Lemma (3.6.5), we
have a(&ivet (1)) = &iret(7) and <imri,i, o, iret) Z, (imrgiret(i),?&ret(i), o',a’). From
a(&iret(7)) = &iret(7) and Item (4) of Definition (3.6.2), we have
(i) Urf(i,oiret).] = U{f(j o iret).] | j € J} U{ &reeld) }
where J = {f(a(Cu()),iret::so, h(u)).I | u € ﬁ(z’mri,i)}. There are two

subcases depending on whether P(imr;, T;) is empty.

Subcase 1 : P(imr;, 2) =.
From P(imr;, Z) = ( and (i), we have uyg(i,o,iret).] = { &e(i) }. From
ur (i, 0, iret). ] = { &ee(i) } and (imm,i,a,iret} S (zmréret() Tgm() o' a),

we have j € Y f(i,0,iret).] = (imr;, T;, o, iret) < (z’mrj,Tj,a ,a').

Subcase 2 : P(zmn, ) £ (.

Let u € P(zmn,Tl) From (szrl,T“a iret) € R, u € P(zmrl,i) n(iret) € L
and Item (4) of Lemma (3.6.5), we have iret::so = iret = o, a((.(7)) = Cu(7)
u)). From iret::go = iret :: o

G W(1),iret =2 o h(u). | u €

~

and (imr;, ﬁ o,iret) — (imre, @), ?Cu(i)’ iret 2 o, h
and a(C,(7)) = Cu(7), we rewrite J as J = [J{f(¢
T;)}. From (zmn,T“a iret) < (imre, i), Teugiy, iret =2 o, h(u)) and

AA

A(zmm,



132

(imm,i, o,iret) € R, we have <imr<u(i),%gu(i), iret :: o, h(u)) € R. From

<im7’cu(i)7?gu(i), iret :: 0, h(u)) € R and f is sound, we have
() € F(Guli) et = 0, Fu)). 1 =

(tmre, ), Tcu(l) iret :: o, h(u)) o (imr;, % ,iret)

From (zmr,,TZ,a iret) — (zmrgu(l),Tu(i),iret 20, h(u)), (ii) and Item (2) of

Lemma (3.6.4), we have

(iii) 7 € f(Cu(d),iret :: o, h(u)).I = (imr;

= o+ =
Ty, 0,iret) —* (imr;,T;, o0, iret)
Fromu € ﬁ(z’mri,ﬁ), (iii) and J = J{ [ (Cu(7),

iret :: 0, h(u)).I |u € ﬁ(z’mm,i)},
we have

(iv) jeJ= (zmn,T“a iret) — s (imrj,?j,a,irew
From (imr;, T27 o,iret) € R and (iv), we have

(v) jeJ= (imrj,i-,a, iret) € R

From (v), 0 = a’ :: ¢/ and f is sound, we have

0_/

(vi) je€J= (€ f(jo,iret).] = <imrj,?j,a,iret> —* (z’mrj/,?j/,a’,a’))
From 0 =a' :: 0, (iv), (vi) and Item (3) of Lemma (3.6.4), we have

o’ =

(vii) j € J= (j € f(j,o,iret).] = (imr;, T;,0,iret) —* (imrj, Ty, o', d’))

which is

— !/ J—
~ g ~

(vili) 7 e U{f(J,0, |ret) I'|jeJ}= (imr;,T; 0,iret) =* (imry, Ty, o' ad))

From (szrl,T“a, iret) < <zmr§m(l) Tfm(z) o',a), 11) and (i), we have

(_1
Tj, o', a).

Jj € Vrf(i,o,iret).] = <z‘m7“,,TZ,U, iret) — i —* (imr;,
. hiss;h.
From Item (5) of Definition (3.6.2), we have
(1) ¢Rf(l7 g, h)I = U{f(]? g, h,)[ ‘ j S J}
where J = f(i,0,s;h').I. From (z’mfri,ﬁ,a,s;h’> € R and f is sound, we have
(i) j€ fi,0,8 )0 = (imry, Ti, 0,8 1) —* (imr;, T;, 0, k')
From J = f(i,0,s;h').1 and (ii), we have
(i) jeJ= (z‘mri,i,a,s;h’> e <imrj,?j,a, h')

From (z’mri,i, o,s;h'y € R and (iii), we have
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(iv) jedJ= (imrj,?j,a, h')yeR

From (iv), 0 = a' :: ¢’ and f is sound, we have

/ J—
~

(v) jedJ=("€ef(yo )= (z’mrj,?j,a, B’y —=* (imr;, T, o', a’))
From o = a' :: 0/, (iii), (v) and Item (2) of Corollary (3.6.1), we have

o’ =

Vi) je€J= (€ f(,o,l).I = (imri, To 0,5 1) —* (imr;0, Ty, 0", ')

which is

/

[ =

(vii) j e H{flU,on)I|je ]} = (imri,i,a, h'y —=* (imr;, Ty, 0, ad)

From (vii) and (i), we have

o’ =

jE€Vrf(i,o h).] = (imr,-,i,a, h)y —* (imr;,T;,0',d’).

We define stack-irrelevancy of f on R.

Definition 3.6.6 (Stack-irrelevancy on R) f is stack-irrelevant on R iff for all
1 €Z,a€C and for any o,0' € S, if(z'mm,fi,a, a) € R and <imri,fi,a’,a> € R,

then we have
1. f(i,o,a).l = f(i,o',a).1
2. fli,o,a).k —|o| = f(i,0';a).k — |0

We next prove in Lemma (3.6.9) that fixed point piprfo is sound and stack-

irrelevant.

Proposition 3.6.6 If f is sound on R and (z‘mri,i,a, a) € R, then
1. j € f(i,o,s;d).1 = (z’mfr’j,?j,a, a) eR ifa=s;d
2. j€ fliyo,h).I = (imrj,?j,a’,a’> eRifa=hando=d :: 0

Lemma 3.6.7 Suppose (z’mm,i,a, a) €ER,

1. if a = s;d’, s is either x := e, imr = imr A imr, imr = imr V imr or skip, and f

1s sound, then we have
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(a) u € ﬁ(imri,?i) = ((anso=a:0) A (a(Cu(1)) = Cu(i)))

(b) ue ﬁ(imri,?i) = <imr<u(,~),f<u(,~), s;a’ o, h(u)) €R

(c) u € ﬁ(imri,i) = (j € f(C(i),s;d = o,h(w)).d = (imr;,T;,0,s;a") €
R)

2. if a = s;ad’ and s is if0 x then s; else so, then we have (imm,fi,a, sp;a) € R

and <imm,ﬁ-,a, sy;a’) € R.
3. ifa=h, h isiret and f is sound, then we have

(a) u € Plimr;, Ti) = ((iret::s0 = iret = 0) A (a(Cu(9)) = Cu(4)))

~

(b) ue ﬁ(z’mri,i) = (imre i), Teuw), iret i o, h(u)) € R

(c) ue ﬁ(imri,?i) = (j € f(Cu(i),iret :: o, h(u)).I = (imrj,?j,a, iret) € R)

Proof 1. Suppose u € P(zmr,,T) From (zmm,T,,a s;a’y € Ryu € ﬁ(z’mri,ﬁ),
n(s;a’) € L and Item (4) of Lemma (3.6.5), we have a:so = s;d’ = o,

a(Cu(i)) = Culi) and (imry, T, 0, 50"y — (imre, sy, Teu)s 51 '--O—E(u». From

(imr;, T;,0,s;a0") € R and (i mri,? o,sa") — (imre,q), Tcu() o, h(u)),
we have (imrcu(i),?cu(i), a o, h(u)) € R. From (imre, @, TCU() o, h(u)) €
R, f is sound and Item (2) of Proposition (3.6.6), we have j € f((u(i),s;a’ $
o, h(u)).I = (z’mrj,?j,a,s;a’) eR.

2. From (z‘mri,ﬁ,a,s;a’) € R, s is if0 x then sy else s, and Item (2) of Lemma
(3.6.5), we have (imr;, T;, 0, s;d') <= (imr;, Ti, 0, s1;d') and (imr;, Ti, 0, s:a') <>
(imm,fi,a s9;a’). From <imm,ﬁ-,a,s;a’> € R and <imri,ﬁ-,a,s;a) <

(imn,T ;a’), we have <imrl-,i-,a, s1;a') € R. From (z’mfri,i,a,s;a’) €

o ~

S1;
R and <zmr,,T o,s;a") — (imr;, T;, 0, s9;a’), we have (imr;, T, 0, s9;a’) € R.

3. Suppose u € ﬁ(z’mri,i). From (z’mm,i,a,iret} €ER, u € ﬁ(z’mri,ﬁ-),
n(iret) € £ and Item (4) of Lemma (3.6.5), we have iret::go0 = iret :: o,
a(Cu(i)) = Cu(i) and (imr, T;, 0,iret) < (imre, ), Teo,iret = o, h(w)). From

(zmr,,? o,iret) € R and <imr,~,i,a,iret) — (z‘mrcu(i),?@(i),iret =0, h(u)),
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we have <imr<u(i),%<u(i), iret :: 0, h(u)) € R. From (imrgu(i),?@(i), iret :: o, h(u)) €
R, f is sound and Item (2) of Proposition (3.6.6), we have j € f((,(7),iret :
o, 7(w).I = (imr;, T;,0,iret) € R

|

Lemma 3.6.8 If f is sound and stack-irrelevant on R, then ¢r f is also sound and

stack-irrelevant.

Proof From f is sound on R and Lemma (3.6.6), we have ¢ f is also sound. From
Definition (3.6.6), we need to further prove that for all i € Z and a € C and for any

o,0 €8, if (z’mri,i,a, a) € R and (imm,i,a’,a) € R, then we have
1. ¢Rf(i,0, CL)] = LZJRf(i,U/,a).]
2. Yrf(i,o,a).k — |o| =Yrf(i,0',a).k — |0

We prove by case analysis on the form of a. If the form of a is s;a’, there are five

cases depending on the form of s.

1. If a = s;a’ and s is either x := e, imr = imr A imr, imr = imr V imr or skip.
From (imr;, T;,0,s;a') € R, s is either x := e, imr = imr Adimr, imr = imrV imr

or skip, and Item (1) of Lemma (3.6.5), we have a(&(7)) = &(7).

From (z’mri,i, o,s;a') € R, sis either z := e, imr = imr Aimr, imr = imrV imr
or skip, f is sound and Item (1) of Lemma (3.6.7), we have
() wePlimr,Ti) = ((ais0 = az o) AalGli) = Gl0)
(i) we ﬁ(imm,?l) <imr<u(i),%<u(i), s;a’ o, h(u)) €R
T)
(5 € f(Cu(i),s;d o, h(u)). = (imrj,?j,a,s; a)eR).

=
(iii) we Plimr, T;) =
From (imr;, T\i, o',s;d') € R, siseither x := e, imr = imrAimr, imr = imrVimr
or skip, f is sound and Item (1) of Lemma (3.6.7), we have

(iv) we Plimr, Th) = ((azs0” = a:: 0') A (a(Gul(i)) = Guli)))

(v) we ﬁ(z’mn, (imre, iy, fgu(i), s;a’ o' h(u)) €R

T;) =
(Vi) ue Plimr,T;) = -
(G € F(Cud), s o' h(w)).I = (imr;,T;, 0", s;d') € R).
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From a(&(i)) = &(7), (i) and Item (1) of Definition (3.6.2), we have
(vii)  Urf(i,0,a).0 = U{f(j,0,5:0").1 | j € JFU{&() }

(viii)  Yrf(i,0,a).k = max({f(C.(3),s;a" :: o, h(u)).k | u € ﬁ(imr,-,ﬁ)}u

{f(,0,8:0") .k | j € J}U{|ol})
where J = J{f(C.(i),s;a" = o,h(u)).] | u € ﬁ(zmm,i)} From «a(&(i)) =
(1), (iv) and Item (1) of Definition (3.6.2), we have

(ix) rf(i,0,a)l =U{f(j,0",s;a").0 | j € JHU{ &) }

%) rfl, 0, a).k = max({f(Cui), ;0" = o' T(w)).k | w € Plimrs, Ti)IU

{f0, 0" s;d) .k [ jeJHU{lo]})

col h(u).d | u € ﬁ(imm,?

where J' = U{f(C.(4), s;d ;) }. From (ii),(v) and

f is stack-irrelevant, ~we have

(xi) wePlimr, Ti) = f(Culi),s

(xil) w € P(Zer,T,) =
(f(Gu(i), 550" 22 0, h(w)).k — |sya’ o] =
f(Cu(i), o', h(u)).k — |s;d 2 o)

From (xi), J = U{f(C(i),s;d" :: o, h(ul).[ | u € ﬁ(zmr,,i)} and J' =
ULF(Guld), 530 o' B(w)). T | w € Plimrs, T

co,h(w). I = f(Cu(i), s;a" 0’ h(u)). 1

T,)}, we have J = J'.

From (iii), (vi), (xi) and f is stack-irrelevant, we have
(xiii) w e P(imr;, T AZ) =
(5 € f(Culi), 30" 0, h(u)).] = f(j.0,s1d).0 = f(j,0', s70').1)
(xiv) u e P(i

imr;, Z) (5 € f(Cu(i), 55 =2 0, h(u)).I =

flj,0,8d).k—|o| = f(4,0,s;d).k—0"])
From (xiii), (vii), (ix) and J = J’, we have ¥ f(i,0,a).] = Yrf(i,0’;a).l
which is Item (1).

From (viii), by subtracting || on both sides of the equation, we have

(xv) Yrf(i,o,a).k —|o| = B
max({(f(Cu(i),s;a" 2 0, h(u)).k—|o]) | u e ﬁ(imri,fi)}u
{(f(j,0870").k —ol) | j € J}U{0})

From (x), by subtracting |o’| on both sides of the equation, we have
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(xvi) VYrf(i,o',a).k—|o'| = B
max({(f(Cu(7),s;a" 2 o', h(w)).k —|0]) | u € ﬁ(imri,fi)}u
{(f(j, 0", s;a).k=10']) | j € J'}U{0})

From (xii), by subtracting 1 on both sides of the equation, we have
(xvil) wu € ﬁ(z’mri,i) =
f(Cu(3), 850 o, h(u)).k —|o| = f(Cu(i), 830" 2 o', h(w)).k — |o]
From (xiv),(xv), (xvi), (xvii) and J = J', we have Y f(i,0,a).k — |o| =
Yrf(i,0',a).k — |o'|, which is Item (2).

. If a = s;a’ and s is if0 z then s; else ss.

From (z’mfri,i,a,s;a’) € R, s is if0 x then s; else sy and Item (2) of Lemma
(3.6.7), we have <imri,i~,a, s1;a') € R and (imri,i,a, S9;a') € R. From
(z’mm,i,a’ s;a’y € R, s is if0 x then s; else so and Item (2) of Lemma (3.6.7),

we have (zer,T,,a s1;a’y € R and zmTZ,TZ,a s9;a’) € R.

(

From (z’mri,ﬂ,a, s1;a') € R, (z’mrz,f o', s1;a’) € R and f is stack-irrelevant,
we have

(1) f(i70731;a/)‘[: f(i,O'/,Sl;a/)-[

(11) f(zv g, 51; Cl/).k' - |0‘| = f(l7 0/7 51; a'/)‘k - |0/|
From (imr;, fi, g,89;a') € R, {imr,, fi, o', s9;a’) € R and f is stack-irrelevant,
we have

(i)  f(i,0,80;d").I = f(i,0,s9;a").1

(IV) f(l7 0, 823 a'/)'k - |0| = f(zv OJa 52; a'/)'k - |0J|
From Item (2) of Definition (3.6.2), we have

(v)  Urfli,o,a)l = f(i,0,s1;d").1U f(i,0,s9;a").1

(vi)  Yrf(i,0,a).k = max({f(i,0,s1;d).k, f(i,0,s9;a").k})
(vil)  Yrf(i,0',a).] = f(i,0',s1;a"). 1 U f(i,0,s9;a").1

(viii) Y f(i,0',a).k = max({f(i,0',s1;ad).k, f(i,0',s9;a").k})

From (i) and (iii), we have

(IX) f(l7 0, 51; a,>‘] U f(/lJ 0, 823 CL/).[ = f(Za OJv S1; a,>‘] U f(% 0-,7 S2; CL/)-I
From (ix),(v),(vii), we have ¥ f(i,0,a).] = Yrf(i,0',a).], which is Item (1).
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From (ii) and (iv), we have
(x) max({f(i,0,51;d").k — o], f(i,0,50;0").k — |o]}) =
max({f(i,0’,s1;d’).k —|d’|, f(i,0',s9;a").k — |o'|})

From (vi), by subtracting |o| on both sides of the equation, we have
(Xl) wa(Z7 g, Cl,)k’ - |0| =
max({f(i,0,s1;0).k — |ol|, f(i, 0,85, 0").k — |o]})

From (viii), by subtracting |o’| on both sides of the equation, we have
(xii) Yrf(i,0’,a).k— 0| =

max({f(i,0', s1;a).k — 0’|, f(i, 0, s9;0).k — |o']})
From (x), (xi) and (xii), we have Yr f(i,0,a).k — |o| = Yrf(i,0',a).k — |0,

which is Item (2).

. Ifa=s;a and s is s1; ss.
From (z’mri,i,a, (s1;89);a") = (z’mri,i,a, s1; (82;a")) and
(imm,i,a, (s1;82);ad") € R, we have (imm,i,a, s1; (s9;d’)) € R. From
(imm,i, 0,51;(s2;d)) € R, f is sound and Item (1) of Proposition (3.6.6), we
have

i) jeJ= (imrj,?j,a, sp;a') €ER
where J = f(i,0,1; (s9;a’)).1. From (z’mri,i,a’, (s1;82);a) =
(z’mm,i,a’, s1; (82;a’)) and (z’mri,i,a’, (s1;892);a’) € R, we have
(z’mm,i,a’, s1; (s2;d')) € R. From
(imry, Ty, 0", s1; (s2:a')) € R, f is sound and Item (1) of Proposition (3.6.6), we
have

i) jelJ = <imrj,%j,a’,s2;a’> eR.
where J' = f(i,0’, s1; (s9;a’)).I. From (z’mri,i,a, s1; (s9;d')) € R,
(imm,i, o',s1;(s2;a")) € R and f is stack-irrelevant, we have

(i)  f(i,0,51;(s2;a")).I = f(i,0, s1; (s9;d")).1

).k

(i) f(i,0,815 (s9;0")).k = |o] = [ (i, 07, 515 (s2;.0')) .k — [0
From J = f(i,0,s1;(s9;a)). 1, J' = f(i,0,s1;(s2;a’)).] and (iii), we have

J=J.

From J = J’, (i), (ii) and f is stack-irrelevant, we have
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(V) J € ‘]:>f(ijaSQ;a'/)'I:f(j)o-/?SQ;a'/)‘I

(vi) jeJ= f(j,0,8050d).k—|o|=f(j,o, sead).k— |0
From Item (3) of Definition (3.6.2), we have

(vil)  Wrf(i,o,a). =\{f(j,0,80;d").] | j € J}
(viii) Y f(i,0,a).k = max({f(i,0,s1; (se;a")).k} U{f(j,0,80;d).k | j € J})
(ix)  Yrf(i,o',a). I =U{f(j,0,s0;d).1|j€J}

(x)  WYrf(i,o',a).k =max({f(i,0', s1;(s2;a)).k} U{f(j,0,s2;d).k | j€J})
From J = J', (vii),(ix) and (v), we have ¥r f(i,0,a).] = Yr f(i,0',a).1, which

is Item (1).

From (viii), by subtracting |o| on both sides of the equation, we have
(Xl) wa(Z7 g, Cl,)k’ - |0| =

max({f(i,0,51; (s2;0")).k — |o[} U{f(j,0,s2:a").k — |o] | j € J})
From (x), by subtracting |¢’| on both sides of the equation, we have

(xii) Yrf(i,0’,a).k— 0| =

max({f(i. o', 515 (s2:0) b — |0/} U {f(G. 0" s k= |o'] | 5 € )
From J = J’, (iv), (vi), (xi) and (xii), we have ¢ f (i, 0, a).k—|o| = Vg f(i,0',a).k—

|o’|, which is Item (2).

. If a=~h and h is iret.

—~

From (z’mri,i,a, iret) € R and Corollary (3.3.1), we have (imr;, T, o,iret) is
consistent, from which it follows ¢ = a’ :: ¢”. From <imm,i,a,iret> € R,
o =ad 0" and Item (3) of Lemma (3.6.5), we have a(&et(2)) = &irer(?). (We
have exactly the same (&et(7)) = &Eirer(7) from (imm,i, o', iret) € R.)

From (z’mri,i, o,iret) € R, f is sound and Item (3) of Lemma (3.6.7), we have
(i) we

(j € f(Culi),iret = 0, To(w)).D = (imr;, T}, 0,iret) € R).

From (imr;, T;, o' iret) € R, f is sound and Item (3) of Lemma (3.6.7), we have
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(iv) e Plimri, Ti) = ((iretgo’ = iret =2 0*) A (a(Cu(i)) = Cu(i)))
(v) we ﬁ(imm,i) = (z’mrcu(i),%gu(i), iret :: o/, h(u)) € R

(vi) weP(imr;, T;) =

(j € f(Culi), iret = 0", Ti(w)).I = (imr;, T;, 0, iret) € R).

From a(&iet(7)) = &iret(7), (1) and Item (4) of Definition (3.6.2), we have

(vii) PR f(i,0,iret). ] = U{f(j, 0,iret).] | j € J} U{ &iree(i) }

(viii) ¥ f(i, 0, iret).k = max({f(C.(7),iret :: o, h(u)).k | u € ﬁ(imm,i)}u

{f(j,o,iret).k | j € J} U{lal})

where J = |J{f(Cu(i),iret i o, h(u)).D | w € Plimr;, T;)}. From a(&re(i)) =
&iret(7), (iv) and Item (4) of Definition (3.6.2), we have

(ix) W f(i, o' iret). ] = U{f(j, 0’ iret).] | j € J}U{ &reeld) }

(x)  Yrf(i,o, iret).k = max({f(C.(),iret :: o', h(u)).k | u € ﬁ(z’mri,i)}u

{f(, o iret).k [ j € T3 U{]e’]})

where J' = |J{f(C.(3),iret :: o/, h(u)).I | u € P(zmr,, T:)}. From (ii),(v) and f
is stack-irrelevant, we have

(xi) we P(zmrl, ) = f(Cu(4),iret = o, h(w)).] = f(Cu(3),iret =2 o', h(u)).1

(xil) w € P(zmrl,ﬁ) =

(f(Cu(d), iret 2 o, h(u)).k — |iret :: 0| =
f(Cu(d),iret =2 o, h(u)).k — |iret :: o'])

From J = |J{f(C.(7),iret :: o, h(u)).I | u € ﬁ(imm,i)}, J = U{f(Cu(i),iret ::
o' h(u)).I | ue P(zmn, T:)} and (xi), we have J = .J".
From (iii), (vi), (xi) and f is stack-irrelevant, we have

(xiil) u € Plimri, T,) =

(5 € f(Cu(d),iret :: o, h(w)).] = f(j,0,iret).] = f(j,0,iret).]
(xiv) w e P(imr, Z) (5 € f(Cu(i),iret = o, h(u)).] =

f(,o,iret).k — |o| = f(j,0',iret).k — |o"])
From (xiii), (vii), (ix) and J = J', we have ¥ f (i, 0,iret).] = ¥ f(i, 0, iret).I,

which is Item (1).
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From (viii), by subtracting |o| on both sides of the equation, we have
(xv) Yrf(i,o,iret).k —|o| =
max({(f(Cu(i), iret :: o, h(w)).k — |o]) | uw € P(imr;, T;)}U

{f (G, 0viret).k — o] | 7 € T} U{0})
From (x), by subtracting |o’| on both sides of the equation, we have

(xvi) Yrf(i,o iret).k —|o'| =
max({(f(Cu(i), iret - o, h(u)).k — |o’|) | w € P(imrs, Ti) U
{f(j, 0’ iret).k — o] | j € J'} U{0})
From (xii), by subtracting 1 on both sides of the equation, we have
(xvii) u e P(imr;, T;) =
PG iret = 0, (w) b — o] = F(Cu(i), et = o To(w)) & — |0
From (xiv),(xv), (xvi), (xvii) and J = J', we have ¢gf(i,0,iret).k — |o| =

wr f(i, 0 iret).k — |o'|, which is Ttem (2).

.Ifa=hand hiss;h.
From (z’m’ri,i, o,s;h') € R and f is sound, we have
i) jeJ= (z’mrjfj,o—, h')eR
where J = f(i,0,s;h')).I. From (z’mm,i,a’,s;h’» € R and f is sound, we
have
i) jeJ = <z‘mrj,%j,a’,h’> €ER
where J' = f(i,0',s;h)).1. From (z’mri,i,a,s;h’> €R, <imri,?i,a’, s;h')) €
R and f is stack-irrelevant, we have
(ii)  f(i,o,80). 0= f(i,0',s;1).1
(iv) f@i,o,80).k—|o| = f(i,o',s; ).k — |0’
From (i), (ii) and (iii), we have J = J'.
From J = J', (i), (ii) and f is stack-irrelevant, we have
(v) jeJ= f(j,on)l=f(jo ).l
(vi) jeJ = f(jo,N)k—|o|= f(j,0 h).k— |0
From Item (5) of Definition (3.6.2), we have
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vii) - Yrf(i,0,h) I =U{f(G, 0 1).1 | € T}
i) rf(i 0, h).k=max({f(i, 0,5 h)) .k} UL{f(G, 0 1)k | j €T}
ix)  Yrfi,0’,h).I=U{f(j.0',W).I|j€ T}

(x)  Ywrf(i,o',h).k=max({f(i,0’,s; ).k} U{f(j, o', h).k]|je J})
From J = J', (vii),(ix) and (v), we have g f(i,0,h).I =Yg f(i,0’, h).I, which

is Item (1).

t,0,

(
(
(

From (viii), by subtracting |o| on both sides of the equation, we have
(Xl) 2/}Rf(Z? g, h)k - |U| =

max({f (i, 0,8 h")).k = o[} U{f(j, 0, h).k = o] | j € J})
From (x), by subtracting |o’| on both sides of the equation, we have

(xii) Wrf(i,o' h).k — |o'] =

max({f(i,0",s;1')).k — o[} U{f (0", ).k = |o'| | 5 € J'})
From J = J’, (iv), (vi), (xi) and (xii), we have

wrfli,o h).k —|o| = Yrf(i,o’, h).k — |o'|, which is Ttem (2).

Lemma 3.6.9 pyg is sound and stack-irrelevant.

Proof From pir is the fixed point pr fo, we have that pyr fo = Y% fo, for some

m > 0, for which ¥ fo = w;’{“ fo. It is sufficient to prove by induction on n that, for

all n > 0, Y% fo is sound and stack-irrelevant.

e Base case: n = 0. We have ¥% fo = fo. fo is trivially sound and stack-irrelevant.

e Induction Step. From the induction hypothesis, we have that 1% fj is sound and
stack-irrelevant. From % fy is sound and stack-irrelevant and Lemma (3.6.8),

we have that 15" f is also sound and stack-irrelevant.
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Let f € D. We define the completeness of f on R as follows.

Definition 3.6.7 (Completeness of f on R) f is complete on R iff for allo € S,
acCandiel, if (imm,i,a, a) € R, then

o

1. (z’mm,i,a, s;a’) —* (imrj,?j,a, a)=je€ fli,o,s;d).I if a=s;d

o_/

iy 0, h) —* (z’mrj,?j,a’,a’> =j€ f(i,o,h). Il ifa=h ando=ad :: o

=)

2. <Z'm7“l-,

We simply say that f is complete if it is clear from the context which R we refer to.

We now prove in Lemma (3.6.11) that the fixed point pix is complete.

Lemma 3.6.10 We have

*

N ag N
1. 4f (imr;, Ty, 0,s,a) —* (imr;,T;,0,a) and s is if0 x then s else sy, then

o

(imrj,?j,a, a) or (z’mm,i,a, So;a) —*

*

< o
we have either (imr;,T;,0,s1;a) —

(imr;,T;,0,a).

2. if <imri,?i,a, (s1;82);a) —* (imrj,?j,a, a), then 3i" such that

(imry, Ty, 0,89;a) and (imry, Ty, 0, S2;a) —

* *

(imrs, T, 0, (513 52); a) —
(imr;,T;,0,a).
3. ifo=a: o and (z’mfri,i,a, s; h) —* (imrj,?j,a’,a), then 3i" such that

~ ~

(imm,i,a, s; h) e (imry, Ty, o,h) and (imry, Ty, o, h) o <imrj,fj,a’,a>.
Proof 1. From if0 x then s; else so is instantaneous and Rules (3.16) and (3.17),
we have the only two out-going edges from (imr;, i, 0,8;a) are
(i) <z’mrl-,i,a, s;a) < <imri,i,a, S1; @)
(ii) <imr,~,i,a, s;a) < <imri,i,a, So; @)
From (z’mri,i,a, s;a) S <imrj,?- o,a), and (i) and (ii), it follows either

7
N o = = g N
(imry, Ty, 0,81;a) —=* (imr;, T;,0,a) or (imr;, Ty, 0,89;a) —* (imr;, T;,0,a).

iy 0, (51; 52); CL> = <Z'mri7fi7 g, 81, (52; a)>7 and
o =

i 89);a) —* (imr;, T, 0,a), we have

)|

2. From (imr;,

(émr,-,Ti,a, (

VA
—_

= g =
(i) (imr;, T, 0,815 (52;a)) —=* (imr;,T;,0,a)
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From (i), we have path 7 : <imm,i,a, s1; (s9;a)) —* (imrj,?j,a, a) and
(9,0, (%7 )0 ¢ (). From (imri, Ty, 0, 1; (s25a)) —* (imr;, T;,0,a) and
Item (1) of Proposition (3.6.4), there exists i; along 7 such that we have
sub-path 7: (imri,i,a, s1; (s2;a)) —* (imril,il,a, So;a) and sub-path my:
(imml,il,a, S9;a) —* <imrj,%j,a, a). From (7,)7 ¢ II(xr) and 7 is the con-

catenation of m; and m, we have (7,)7 ¢ Il(m) and (7,)7, (*7,)*7 & II(my).

*

2N g 2N
From (7,)7 ¢ Il(m), we have (imr;,T;,0,s1;(s2;a)) —* (imry, T, 0, S2;a).

*

From (z’mri,?i,a, s1; (s9;a)) — (imml,il,a, S9;a) and Item (2) of Proposi-

*

tion (3.6.5), there exists i’ such that (z’mfri,i, 0,81; (S2;a)) — <imrif,i/, 0, S9; Q)

= o+ =
and (imry, Ty, 0,50;a) —* (imrs,, T, 0, 59;a). From (°,)7, (%57 )% ¢ T1(7y)

RS g - —=
and 7o, we have (imr;,, Ty, , 0, s9;a) —* (imr;, T}, 0,a). From (imry, Ty, 0, s9; a)
o+

*

RN RN o =
—* (imr;, T4y, 0,82;a), (imry,,T;,0,89;a) —* (imr;,T;,0,a), and Item (1)

of Lemma (3.6.4), we have <imr,~/,i/, g, s9;a) —* (imr;, T, 0,a).

) From(imri,i,a,s;h) * (imr;, % ,a), we have path 7: (imm,i,a, syh) —*
I(m

(z’mrj,?j,a’,a) and (7,)7, (7' ¢ ). From ¢ = a :: ¢/, 7 and Item (2) of

Proposition (3.6.4), there exists ¢; along 7 such that we have sub-path m :

(imm,i,a, syh) —* (z’mril,T“,a h) and sub-path 7 : (imril,T o,h) —

i1
(z’mrj,?j,a’,a). From (?,)%,(°'¢ TI(7) and 7 is the concatenation of m; and
7y, we have (?,)° ¢ II(m;) and (7,)%,(° ¢ H(m). From (7,)7 ¢ I(r) and
m, we have <imri,i,a,s;h) S* <imri1,T“,a h). From (z’mm,i,a, s;h) —
(z’mml,T“,a h) and Item (2) of Proposition (3.6.5), there exists ¢’ such that
(z’mm,Ti,a,s; h) S (z’mm/,i/,a, h) and (z’mm/,i/,a, h) e (z’mril,il,a, h).

From (?,)7, (7' ¢ TI(m,) and m,, we have (imril,il,a h) —* <imrj,?j,a’ a>

= o+ =
From o = a == o', {imry, Ty,0,h) —* (imr;,, Ty, 0,h), (z’mml,T“,a h) —

(z’mrj,?j,a’,a) and Item (3) of Lemma (3.6.4), we have (imr; ,TZ/,O’, h) —

(imr;,T;,0',a).
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Lemma 3.6.11 uir is complete on R.

Proof From Definition (3.6.7), we need to prove for all 0 € S, a € C and i € Z, if
(imr;, T;,0,a) € R, then

N g
1. (omr;, T;,0,a) —

*

<imrj,fj,a, a)=j € wr(i,os;d).lif a=s;d

o_/

5o, h)y =" (imr;,T;,0',d") = j € ppr(i,o h).lif a=hand o =d

ol

=)

2. (imry,

0./

We prove by induction on the structure of a € C. If the form of a is s;a’, we need
to prove Item (1). If the form of a is h, we need to prove Item (2). There are five

cases depending upon the form of s.

1. If a = s;a’ and s is either x := e, imr = imr A imr, imr = imr V imr or skip.

We have

(i) (z’mri,i,a,s;a’) S (z’mrj,?j,a, a’)
It is clear that there are 0 or more (5;“'”", )5;“'”" pairs along the path. Let n be
the number of the pairs. We prove by induction on n.
Base case (n = 0). There is no (%%%7 )%¥%% pair, which means no inter-
rupts along the path. From Rule (3.13)-(3.15) and (3.18), depending on what
s is, we have <imri,?i,a,s;a’) S <imrj,%j,a, a'), where j = &(i). From
(z’mrj,?j,a, a') € R, we have j = a(&(i)) = &(i). From j = «a(&s(7)) = &4(7)
and Item (1) of Proposition (3.6.1), we have j € ur(i, 0, s;a’).1.
Induction Step. Suppose there are n + 1 of (97 )%%% pairs along the path.
Considering the first one, we have

(ii) (z’mri,i,a,s;a’) — (imrgu(i),?gu(i),s; a o, h(u)),

where u € ﬁ(z’mm,i)

(iii) (imrcu(i),%gu(i), sya’ o, h(u)) —* Q < (imri/,ﬁr,a, s;a’)

=~ g —~

(iv) (imry, Ty, 0,s,d") —=* (imr;,T;,0,d),

along which there are n of (%%, )% pairs
From (iii) and the induction hypothesis on a, we have
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(v) i" € pr(Cu(i), s;a’ 0, h(u))

From (iv) and the induction hypothesis on n, we have

(Vi) Jj € mr(i’,o,s8:a").1

From (z’mrcu(i),?gu(i), s;a’ o, h(u)) € R, we have
(vii)  a(Cu(i)) = (u(7) and s;a’::g0 = s;ad" o
From (v), (vi), (vii), u € P(imr;, T;) and Item (1) of Proposition (3.6.1), we

have j € upr(i, o, s;a’).1.

. If a = s;a’ and s is if0 z then s; else ss.

We have

~

(i) (z’mri,i,a,s;a’) e (imr;,T;,0,d)
From (i), s is if0 x then s; else syand Item (1) of Lemma (3.6.10), we have either
(ii) <imr,~,i~,a, si;al) << (z’mrj,?j,a, a’)
or
(i) (imrs, Ty, 0,500y < (imr;, Tj, 0,d')
If we have (ii), then from the induction hypothesis, we have
(iv) j € wgr(iyo,s1;a’).d
From (iv) and Item (2) of Proposition (3.6.1), we have j € pyz(i,0,s;a’).1.
If we have (iii), then from the induction hypothesis, we have
(v) je€pgr(i,o se;a).d
From (v) and Item (2) of Proposition (3.6.1), we also have j € uyr(i,0,s;d’).1.

. If a =s;a" and s is sq; 9.

We have

= g =
(i) (imr;, Ty, 0,(s1;82);a") —=* (imr;, T;,0,d")

From (i) and Item (2) of Lemma (3.6.10), we have 3i’ such that

—~ ag —~
(il)  (imr;, Ty, 0,(81;892); 0"y —=* (imry, Ty, 0, 89;a)
2N o -
(iii) (emry, Ty, 0,80;d") —=* (imr;, T, 0,d")

From (ii) and the induction hypothesis, we have

(iv) @ € pr(i,0,(s1;82);0)).1
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From (iii) and the induction hypothesis, we have

(v) J€mpr(i’,0,s05d").1
From (iv), (v) and Item (3) of Proposition (3.6.1), we have j € ux(i,0,s;a’).I.

. If his iret.
From <imri,i-, o,h) € R and Corollary (3.3.1), we have that (imm,i, o, h) is

consistent, from which it follows o = a’ :: ¢’. We thus have

= g =
(i) (imr;, Ty, 0,iret) =* (imr;,T;,0',d)

iret::o )iret::o
)

It is clear that there are 0 or more ( pairs along the path. Let n be

the number of the pairs. We prove by induction on n.

(iret::a’ )iret::a

Base case (n = 0). There is no pair, which means no interrupts

along the path. From Rule (3.11), we have <imri,i~, o, iret) < (z’mrj,?j, o' a),
where j = &et(7). From <imrj,fj,a’,a’) € R, we have j = a(&ret(7)) = Eirer (7).
From j = a(&iret(i)) = &ret(i) and Item (4) of Proposition (3.6.1), we have

J € ur(i,o,iret).1.

Induction Step. Suppose there are n + 1 of ( pairs along the path.

iret::o )iret::o
;

Considering the first one, we have

(ii)  (imr, Ty, 0,iret) — (z’mrgu(i),?gu(i), iret :: 0, h(u)), where u € P(imr;, 1)
(iii) <émTCu(i)>fCu(i)a iret :: O‘,E(u» —* Q & <imri/,ﬁv, a, iret>

~

g S
(iv) (imry, Ty, o,iret) =* (imr;, T;,0',d'),

(iret::a )iret::a

along which there are n of pairs

Y

From (iii) and the induction hypothesis on a, we have

(v) i € pbr(Cu(i); iret i 0, h(u))

From (iv) and the induction hypothesis on n, we have

(vi) j € g, o,iret).l

From (imre, @), fgu(i), iret :: 0, h(u)) € R, we have
(vil)  a(Cu(?)) = (i) and iret:igo =iret :: o

From (v), (vi), (vii), u € P(imr;, T;) and Item (4) of Proposition (3.6.1), we

have j € ur(i,o,iret).1.
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5. 1fh=s;h.

From (z’mm,i, o,h) € R and Corollary (3.3.1), we have that (imr;, T;,0,h) is

consistent, from which it follows o = @’ :: /. We thus have

~

N o
(i) (imry,T;, 0,80y —=* (imr;,T;,0',d")

From (i) and Item (3) of Lemma (3.6.10), we have 3i’ such that
(i) (imry, Ti, 0, 0) —* (imry, T, 0, 1)

JR— !
~

(iii) (z’mri/, T,'/, a, h/> —

*

<imrj,?j,a’,a’)
From (ii) and the induction hypothesis, we have
(iv) & € pgr(i,o,s;h')).1
From (iii) and the induction hypothesis, we have
(v) j€mr(i o h).1
From (iv), (v) and Item (5) of Proposition (3.6.1), we have j € uyx (i, o, h).I.

Proposition 3.6.7 We have

1. if s s either x := e, imr = imr A ¢mr, imr = imr V ¢mr or skip, and path
= o+ =
w: (imr;, Ty, 0,8,a) —* (imr;, T;,0,s;a), then there are n > 0 of (%97, )%%

pairs along path .

= o+ =
2. if path m: (imr;,T;, 0 iret) —* (imr;,T;, o0,iret), then there are n > 0 of

(iret::a )iret::a

pairs along path .

)

Lemma 3.6.12 We have

= o+
1. if s is either x := e, imr = imrAimr, imr = imrVimr orskip, (imr;, Ty, 0, s;a) —*

<émrj’ ?j’ 0,5, CL>, then #¢R(]> g, s, CL)] g H}@ZJR(Z, g, S, (I)I and
:U“,QZ)R(‘% g, S; Cl,)k’ < ,uwR(Z, g, s; Cl,)k’

= o+ =
2. if (imr;, Ty, 0,iret) —* (imr;, T, o,iret), then pyg (4, o, iret).I C ppgr(i, o, iret).I
and pr(j, 0, iret).k < ppg(i,0,iret).k.
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Proof We prove the two items individually.

o+ = =

1. From (imr;, T;,0,s;a) —* (imr;,T;,0,s;a), we have path 7 : (imr;, T, 0, s; a)

. (z’mrj,fj,a,s;@ and (7,)7 ¢ II(w). From s is either x := e, imr =
= o+ =
imr A dmr, imr = imr V imr or skip, (imr;,T;,0,s;a) —* (imr;,T;,0,s;a)

and Item (1) of Proposition (3.6.7), we have there are n > 0 of (%97, )% pairs
along path m. We prove by induction on n.

Base case n = 0. There are no interrupts along m, in which situation the
path 7 is of 0 length: i = j. It follows uwr(j,0,s;a).I C ur(i,o,s;a).l and
LR (4, 0, sya).k < pr(i, 0, s;a).k.

(s;a::a )s;a::a

Induction step. Suppose there are n+ 1 of pairs along path 7. Con-

sider the first pair along the path 7, we have
i) (imr;, Ty, 0,8 a) — (ingu(z),fgu(i), s;a o, h(u))

for some u € 1..N such that u € ﬁ(imri, ﬁ)

~

(i)  Sub-path m;: (imrcu(i),%gu(i), sya o, h(u)) —* (imry,, Ty, , 0,5 a)
along which there is no (%%
(iii) Sub-path my: (z’mril,il,a,s; a) —* <imrj,?j,a,s; a)
along which there are n (%% %% pairs
From (i), we have a((,(i)) = (.(7) and s;a::s0 = s;a :: 0. From (7,)7 ¢ II(7)
and  is a sub-path of m, we have (?,)? ¢ II(m ). From (ii) and (7, )7 ¢ II(m),

*

we have (z’mrcu(i),%@(i), sya o, h(u)) — (imril,?il,a, s;a). From

*

(z’mrgu(i),?gu(i), s;a o, h(u)) < <imr,~1,i1, o,s;a) and pr is complete
(Lemma 3.6.11), we have i; € pugr(Cu(i),s;a == o,h(u)).I. From a((,(i)) =
Cu(?), s;atso = s;a o and Item (1) of Proposition (3.6.1), we have
(iv)  pr(iyo,sa)d = U{mr (i’ 0, s1a).1 | j' € T} U{a(&(4))}
v)  ur(i,o,s;a).k = max({upr (Cu(i), s;a o, h(u)).k | u € ﬁ(imm,i)}u
{pr(4',0,550).k | 5 € Ty U{[ol})
where J = U{ptbr(Culi), s3a = 0,w)).I | w € P(imr;, T;)}. From (iv) and

(v), we have
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(Vi) pr(j’s0,s5a).0 C pyp
(vi))  ppr(j's 0, s7a).k < py
where j" € U{pr(Cu(2), 550 :
From iy € pgr(Cu(i), s;a o, h u))[ and (vi) and (vii), we have
(viii)  pypr(?,0,s;a).I C ur(i,o,s;a).

(ix)  pr(?,0,s;a).k < pupr(i,o,s;a).k
From 7y is sub-path of 7 and (7, )7 ¢ II(7), we have (7, )7 ¢ II(ms), from which it
= o+

* *

<zmrJ,T] o,s;a). From (imr;,,T;,0,8a) —

119

follows <imri1,T 0, 8;a) 3
(imrj,?j,a, s;a), there are n of (%7 )%%7 pairs along my and the induction
hypothesis on n, we have

(x)  pr(j 0, s7a).f C ppr(i',0,87a).1

(xi)  pYr(j,0,s7a).k < pbr(i',0,s;a).k
From (viii) and (x), we have pyx(j,0,s;a).I C upr(i,o,s;a).l. From (ix) and

(xi), we have pr(j,0,s;a).k < ppgr(i, o, s;a).k.

2. From (z‘mri,i, o, iret) e (z’mrj,?j, o, iret), we have path 7 : <z’mri,i~, o, iret)
—* (z’mrj,?j, o,iret) and (7, )7 ¢ II(m). From s is either z := e, imr = imrAimr,
imr = imr \V imr or skip, <imri,i~,a, iret) S* (imrj,?j,a, iret) and Item (2) of
Proposition (3.6.7), we have there are n > 0 of ("% )iet:9 pairg along path 7.
We prove by induction on n.

The rest of proof is similar to that of Item (1). We omit details.

Lemma 3.6.13 We have
o+ =
1. if n(s;a) € L and <zmrl,T2,a s;a) —=* (imr;,T;,0,s;a), then
wr(j, 0, 8;a).0 C pbr(i, o, s;a).0 and wpgr(j,0,s;a).k < ppgr(i, o, s;a).k.
= o+ =
2. ifn(h) € L and (imr;,T;,0,h) —=* (imr;,T;, o', h), then
:U“,QZ)R(‘% g, h)I C M¢R(Z> g, h)I and ﬂ¢R(]> g, h)k: < ﬂ¢R(27 g, h)k

Proof Ifi = j, then the two Items of this Lemma are trivially true. We now suppose

1 # 7 in the following proof.
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*

1. From <imri,i, 0, 8;a) — (imrj,?j, 0, s;a), we have path 7 : <imri,i~, 0, 8;a)
—* (imm,f},a,s;a} and (7,)7 ¢ II(w). From n(s;a) € L, it follows 7(s;a) is
a primitive statement. We prove by induction on the form of s. There are two

cases.

(a) s is either x := e, imr =imr A imr, imr = imr V imr or skip.
From s is either x := e, imr = imr A ¢mr, imr = imr V ¢mr or skip,
(imri,i,a,s;@ S* (imrj,?j,a,s;@ and Item (1) of Lemma (3.6.12),
we have uir(j, 0, s;a).0 C ppr(i, o, s;a).l and
ppr(J, 0, 83a).k < ppr(i, o, s;a).k.

(s1;(s2;a)) is a primitive statement.
o+
(

S9;a), we have (zmrl,T“a s1; (s9;a)) —*

(b) s = s1;82 and n
From s;a = sq;
(imr;, T], 0, 81; (s2;a)). From n(sy; (s2;a)) is a primitive statement,
(zmri,Ti,a, s1; (82;a)) T <imrj,?j,a, s1;(82;a)) and the induction hy-
pothesis, we have

(1) wbr(j, 0,515 (s2;0)).1 C ppr(i, 0,815 (s2;0)).1

(ii)  pr(d, 0, 81; (s250)).k < pbw (i, 0, 515 (523 a)) .k
From Item (3) of Proposition (3.6.1), we have

(iil)  pr(i, 0, (s1582);a). I = H{pr(y', 0,80;a).1 | j' € J}
(iv)  pbgr(i, 0, (s1;82);a).k = max({ g (i, 0, s1; (s2;a)).k}U

{ur(i",0,8250).k | j" € J})
where J = ug (i, 0, s1; (s2;a)).1. From Item (3) of Proposition (3.6.1), we

have
(V) M¢R(]v g, (Sl; 52); CL)] = U{M¢R(]/a g, S2; a)I | j/ € J/}
(Vi) pr(j, 0, (815 82); a).k = max({upr(J, 0, s1; (s250)).k U

{M¢R(j,/70-7 SQ;a)'k | j” S J/} )
where J' = ppr(j, 0, s1; (s9;a)).I. From (i), we have J' C J. From J' C

J? (111> and (V>7 we have Mw’R(ja g, (81;82);60)'[ C :U’Q/}R(iuo-a (81;82);60'['
From J' C J, (ii), (iv) and (vi), we have
bR (g, 0, (815 82);a)).k < ppr(i, 0, (s15 82); a).k.
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= o+ =

,0,h), we have path 7 : (imri,i,a, h) —*

J
(imrj,fj,a, h) and (7,)7 ¢ II(m). From n(h) € L, it follows the form of h is

either iret or s; b’ where n(s; h') € L. We prove by case analysis on the form of

h.

(a)

h = iret.

From s is either = := e, imr = imr A iémr, imr = imr V ¢mr or skip,
= o+ =

(imr;, Ty, 0,iret) —* (imr;,T;,0,iret) and Item (2) of Lemma (3.6.12),

we have

wr (4, 0,iret). I C upr(i, o, iret). ] and pr(j, o, iret).k < g (i, o, iret).k.

h =s;h/ and n(s;h') € L.
From n(s;h') € £ and (z’mfri,i,a, s; h') I <imrj,%j,a, s; 1) and Ttem
(1) of Lemma (3.6.13), we have

(i) per(j o si0).d C ppr(i o, s 1)1

(11) M¢R(]7 U,S;h/).k < MwR(ivo->S; h/)k
From Item (5) of Proposition (3.6.1), we have

(111) /“/}R(Zv g, h>I = U{Mw’R(jlv g, h/>] | j/ S J}
(iv)  ppr(i o h).k =

max({ppr (i, 0,5, 1)k} U{ppr (5’ 0, W)k | 5" € T} )
where J = ug(i,0,s;h').1. From Item (5) of Proposition (3.6.1), we have

(V) Nw’R(], ag, h)[ = U{/“/}R(j/,a, h/)[ ‘ j/ c J/}
(Vi)  ppr(j,00h).k =

max({ppr (4, 0,8, 0').k} U{ppr(j', 0, 0).k [ j" € J'} )
where J' = g (j,0,s;h').I. From (i), we have J' C J. From J' C J, (iii)

and (v), we have ur(j,0,a).1 C ppg(i,o,a).l. From (i), J C J, (iv)
and (vi), we have ur (4,0, h).k < ppr(i,o,h).k.
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3.6.3 Constructing types and type judgments

In this subsection, we define the sets that are critical to our type and type judg-
ment constructions with the help of function uir; and prove a number of useful
lemmas regarding the sets; formally define the types and type judgments for state-
ments, handlers and the main program.

We define the following sets
Definition 3.6.8 Foru € 0..N, define

1. 17 = {i | {imr;, Ty, 0,a) € R}

= — o+ = —
o 70 — {i | Gimry, Ty, o, h(w)) —* (imr;, Ty, 0,a)} if i € I7MW
o 0 otherwise

3. I = g (i,0,a).1

4 K7 = pir (i, 0, a).k — o]

mas({KZ* | i € 15%}) if 17 # 0

5. Kf,“u =
0 otherwise

Proposition 3.6.8 We have

1. 4f j €17 then (z’mfr’j,%j,a, a) € R.

T

if 177 # 0, then a € C,.
Proposition 3.6.9 Foru € 0..N, if i € 7" then ]IZ’E(") = {i}.

Lemma 3.6.14 Foru € 0..N, ifi € I3, then K{"* <KJ7.

i u?

Proof From I7¢ # () and Item (4) of Definition (3.6.8), we have

N7

K% = max({K7" | i € I)% }), from which it follows for ¢ € I3, K7 < K>%. u



154

Lemma 3.6.15 Ifi € [7* N17*, then we have J7* = J7* and KI* = K7 °

2

Proof From i € I7*N1°* we have i € [ and i € 1%, From i € 1% and Ttem (1)
of Definition (3.6.8), we have (z’mri,i, o,a) € R. Similarly, from i € [7% and Item
(1) of Definition (3.6.8), we have (z’mfri,i,a’,a) € R. From Item (3) of Definition
(3.6.8), we have J7* = jupr (i, 0, a).1 and J** = ppg (i, 0, a).1. From Item (4) of Def-
inition (3.6.8), we have K7* = utpr (i, 0,a).k — |o| and K7* = pupr (i, 0", a).k — |0’
From Lemma (3.6.9), we have pig is stack-irrelevant. From (imm,i,a, a) € R,
(imri,i,a’ ,a) € R, that puig is stack-irrelevant, and Definition (3.6.6), we have
g (i, 0,a).1 = ppgr(i,0'a).I and ppgr(i,0,a).k — |o| = pr(i, o', a).k — |o’|. From
(i 0a) T = pm(ino'ya) 0, I = pbn(i,0,a).T and J7° = (i, ', a).1,
we have J7° = J9° From pur(i,0,a).k — |o| = wbr(i,o’,a)k — |o/|, KO =
g (i,0,a).k — |o| and K7 * = japr (i, 0’, a).k — |o’|, we have K™ = K7 **. u

We define the following auxiliary sets.

Definition 3.6.9 For u € 1..N, define
L Iv={i|icI™ A (i) € Ha;;gﬁ(u)}
2. We={a:o|ielo®Al®) e lwoh@})

o,h(u W s .
3 Ju = qué)) forany o € Wy if i€l
0 otherwise

/K KZUE(SL) for any c € WY if i el*
o 0 otherwise

Note that if i € 1%, then J¥ and K} are well defined sets because of Lemma (3.6.15),
Clearly, for all uw € 1..N, we have [* C 7 and for all € I*, W} C S.

Proposition 3.6.10 Ifi € I%, then there exists o0 € W} such that Ji' = JZU}ESL) and

u Uﬁ(u)
Ky = Kcu(i) .
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We now construct handler types from R:

= K =
Definition 3.6.10 DefineTr: Vu € 1.N: Tr(u) = \;cpu (imry, Ti — \ jcgu tmry, T;)
We construct type judgments from R:

Definition 3.6.11 Foru € 0.N, o € S and i € T, define

1. Type judgment for statement s

TR }_K;’ZG s /\Z-E]I;wl,;;a(zmri, T, — vje,]]f’sw imrj, T;) where s;a € C
2. Type judgment for main
TR Frnim M 2\ _oitm 4y, Ty
R K;‘(‘)’(}l vzel['l?é)yg" iy 41

3. Type judgment for handlers

TR I—K?Z h : /\Z.Eﬂ?;;(zmm, T, — Vjeﬂ;r,h imr;,T;) where h € C

3.6.4 Well-formedness of types and type judgments

In this subsection, we first prove some lemmas that will be used in the later part
of the section. We then proceed to prove the well-formedness of the types and type

judgments constructed as we did in subsection 3.6.3.
Lemma 3.6.16 IfQ € R = Q.stk < K, then K] < K

Proof From @ € R = Q.stk < K and Proposition (3.6.2), we have Vi € 7 :
Vo € §:Va € C: wr(i,o,a).k < K. From Item (4) Definition (3.6.8), we have
K = uyr(i,0,a).k — |o]. From K" = ur(i,0,a).k —|o] and Vi € Z : Vo € S :
Va € C : pgr(i,o,a).k < K, we have K" < K — |o|. From K" < K — |o| and

lo| >0, we have K" < K. u
Lemma 3.6.17 K7 > 0

Proof From Item (4) Definition (3.6.8), we have K/ = uyr (i, 0,a).k — |o|. From
Item (2) of Lemma (3.6.2), we have ut(i,0,a).k > |o|. From K7 = pyg(i,0,a).k—

lo| and px (i, 0,a).k > |o|, we have K > 0. ]



156
Corollary 3.6.2 K77 >0

Proof There are two cases depending on whether I7% = 0. If I77 = ), then
from Item (5) of Definition (3.6.8), we have K{ = 0. Suppose i € I7. From
Lemma (3.6.17), we have K" > 0. From ¢ € 17 and Item (5) of Definition (3.6.8), we
have K7 = max({K?" | i € 17%}). From K7* > 0 and K = max({K* | i € [7%}),

we have K%¢ > 0. [ |
Lemma 3.6.18 J7“ # ().

Proof From Item (3) of Definition (3.6.8), we have J* = uyr(i,0,a).l. From
Item (1) of Lemma (3.6.2), we have g (i,0,a).1 # (). From ppr(i,0,a).I # () and
I = upr (i, 0,a).1, we have J7 # (. |

Lemma 3.6.19 Foru € 0..N, ifi € I7°, then we have J7"* C T7..

Proof From Lemma (3.6.18), we have J7** # (. Consider j € J7**. From

0,8;a

j € J77 and Item (3) of Definition (3.6.8), we have j € puyx(i,0,s;a).l. From
Lemma (3.6.9), we have uyg is sound. From i € 77 and Item (1) of Proposition
(3.6.8), we have (z’mm,i,a,s;a) € R. From uig is sound, <imm,i,a, s;a) € R,
Jj € mpgr(i,0,s;a).1 and Item (1) of Definition (3.6.5), we have <z’mri,i,a, s; a) S
(z’mrj,?j,a, a). From i € I} and Ttem (2) of Definition (3.6.8), we have we have

= o+ = = o+

i € 17" and (imry, Ty, 0, h(u)) —* (imry, T;, 0, s;a). From (imry, Ty, 0, h(w)) —*

(imri,i, o, s;a), (imr;, fi, 0, 8;a) o (imr;, T\j, 0,a) and Item (1) of Lemma (3.6.4),

* *

we have (imri/,i/,a,ﬁ(u)) — <imrj,?j,a, a). From (z‘mri/,i/,a,ﬁ(u)) —
= = _ o+
(imr;,T;,0,a) and Item (1) of Proposition (3.6.5), we have (imry, Ty, o, h(u)) —*

= — — o+ =
(imr;,T;,0,a). From i’ € 1MW (imry, Ty, o, h(u)) —* (imr;,T;,0,a) and Item

(2) of Definition (3.6.8), we have j € I7/. u

Corollary 3.6.3 Foru € 0..N, if 177 # 0, then we have 17 # (.

U
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Lemma 3.6.20 I £ ().

10,0

Proof We prove by induction on the nesting level of m. Define the nesting level of

m inductively as follows:
e the nesting level of p.m is 0.

e if m is of the form s;m’ and the nesting level of m is n, then the nesting level

of m'is n + 1.

In base case (n = 0), we have the initial state @)y, where Qp.a = p.m, it follows
H?(i',’é"m = {ip}. In induction step, suppose m = s;m’ and the nesting level of m is n.

From the nesting level of m is n and the induction hypothesis, we have H?;I,’gn £ 0.

From ]I?(i[’gn £ ) and Corollary (3.6.3), we have 17" =£ (. u

10,0
Lemma 3.6.21 Foru € 1.N, if I9M®) 2§ then Ji : i € 199 A ¢, (i) € [%ohw),

Proof Let j € 1% From j € 1%°"® and Item (1) of Definition (3.6.8), we have
(z’mrj,?j, a:: 0,h(u)) € R. Consider a state immediately before (imrj,?j, a:: o, h(u))
in R. By inspecting Rules (3.10)-(3.18), we have that Rule (3.10) is the only one that
can have (imr;, ?j, a :: o, h(u)) on the right hand side of the binary relation <, from
which it follows that we can choose i such that (imr;, i, o,a) — (imr;, ?j, a:: o, h(u))
and (z’mr,-,i,a, a) € R, where (,(i) = j. From <imri,i,a, a) € R and Item (1) of
Definition (3.6.8), we have i € 17 u

Lemma 3.6.22 Suppose u € 1.N. If Q € R and Q.a = s;a and ¥Q)' € R : u ¢

ﬁ(Q’.imr, Q’.?), then Q" € R such that Q".a = a A Q”.f(u) > Q?(u)
Proof Let Q = (imr, ?, o, s;a). We prove by induction on the form of s. There are

three cases.

1. sis either x := e, imr = imr A ¢mr, imr = imr V imr or skip.
From (imr,T,0,s;a) € R and Rules (3.13)-(3.15), (3.18), we have
—/ —=</ ~ =
(xs(imr), T ,o,a) € R, where T = 0(imr,T). From V@' € R :
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~ ~

u ¢ P(Q imr, Q’.?), we have T (u) = H(imr,?)(u) = T'(u) + 1, from which it
follows T (u) > ?(u)

2. sis if0 x then s; else s,.
From <imr,?, 0,s;a) € R and Rule (3.16), we have (imr, %, 0,s1;a) € R. From
(z’mr,?, o,s1;0) € Rand VQ' € R : u ¢ ﬁ(Q’.z’mr,Q’.?) and the induction
hypothesis, we have 3Q” € R such that Q".a = a A Q”.?(u) > ?(u)

3. s1is s1; S9.
From (s1;s2);a and (z’mr,?, o,s;a) € R, we have (imr,?, 0,51;(s2;a)) € R.
From (z’mr,?, 0,81;(82;0)) € Rand VQ' € R : u ¢ ﬁ(Q’.z’mr,Q’.?) and the
induction hypothesis, we have 3Q” € R such that Q".a = sy;a A Q”.?(u) >
%(u) From Q" € R and Q".a = sg;a and VQ' € R : u ¢ ﬁ(Q’.imr, Q’.?) and

the induction hypothesis, we have 3Q" € R such that Q".a = a A Q’”.?(u) >
Q" T(u). From Q".T(u) > Q".T(u) and Q".T(u) > T(u), we have Q" .T(u) >
|

Lemma 3.6.23 Foru € 1..N, if R is finite, then Jo € S such that 17M®) £ (.,

Proof Let u € 1..N. Suppose for the sake of contradiction that Vo € S, we have
17" = (). From Item (1) of Definition (3.6.8), we have 3Q € R such that Q.a = h(u).
From 3Q € R such that Q.a = h(u), and by inspecting conditions of Rules (3.10)-
(3.18), we have VQ € R : u & P(Q'.imr, Q’.?). Let N be the set of natural numbers.
We will construct an infinite state sequence Q°,...,Q", ... such that Yn € N : Q" €
RAQ".a =loop sandi > j = Q’%(u) > Qj.%(u), which contradicts the assumption
that R is finite. We construct the sequence inductively as follows:

Base case (Q°). From Lemma (3.6.20), we have ]I?;';(']Wp S £ (. Let i € IM°° * From

i0,0
i€ I[?;t’(']mp * and Item (1) of Proposition (3.6.8), we have (imr;, T;,nil, loop s) € R.
Let Q° = (imr;, Ts, nil, loop s).

Induction step (Q"™'). Suppose Q" € R A Q".a = loop s. From Q" € R and
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Rule (3.12), we have (Q".imr, Q".?, nil, s;loop s) € R. From
(Q™.imr, Q".?, nil, s;loop s) € R and VQ' € R : u ¢ ﬁ(Q’.imr, Q’.?) and

Lemma (3.6.22), 3Q" € R such that Q”.a = loop s/\Q”.?(u) > Q".f. Let Q" = Q".
|

Corollary 3.6.4 Suppose R is finite. Foru € 1..N, I" # ().

Proof From R is finite and Lemma (3.6.23), we have there exist ¢ € S such that
1MW) £ (. Let i € 1% From i € I"® and Ttem (1) of Definition (3.6.8), we
have <imm,i,a,ﬁ(u)) € R. From <imri,?i,a, h(u)) € R and Corollary (3.3.1), we
have state (imri,?i,a, h(u)) is consistent, from which it follows o = a :: ¢’
o =a:o and 17 £ @ we have 175 £ (. From [%° " % () and Lemma

(3.6.21), we have Ji : i € 19 A (, (i) € I%9PW) From i : i € 19 A (, (i) € 1% hw)
and Item (1) of Definition (3.6.9), we have 3i : i € I, u

From

We now prove that the handler types are well formed in the sense of Defini-

tion (3.4.1).

Lemma 3.6.24 (Well-formedness of handler types) Suppose(@ € R = (Q? <
TAQ.stk < K). Foru e 1.N, Tr(u) = /\igu(im%i & Ve imrj,?j) is well

formed.

Proof From Q € R = (Q? < TAQ.stk < K) and Theorem 3.3.1, we have R is
finite. From Definition (3.4.1), we need to prove, for v € 1..N

i) I«#0

(i) Viel*:K¢>0

(i) Viel“:J“#£0
The proof of Item (i) comes immediately from Corollary (3.6.4). Let ¢ € 1%, then

from Proposition (3.6.10), there exists ¢ € W such that we have J¥ = JZUE(SL ) and

K¢ = Kzuﬁ(z(y ). From Lemma (3.6.17), we have Kzuﬁ(g;‘) > 0. From K = Kzuﬁ(z(;“‘ ) and

Kzuﬁ(z(;‘ ) >0, we have K > 0, which is Item (ii). From i € I" and Item (3) of Definition
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(3.6.9), we have J* = J‘zf(z(?) From i € [* and Lemma (3.6.18), we have Jgf(gl) # 0.

From J¥ = Jgf(g“‘) and JZE(SL ) £ 0, we have J¥ # (), which is Ttem (iii). |

We now prove the well-formedness of type judgments for statements, handlers and

the main program in the sense of Definition (3.4.2).

Lemma 3.6.25 (Well-formedness of type judgment, statements) Suppose
Q€ R = (QT <TAQ.sth < K). IfIZ5" # 0, thenTr bgowa s+ Njgpossa (imrs, T —

\/jejg,s;a imr;, f]) is well formed.

Proof From Q € R = (Q? < TAQ.stk < K) and Theorem 3.3.1, we have R is
finite. From Item (1) of Definition (3.4.2), it suffices to prove:

() Viele: I 40

(i) Ki5“ >0.
Proof of Item (i) comes immediately from Lemma (3.6.18). Proof of Item (ii) comes

immediately from Corollary (3.6.2). [ |

Lemma 3.6.26 (Well-formedness of type judgment, handler) Suppose

QeER= (Q% <TAQ.stk < K). [f]lgz # (), then T I—K;,;; h : /\Z.E]I;,Z(imn,fi —

Vjegon imr;, ;) is well formed.

Proof From Q € R = (Q? < T7AQ.stk < K) and Theorem 3.3.1, we have R is
finite. From Item (3) of Definition (3.4.2), it suffices to prove:

(i) Vielt . J7"#0

(i) K% >o.
Proof of Item (i) comes immediately from Lemma (3.6.18). Proof of Item (ii) comes

immediately from Corollary (3.6.2). u

Lemma 3.6.27 (Well-formedness of type judgment, main) Suppose
QeER=> (Q% <TAQ.sthk<K). Trbgm : Vieﬂﬁ””; imri,?i is well formed.
10,

Proof It is clear that K > 0. From Item (2) of Definition (3.4.2), we need to prove:

Hnil,m
10,0

# (), which comes immediately from Lemma (3.6.20). n
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3.6.5 Constructing type derivations

In this subsection, we first prove lemmas that will be used in the proofs of type
derivation constructions. We then proceed to show how to build the type derivations

for statements, the main program and handlers.

Proposition 3.6.11 We have

if0 = then s else s2);a 0,51;a 0,52;a
1‘ H?;v(l _]]: H-’ )
i u i’ u

9 H 3152 _Hosl i(s2;a)

i U

o,s;loop s o,loop s
3 I[Zo 0 - I[Zo 0

~

Lemma 3.6.28 For u € 0.N, if n(a) € L, i € I and u € Pimry, T;), then we

have I} # 0 and I CI7%.

~

Proof From i € I, and Item (1) of Proposition (3.6.8), we have (imr;, Ti,0,a) €
R, from which it follows ¢ € I7% From (z’mm,i,a, a) € R, u € ﬁ(z’mm,i) and
Item (4) of Lemma (3.6.5), we have (imri,i,a, a) — (z’mrcu(i),?gu(i),a 20, h(u)).
From <imri,i-, 0,a) € R and (z’mri,i, o,a) — (z’mrgu(i),?gu(i), a:: o, h(u)), we have
(imrcu(i),%gu(i), a0, h(u)) € R, from which it follows ¢, (i) € I%%M®) From i € [0
Cu(i) € I%9h®) and Ttem (1) of Definition (3.6.9), we have i € I*. From i € 179,
Cu(i) € 1%9M®) and Ttem (2) of Definition (3.6.9), we have a :: 0 € W* From
iel* a:oe W and Item (3) of Definition (3.6.9), we have J¥ = JZ Zh(u) From
Lemma (3.6.18), we have J¢ ) 7MW £ (). From N Zh(u nd J© Zh(u # (), we have
J¢#0.

Consider j € J}. From J} = JZ:?Z.’)E(U), we have j € JZ:ETZ-’)E("). From j € JZ Zh(u)
and Item (3) of Definition (3.6.8), we have j € uyr((.(i),a = o,h(u)).I. From
Lemma (3.6.9), we have i is sound. From pig is sound, (imrgu(i),?@(i), a: o h(u)) €
R, j € mpr(Cu(i),a :: 0, h(u)).I and Ttem (2) of Definition (3.6.5), we have
(imrgu(i),%@(i),a o, h(u)) S (zmrJ,T o,a). From <imm,i,a ay —

(imrc, ), ey @ = 0, Bw), (imre,, T, a = 0, hw)) = (imry, Ty, 0, a), Teem (2)
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= o+
of Lemma (3.6.4), we have (imr;, T;,0,a) —*

<imrj,%» 0,a). Fromi € I and Item
(2) of Definition (3.6.8), we have i’ € I°"®) and (imry, Ty, o, h( )) e <zmri, TZ-, o, a).
From (z’mm/,i/,a,ﬁ(u» T (z’mm,i,a, ay, (zmm,T,,a a) — (zmr],T],a a), Item
(4) of Lemma (3.6.4), we have <imri/,?ir,a, h(u)) 5 <zmrJ,T],a, a). From i’ €
7% and (imri/,?ir,a, h(u)) 5 <imrj,%j,a, a) and Item (2) of Definition (3.6.8),

. o,a
we have j € I/ . [ |

Lemma 3.6.29 Foru € 0.N, if 177" # 0 and j € 175, then 3i € 177 such that

*

(z’mri,Ti,a,s; a) — <z'm7°j,Tj,U, a.

Proof From j € I7 and Item (2) of Definition (3.6.8), we have i’ € %M and
(imiry, T, 0, Bw)) <3* (imry, Ty, 0, a). From (imry, Ty, o, A(u)) <o* (imr;, 75, 0, a)
and Item (1) of Definition (3.6.4), we have a path 7 <imri/,ir, o, h(u)) —*

(z’mrj,?j, o,a) and (7,)7 ¢ II(7). From I$7" # () and Item (2) of Proposition (3.6.8),
*

we have s;a € C,. From s;a € C,, (zer,T,/,a, h(u)) — <imrj,fj,a,a> and

Item (3) of Proposition (3.6.4), there exists ¢ along 7 such that we have sub-path
T (imri/,ir,a,ﬁ(u)) — (imri,i,a,s;@ and sub-path m: (imm,i,a, s;a) —*
(z’mrj,?j,a, a). From 7 is sub-path of 7 and (7, )7 ¢ Il(7), we have (7,)7 ¢ II(m),
from which it follows (imr; ,TZ o, h(u)) — 2 <zmrl,TZ,a s;a). From i’ e 7"
(imri/,?ir,a, h(u)) e (zmrl,T“a, s;a) and Item (2) of Definition (3.6.8), we have
i € 177, From 7y is sub-path of 7 and (7, )7 ¢ II(7), we have (7,)? ¢ Il(m), from

which it follows (imm,i,a, s; a) S* (z’mrj,?j,a, ay. [ |
Lemma 3.6.30 We have

1 J° (if0 = then 51 else s2)ia _ yosiia || Jousria

9 J]—cr(slsz U{J032a|jejasl(sza}

3. if h=s; I, then J7" = U{I7" | j € I7%"}

Proof 1. From Item (2) of Proposition (3.6.1), we have

(i)  pr(i,o, (if0 x then sy else s9);a).1 = pgr(i, 0, s1;a). I U ppr(i, o, s9;a).1
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From Item (3) of Definition (3.6.8), we have

(11> J]—;r,(ifo z then s else s2);a

= ur (i, o, (if0 = then s, else sq);a).]

(ili) J7%* = wpr(i, 0, s1;a).1

(iv) J7%2 = upr(i, 0, s2;a).1
Replacing (i) with (if), (i) and (iv), we have JUf @ then st else 2)ia _ fosiza
Josze,

2. From Item (3) of Proposition (3.6.1), we have
(1) MbR(Z, g, CL)I = U{MDR(J; 0, 52; a,)‘] | j S WPR(Z, g, 51; (52; CLI))I}
From Item (3) of Definition (3.6.8), we have
(i) I7C = (i, 0,a). 0
(iii) J?S“(”’“ = (i, 0, 51; (s2;0)).1
(iv) J7™" = ur(y, 0,89;0).1
Replacing (i) with (ii), (iii) and (iv), we have J7(#25® — = U{I5™" | j
Jcr,su(Sz;a)}_

3. From Item (5) of Proposition (3.6.1), we have
(1) M¢R(Z> g, CL)] = U{M¢R(]7 g, h/)[ | ] € N¢R(27 g, S; h/)[}
From Item (3) of Definition (3.6.8), we have
(11) J?h = :uwR(?H g, a’)]
(iii) I = pipr (i 0, 5 h').1

(iv) I7" = wpr(j.o,h').1
Replacing (i) with (ii), (iii) and (iv), we have Jf = U{J”h | j € J0% h! b

Lemma 3.6.31 We have

1. Foru € 0..N, f]I (if0 o then s1 else %2):¢ 4 () then we have

Ko,sl,a < Kcr,(lfo T then s1 else s2);a Ko,sz;a < Kcr,(lfo z then s1 else s2);a
i u i u i u i u

and

2. For u € 0.N, fﬂa(sl 25 L) then we have Koo (250) < ]KU(S1 25 and
K520 < K€7(81782 ;
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3. Foru € 1.N, if ]If,z #+ (0, where h = s;h’, then we have Kf,ih, < K;’,Z and
o,h/ o,h
Ki’,u S Ki’,u

o if0 z th | ;
Proof 1. From Item (1) of Proposition (3.6.11), we have I3!" ™" 1 €5€ =23 —
0,81;6 __ T70,52;a __ 770,if0 x then s1 else sg2;a o,(if0 = then s; else s2);a
155 =150 Let I =17 . From I3, # (), we

have I # (). From I # () and Item (5) of Definition (3.6.8), we have
Kc'c,(ifo z then s else s2);a _ max({Kq,(ifO z then s else s2);a | ic [})
K325 = max({KP™ | i € I})
K7#2:¢ = max({K?*" | i € I})

It suffices to prove that for any ¢ € I, we have K7 "

and K7 < Kf’(ifo v then s1else 5250 Fyom Ttem (4) of Definition (3.6.8), we

< Kcr,(ifo z then s; else s2);a
—

have

(1) K;r,(ifo x then s; else s2);a

= ug (i, 0, (if0 x then sy else s5);a’).k — |0
(i) K7 = ugr(i,0,s1;d").k — |o]
(111) K?S%a = :l“vZ}R(% g, 52; a/)'k - |0‘|
From Item (2) of Lemma (3.6.1), we have
(iv)  pwr(i, o, s1;a0).k < ppr(i, o, (if0 = then s else s9);a).k
(v)  pr(i, o, s0;a).k < g (i, o, (if0 = then s else s5);a).k
Subtracting |o| on both sides of inequalities (iv) and (v), and replacing with
(i), (ii) and (iii), we have Ko1¢ < K0  then s1else s2)ia ;g

0,52;a 0,(if0 = then s1 else s2);a
K72 < K¢ .

2. From Item (2) of Proposition (3.6.11), we have H;’,’S“SQ);“ = ]I;T,’Z“(Sz;a). Let [ =
15515920 From 151520 £ () we have I % 0).

We first prove K;’,’Z“(Sz;a) < K;’S“Sz);a. From I # () and Item (5) of Defini-
tion (3.6.8), we have
KG " = max({K70" i e 1))

Ka,sl;(sg;a) _ max({K?SU(Sz%a) ‘ = I})

It sﬁﬂices to prove that for any i € I, we have K7*5(2%) < K120 fyom
Item (4) of Definition (3.6.8), we have

(1) K7CU = pn(i 0, (s1:80)1a).k — o]

(i) K7 = (i 0,515 (s150))-k — o]

7
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From Item (3) of Lemma (3.6.1), we have

(iil) (i 0,515 (s2;a)).k < por(i, 0, (s15 s2); 0) .k
Subtracting |o| on both sides of the inequality (iii) and replacing with (i) and
(ii), we have K7*1i(20) < g (1),

We next prove K77 < K;’v(j“& From T77) s1(2:) £ () and Corollary (3.6.3),
we have 1775 # ). From 1777 # () and Item (5) of Definition (3.6.8), we have

KZ = max({K3°" | § € I52))
It suffices to prove that for any j €
KT < K762 From j I777 and Item (4) of Definition (3.6.8), we have

(iv) K™ = ubr(j,0,52;a).k — o]
From I3 81’(52’ # 0, j € I77 and Lemma (3.6.29), there exists i € I} S1i(s2i0)

I7% there exists i € ]Io’ #1925 guch that

o+
such that <imrl-,Ti,a, s1; (89;a)) —* <imr],TJ,a, So;a).
= o+ =
From (imr;, T;, 0, s1; (s9;a)) —* (imr;,T;, 0, s9; a) and Item (2) of Proposition

*

(3.6.5), there exists ¢ such that (imr;, T;, 0, s1; (s2:a)) —* (imry, Ty, 0, s9;a)

= o+ =
and (imry, Ty, 0, S9;a) —* (imr;, T}, 0,s2;a). From Item (4) of Definition (3.6.8),
we have
(v) K5 = g (7, 0,505 a).k — |o]

*

From (z’m’ri,i, 0, 51; (s2;a)) -t <imrif,i/, 0, S9;a) and pg is complete on R
(Lemma 3.6.11), we have i’ € uyr(i, 0, s1; (s2;a)).1.
From i’ € pyr (1,0, s1; (s2;a)).I and Item (3) of Lemma (3.6.1), we have

(Vi) wr(i, 0, 8050).k < ppr(i, 0, (s1; 82);a).k
Subtracting |o| on both sides of the inequality (vii) and replacing with (i) and
(vi), we have K5 < K220 From (z’mri/,i/, 0, $2; Q) I (z’mrj,?j, 0, S$2; Q)
and Item (3) of Proposition (3.6.5), we have either ¢ = j, in which case it fol-
lows KJ*# < K?’(S“s2);a; or i’ # j An(se;a) € L, which we prove below. From
n(sq;a) € L, (z’mm/,i/,a, So; @) S* <imrj,%j,a, So;a) and Item (1) of Lemma

(3.6.13), we have

(Vll) M%Z’R(]a g, SQ;G)']{: S M¢R(i/>0a SQ;G)‘]{:
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Subtracting |o| on both sides of the inequality (vii) and replacing with (iv) and
(v), we have K?’Sz;a < K% From K‘;’Sw < K77 and KJ°7¢ < Kf’(s“sz);a,

0,82;a o,(s1;82);a
we have Kj <K, .

. Let I = sz = H;’,’jjh,. From ]IECZ # () and we have I # ().

We first prove Kf,suh, < KZZ From I # () and Item (5) of Definition (3.6.8), we

have
K" = max({K?" | i € I})

K" = max({K*" | i € I})
It suffices to prove that for any i € I, we have KZ*" < K", From Item (4) of
Definition (3.6.8), we have
(i) K" = pibr(i,o,h).k — o]
(i) KO = pubri,0, 5 1) k — o
From Item (5) of Lemma (3.6.1), we have
(iti)  ppr(i, 0,8 0').k < pr(i, 0, h).k
Subtracting |o| on both sides of inequalities (iii) and replacing with (i) and (ii),

RN
we have K7%" < K",

We next prove K‘Z’,ZI < K‘Z’,Z From ]I‘;’jh/ # () and Corollary (3.6.3), we have
H;’,’Z/ # (). From ]I;T,’z/ # () and Item (5) of Definition (3.6.8), we have
K" = max({K7" | j € 17"}

It suffices to prove that for any j € ]I;’,’Z, there exists i € ]I‘Z’,Z such that
K}f’h/ < K?". From j € ]IZ’ZI and Item (4) of Definition (3.6.8), we have

(iv) K" = puor(j, o, W)k — o]
From 175" £, j € ]I?,’Z and Lemma (3.6.29), there exists ¢ € ]I?,’Zh, such that

i’ u

= + = = o+ =
(imr;, Ty, 0,s,h') —=* (imr;, T;,0,h'). From (imr;, T;, 0,50y —* (imr;,T;,0,h')
and Item (2) of Proposition (3.6.5), there exists i’ such that (imr;, Ty, o, s; 1)) S

= = o+ =
(imry, Ty, 0,h') and (imry, Ty, o,h') —* (tmr;,T;,0,h'). From Item (4) of
Definition (3.6.8), we have

v) K" = (i, 0, h').k — o]

From (imr;, T, o,s;h') —* <imr,~/,ﬁ-/, o,h') and pr is complete on R
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(Lemma 3.6.11), we have ¢’ € upr(i,o,s;h').I. From i’ € uyx(i,0,s;h').I and
Item (5) of Lemma (3.6.1), we have
(vi) pr(i,o,h).k < pupr(i,o h).k
Subtracting |o| on both sides of the inequality (vi) and replacing with (i) and
(vi), we have K;’,’h, < K?". From (z’mri/,i/,a, h') e (z’mrj,?j,a, R’y and
Item (3) of Proposition (3.6.5), we have either i/ = j, in which case it follows
K}”h/ < K% or i’ # j An(h') € L, which we prove below. From n(h') € L,
(immr,i/,a, h') e (imrj,?j,a, h') and Item (2) of Lemma (3.6.13), we have
(vii)  ppr(j,0,0').k < ppr(¥', 0, W)k
Subtracting |o| on both sides of the inequality (vii) and replacing with (iv) and
(v), we have K?’hl < K;’hl. From K?’hl < K;’,’h/ and K;’,’h/ < Kf’h, we have

!
K}”h < K"

Lemma 3.6.32 Suppose i € I7%,,

1. If a = s;d’ and s is either x := e, imr = imr A imr, imr = imr V imr or skip,

then we have a(&4(1)) = &4(1).

2. If a = iret, then we have a(&rer(7)) = Eirer (7).

=
7

3. If u € Plimr;, T;) and n(a) € L, then we have a::so = a :: o, a(Cu(i)) = Culi)
and C, (i) € T=ohw),

~

Proof From i € I, and Item (1) of Proposition (3.6.8), we have (imr;, Ty, 0,a) €
R.

1. From (imr;,T;,0,s;ad’) € R, sis either x := e, imr = imr Aimr, imr = imrV imr

or skip and Item (1) of Lemma (3.6.5), we have a(&s(7)) = &(7).

2. From (imr;, ﬁ, o,iret) € R and Corollary (3.3.1), we have state (imr;, fi, o, iret)
is consistent from which it follows o = a :: ¢’. From (imr;, T, o,iret) € R, a is

iret, 0 = a :: ¢’ and Item (3) of Lemma (3.6.5), we have a(&ret(7)) = Eirer (7).
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3. From <imri,i-, o,a) E R, u € ﬁ(imri,?i), n(a) € L and Ttem (4) of Lemma (3.6.5),

we have a::go0 = a :: 0, a((,(1)) = (i) and <imri,?i, o,a) —

(imre, @y, Teugiy, @ 2 0, h(u)). From (imri,i,a, a) € R and (z‘mri,i,a, a) —

=l

(imre, @y, Teutiys @ 2 0, h(u)), we have (imrgu(i),?@(i),a o, h(u)) € R. From
(imrgu(i),fgu(i),a :o,h(u)) € R and Ttem (1) of Definition (3.6.8), we have
Cu(l) c ]Ia::crﬁ(u).

Lemma 3.6.33 Ifi € 1%, where s is x := e, imr = imr A imr, imr = imr V imr or

skip, then we have

imr;, Ty

13 = U5 | € U,epnn, 7y B U6}

~ ~

2. u€ P(ZmTZ,TZ) = K;L +1< K?’S;a.

Proof Fromi € I77" and Item (1) of Proposition (3.6.8), we have (imr;, i, o,s;a) €

R. From <imri,i-, o,s;a) € R and Item (1) of Definition (3.6.8), we have i € 175

a

1. From i € I;7, s is x := e, imr = imr A imr, imr = imr VV imr or skip and Item

(1) of Lemma (3.6.32), we have a(&,(i)) = &s(7). From a(&(7)) = &s(7) and Item
(1) of Proposition (3.6.1), we have

() mww(i;0ys:0).0 = Ufppm (G ovsia)-1 | j € THU{(&()}
where J = J{pbr(a(Cu()), s;az:s0, h(w)).I | u € P(imr;, T;)}. There are two

~

subcases depending on whether ﬁ(imn, T;) = 0.

Subcase 1. ﬁ(z’mm,ﬁ-) = 0.
From (i), we have puyg(i,0,s;a).0 = {(&(i)}. From pwipr(i,0,s;a).1 = {(&(0)}
and J7* = ur(i, 0, s;a).1, we have J7* = {(&(7)}.

Subcase 2. Suppose u € ﬁ(z’mri,ﬁ-).
L

From i € Item (3) of Lemma (3.6.32), we have s;ai:so0 = s;a :: o,
OK(CH(Z)) = CU(Z) and Cu(z) c Hs;azza,ﬁ(u)'

From J = J{pr (a((u(7)), s;a::s0, h(u)).I | u € ﬁ(z’mri,i)}, S;ais0 = S;a
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o and a((,(i)) = Cu(i), we have J = J{pvr(Cu(i),s;a = o h(u)). | u €

P(imr;, T;)}. From Item (3) of Definition (3.6.8), we have
(i)  J7% = pr(i, 0,8;a).1

(iti) J7" = wr(4, 0, s;a).1 where j € J

(V) TG = per (), ssa s 0, R(w). T
Replacing (i) and J with (ii), (111) and (iv), we have

(v) I =U{I7™ | e J3ul{&@)}
where J = U{J;] a(lah(u |u e ﬁ(imrl, T)}. Fromi € 175, ¢, (i) € I#%:9M®) and
Ttem (1) of Definition (3.6.9), we have i € I*. From i € I75%, (,(i) € [saoh)
and Item (2) of Definition (3.6.9), we have s;a :: ¢ € W* From i € I*,
s;a o € W* and Item (3) of Definition (3.6.9), we have J¥ = sz(}:)a’ﬁ(u). From
I = I and (v), we have J7%* = {7 | j € J}U{&(0)}, where
=T [ w € Plimr,, 7)), which is 17 = UIZ* | j € U, s 7, T}
{&(0)}-

. Suppose u € P(imr;,T;). From s is either x := e, imr = imr A imr, imr =

imr \V imr or skip, u € P(imr;, T;) and Item (1) of Lemma (3.6.1), we have

(1) M¢R(Q(Cu(l))7 550180, E(U))k’ < M¢R(27 g, 8; a)k

From s is either x := e, imr = imr A imr, imr = imr V imr or skip, we have

n(s;a) € L. Fromu € P(zmn,?l) n(s;a) € L and Item (3) of Lemma (3.6.32),
we have s;a::s0 = s;a 2 0 and a((, (1)) = ¢, (i) € 15959 Replacing (i) with
s;aiso = s;a o and (1)) = (u(i), we have

(i) por(Cu(@), sia 0, h(u).k < pr(i,0,s;a).k
From Item (4) of Definition (3.6.8), we have

(i) K7 = ug(i, 0,s;a).k — |o|

(iv) KM = (i), sia s 0, h(w) k — |sia s o

= M¢R(Cu(z)v sia 0, h(u)).k — o] =1

Subtracting |o| from both sides of (ii), we have

(V) w(Cu(i), s;a 0, h(u).k — || < (i 0, s10).k — o]
Replacing (v) with (iii) and (iv), we have
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(vi) KZrh 41 <KpY
From i € 19%%, ¢, () € I%%9"® and Item (1) of Definition (3.6.9), we have i €
I“. From i € [75%, ¢, (i) € I%°9M®) and Ttem (2) of Definition (3.6.9), we have
s;a o€ WE Fromi € 1% s;a:: 0 € WY and Item (4) of Definition (3.6.9), we

have Kzua(l)aﬁ(u) = K¥. From Kzua(l;yﬁ(u) = K¥ and (vi), we have K¥ + 1 < K7

Lemma 3.6.34 Ifi € 15", then we have

v

1 J;f,iret _ U{J?iret | ] c Uueﬁ( 7?2) JZH} U {{iret(z’)}.

mr;

~ ~

2. uwe Plimr;, T;) = K¢ +1 < K™,

Proof From: € ]IZ”i;et and Item (1) of Proposition (3.6.8), we have (imr;, i, o, iret) €

R. From <imri,i, o,iret) € R and Item (1) of Definition (3.6.8), we have i € 1%,

1. From i € ]IZ”i;et and Ttem (2) of Lemma (3.6.32), we have a(&iet(7)) = Eiret (7).
From a(&iet(7)) = &irer(7) and Item (4) of Proposition (3.6.1), we have

(1) pr(i,o,iret).] = J{pr(j,o,iret).] | 5 € J} U{(&ret(?))}

where J = J{pbr (a(Cu()), iret::so, h(w)).I | uw € P(imr;, T;)}. There are two

subcases depending on whether ﬁ(imn, T;) = 0.

Subcase 1. P(imr;, T;) = 0.
From (i), we have pig (i, o, iret).] = {(&iret(?)}. From pipr (i, o, iret).] = {(&ier(i)}
and J7'" = yuabg (i, 0, iret).], we have J7'"™ = {(&ree(i)}.

Subcase 2. Suppose u € ﬁ(z’mri,i).

]Ia,iret
v )

From i €
(Gu(9)) = Gu(@) and ¢, (i) € Trerh,

From J = [J{utr (a(Cu(i)), iret:iso, h(u)).I | u € ﬁ(z’mm,i)}, iret::go = iret ::
o and a((,(i)) = (u(i), we have J = [J{pr (i), iret = o, h(u)).] | u €
ﬁ(imri,?i)}. From Item (3) of Definition (3.6.8), we have

Item (3) of Lemma (3.6.32), we have iret::so = iret = o,
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(i) 10" = (i, o iret) I
(iii) J?’iret = ur(j,0,iret).] where j € J

(iv) I = ppr (Cu(0), iret == 0, Bi(u)).
Replacing (i) and J with (ii), (iii) and (iv), we have

(v) "= U5 | € T U {&Ga(i)}
where .J = ({5 ahW) |y e Plimrs, Ti)}. From i € [77t, ¢, (i) € Tretioh(w)
and Item (1) of Definition (3.6.9), we have i € I*. From i € 1%t (,(i) €
[ret=oh(#) and Ttem (2) of Definition (3.6.9), we have iret :: 0 € W* From
i€l iret:: 0 € W" and Item (3) of Definition (3.6.9), we have J¥ = JZSE;:)U’E(U).
From J* = Jgjz;z)aﬁ(u) and (v), we have J7"" = U{J}I’iret | 7 € J}U{&ret(7) }, where
T =U{I* | w € Plimr;, T;)}, which is J77 = {5 | Je}U

{giret(i)}'

€ Uueﬁ(zmrl,?l)

. Suppose u € P(imr;, T;). From a is iret, u € P(imr;,T;) and Item (4) of
Lemma (3.6.1), we have

(1) pm(a(Cu(i), iretiso, ).k < pir (i, 0,iret).k
From u € P(zmn,ﬁ), n(iret) € £ and Item (3) of Lemma (3.6.32), we have
iret:: g0 = iret :: o and a(Cy(i)) = Cu(i) € T Replacing (i) with iret::go =
iret :: o and «((, (7)) = (u(7), we have

(i) pr(Cu(i),iret i o, h(u)).k < pabg (i, o, iret) .k
From Item (4) of Definition (3.6.8), we have

(iii) K" = jpr(i, 0, iret).k — ||

(iv) ngth = b (Cu(3), iret == o, h(w)).k — |iret =: o

= R (Gu(i),iret :: 0, h(u)).k — o] = 1
Subtracting |o| from both sides of (ii), we have
() (i), iret = 0, (). — o] < i, o, iret).Js — [o]
Replacing (v) with (iii) and (iv), we have
. iret::0,h(u) o,iret
vi) Ke o +1 <K} i
From i € [t ¢, (i) € Tret=oh(®) and Ttem (1) of Definition (3.6.9), we have i €

I“. From i € %", ¢, (i) € Tt and Item (2) of Definition (3.6.9), we have
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iret :: 0 € W¥. From ¢ € I", iret :: 0 € WY and Item (4) of Definition (3.6.9), we

have ngtlfﬁ(u) = K. From Kg:tz)gﬁ(u) = K¥ and (vi), we have K¢ +1 < Kf’iret.

Lemma 3.6.35 For u € 0.N, if i € I)%% and s is either x := e, imr = imr A imr,

imr = imr \V imr or skip and Q € R = Q.f <T, then

~ ~

1. 0(imr;, T;) <T

A~ ~ ~

2 ve Plimry,Ts) = 0,(Th) <7

Proof Fromi € I and Item (1) of Proposition (3.6.8), we have (imr;, i, o,s;a) €
R.

1. From s is either x := e, imr = imr A émr, imr = imr V ¢mr or skip and
(imr;, T;,0,s:a) € R, by applying Rule (3.13)-(3.15),(3.18), depending on
what s is, we have (imre, (), ?5() o,a) € R. From Q € R = QT < 7 and

(z’mrgs(i),?gs() o,a) € R, we have Tg () < T, which is 6’(2er, T,) <T.

2. From s is z := e, imr = imr A ¢mr, imr = imr V ¢mr or skip, we have n(s;a) €
L. From v € ﬁ(z’mri,i), n(s;a) € L, <imri,i,a,s; a) € R, by applying
Rule (3.10), we have <imr<u(i),%@(i),(s; a):o,h(v)) € R. From Q € R =
Q.? <7 and
(z’mrgv(i),?gv(i), (s;a) :: 0,h(v)) € R, we have ?cu(i) < 7, which is @)(i) <T.

Lemma 3.6.36 Foruc 1..N, ifi € ]IZ’f;et and Q € R = Q.? < T, then

~ ~

1. 0(omr;, T;) <T

2. v € ﬁ(lmT“%\Z) = é\v(%\z) <r
Proof Fromi € ]I;’j;et and Item (1) of Proposition (3.6.8), we have (imr;, i, o,iret) €
R. From (imr;, T\i, o,iret) € R and Corollary (3.3.1), we have (imr;, fi, o, iret) is con-

sistent, from which it follows o = a :: ¢’.
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1. From (z’mfri,i, o,iret) € R, by applying Rule (3.11), we have
(imrém(i), ffiret(i) , > €R. FromQ € R = Q. f 7 and

(z’mr&ret(i),?&ret(i) ,a) € R. we have Tg (&) < T, which is 6’(zmrz, T; ) <T

2. Notice that n(iret) € £. From v € ﬁ(imri,i), n(iret) € L, (imm,i,a, iret) €
R, by applying Rule (3.10), we have <imr<v(,-),f<v(,-), iret :: 0, h(v)) € R. From
QeER= Q.? <7 and (imr@(i),?@(i), iret :: o, h(v)) € R, we have ?Cv(i) <T,
which is OAv(f,) <T.

|

We are now ready to build and prove the type derivation for statements, main
program and handlers. We first prove the type derivation for statements can be

derived.

Lemma 3.6.37 (Type derivation for statement) IfQ € R = Q.? < T and the

type judgment for statement s (3.60) is well formed, then we can derive

TR l_Kj’:a S /\ (zmrl,%l — \/ imrj,?j) (360)

ZEHJ i FISP

o,s;a

Proof From the type judgment for statement s (3.60) is well formed and Item (1)
of Definition (3.4.2), we have 17" # (). We prove by induction on s. There are three

cases.

1. s is either z := e, imr = imr A ¢mr, imr = imr VV ¢mr or skip.

To derive T I—Kma s /\Z.E]If_;,s;a(zmri,Ti — Vjle'S?“ imr;,T;), we need to

cr,s,a cr,s,a

prove the safety condition safe(7x, 17", Ki3") which consists of the following

two items:
(i) el*
, ~ = i) J¥ C I[U’S’“
(a) (1 €IPy* AuePlimr,T;)) = (&) .
(1) Kr+1< K‘Z’,f}“
(

~ =

) 0,(T;) <T

(b) Vi € 135 Gimrs, Ty) <7
(€ Vielrse: 3o =I5 | j e U = T UL ()

uweP (imr;,T;)



174

e Proof of Item (a).

— Proof of Ttem (7). From i € I7;7" and Item (1) of Proposition (3.6.8),
we have <imri,ﬁ-,a,s;a> € R. From (imm,ﬁ-,a, s;a) € R and

Item (1) of Definition (3.6.8), we have ¢ € 17%* From ¢ € I7°

v
=

n(s;a) € L, u e P(imry, T;) and Item (3) of Lemma (3.6.32), we have
Cu(i) € I5%9F@  From i € 1759, ¢,(i) € [%**F® and Ttem (1) of

Definition (3.6.9), we have i € I*.

— Proof of Item (ii). From n(s;a) € £, i € 195° w € P(imr;, T;) and

v

Lemma (3.6.28), we have Ji C I7,7".

)
— Proof of Item (éiz). From i € 1

e s is either x = e, imr = imr A
imr, imr = imr V imr or skip, u € P(imr;,T;) and Item (2) of

Lemma (3.6.33), we have K + 1 < K7™ Trom i € I and
Lemma (3.6.14), we have K7™ < K77, From K +1 < K7* and
K7 < K‘Z’,f}a, we have K¥ 4+ 1 < Kf,‘za

— Proof of Ttem (iv). From i € I77" and s is either x := e, imr =
imr A imr, imr = imr V ¢mr or skip and u € ﬁ(z’mn, f,) an

d
Q.? <7 and Item (2) of Lemma (3.6.35), we have ﬁu(i) <T.

e Proof of Item (b).
From i € I77* and s is either x := e, imr = imr A imr, imr = imr V imr
or skip and @ € R = Q.? < 7 and Item (1) of Lemma (3.6.35), we have

~ ~

H(imm, Tz) S T.

e Proof of Item (c).
From I35 # (), s is either x := e, imr = imr Admr, imr = imr V imr or skip,
Item (1) of Lemma (3.6.33), we have Vi € I77% : J7¥* = U{J77 | j €

2. sis if0 x then s; else s,.
From s is if0 x then s; else so and Item (1) of Proposition (3.6.11), we have

g,s,a 0,51;,a g,52;Q ag,8,a g,s,a 0,51,6  __ g,52,a
50 =150 = 107" From 157 # 0, and 177 = 1777 = I777, we have
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I550% # 0 and 1772 # 0. From 777" # 0, Q € R = (Q? <TAQ.sth < K)

and Lemma (3.6.25), we have that the type judgment (i) below for s; is well

formed. From I #0,Q € R = (Q.T < T7AQ.stk < K) and Lemma (3.6.25),

we have that the type judgment (ii) below for s is well formed. From the type

judgment (i) below for s; is well formed and the induction hypothesis, we have
(i) 7Tr Fgoe 51 /\Z.E]I?svl;a(imm,Ti = Vjegrone imrj,%j)

From the typé judgment (11) below for s is well formed and the induction hy-

pothesis, we have

(11) TR }_K?ZQ;G Sg /\ieH;,,svz;a(Z.mTi, Tz — \/jeﬂ;f,SQ;a imrj, T])
From I377* # () and Item (1) of Lemma (3.6.31), we have K77 < K{7“ and
Ky <KGS® From KETH* < K77, (i) and Lemma (3.4.5), we have

(iii) 7r i 51 /\Zeﬂo s a(imr;, T, — Vjegosie zmr],T )

From K72 < K$T, (ii) and Lemma (3.4.5), we have
(IV) TR }_K;,S%a So /\iEH;’ff;a(imr“ Tz — \/]-EJ;’,‘S%U« imrj, Tj)

From (iii), (iv), I77 = I777 = 1777, and Rule (3.30), we have

~

(v) Tr Frgne s /\z‘eﬂfffj“(imrﬁTi - Vjle’S“aUJ?’SW imrj, Tj).
From s is if0 = then s; else sy and Item (1) of Lemma (3.6.30), we have

(Vi) J;ﬁs;a — J?,Sua U J?S%Q

From (v) and (vi), we have T I—K?’ja s /\Z.Eﬂ?ja(imm, T, — vjejgr,s;a imr;, T).

. 818 81; S9.

07(81,82) _ ]IU,SU(Sz;a)

From Item (2) of Proposition (3.6.11), we have I From

HU 139200 2 () and I, (srisa)ia ]I‘f’sl;(sz’ , we have I3 51’(52’ # 0. From I S1i(s2ia) 4
() and Lemma (3.6.19), we have Vi € ]Iasl’(sz’ o goenlene) ¢ 1577 From
Lemma (3.6.18), we have Vi € I[”l’ 20) . gt £ g From Vi € ]I”l’ s

)

J@Sl;(szﬂ) # () and Vi € ]I?j}l, s2;a) J;‘,Sl;(sz;a) C I[Zﬁ}m . we have ]1?722, £ (). From

175520 £ g Q e R = (Q? < 7 AQ.stk < K) and Lemma (3.6.25), we

)

have that the type judgment (i) below for s; is well formed. From 77 # (),
QeR= (Q? <TAQ.stk < K) and Lemma (3.6.25), we have that the type

judgment (ii) below for s, is well formed. From the type judgment (i) below for
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s1 is well formed, and the induction hypothesis, we have
(1) FR l_K?;,sl;(SQ;a) Sl . /\ieﬂi,sl;(s%a) (ZmTZ, TZ — \/ GJO' ,81;(s2;a) Zm7’], T])
i v i’ v

From the type judgment (ii) below for s, is well formed, and the induction hy-

pothesis, we have (i) 7x I—Ko,sz;a S9 /\z‘eﬂ‘_’,’s%“(imrh T, —\/ jer imr;, T;).
il v

From ]IUSI’ e 7'é () and Ttem (2) of Lemma (3.6.31), we have K”l’(sz’ o <

K705 and Kg#* < K052 From K2 < K761 (1), and

)

Lemma (3.4.5), we have

(111) ?R I_ o,(s1;82);a S1 - /\ZGHJ 31 (sg;a) (Zm’l“z, T - v]GJJ s1;(sgsa) Zm’l“], T )

l ,U
From K72 < K‘;’(jl’sz) , (1), and Lemma (3.4.5), we have
(iv) 7Tr g Gerisya 83 /\Zeﬂo 2 a(zmm,T — \/]EJU s imry, Ty).

From Item (2) of Lemma (3.6.30) we have

(v) = Y(Ipn | € 1)
From (iii), (iv), Vi € 175 : J7 silsia) o C I777 (from Lemma (3.6.19)) , (v) and
Rule (3.31), we have

TR '_K‘_’,’(””?);“ (s1;82) : /\ieﬂz,sl;sw; (zmrl,T — \/jej (opsaya iy, T'5).

i v

We next prove the type derivation for main program can be derived.
Lemma 3.6.38 IfQ € R = Q.stk < K and ]I”'Isa # (), then we have K?"Sa <K.

Proof From ]I?;"’S;“ # () and Ttem (5) of Definition (3.6.8), we have
KM — max({KM™5 | i e I™%*)). From Q € R = Q.stk < K and Lemma

10,0 10,0

(3.6.16), we have Vi € I0"5* : K" < K. From Vi € II'¢ : K" < K and

10,0 10,0

K?;I(fa = max({K"5* | i € I""s}), we have Kn'l 7" < K. main program u

Lemma 3.6.39 (Type derivation for main) If Q € R = (Q% < TAQ.sth <

K), then we can derive Tg =g m : \/, goivm i, T
i0.0



177

Proof We prove by induction on m. There are two cases.

1. m = loop s.

From Item (3) of Proposition (3.6.11), we have ]I;‘;I:OIOOP b= JI?;I;S;IOOP °. From
Lemma (3.6.20), we have ]I?(ilj('f’c’p ® # (. From Item ]I;.‘;"’(']“P S — H?;'E;'OOP s and
H?(il,’(l)mp * £ (), we have ]I?;';S’;'mp * £ (. From ]I?(i[’(f;'wp 40, QeER=> (Qf <

7 A Q.stk < K) and Lemma (3.6.25), we have type judgment (i) below for s
is well formed. From the type judgment (i) below for s is well formed and

Lemma (3.6.37), we have the type derivation for s:

(1) ?R I_K?O,so;loop s S . /\iEH?O’SgOOp s(ZmT,', T’L — \/jeq]]?,s;loop s Zmrj, T])

From IM51°% 5 £ () and Q € R = Q.stk < K and Lemma (3.6.38), we have

10,0

K;’O’%'w" * < K. From KZ)’,S(;'WP * <K, (i) and Lemma (3.4.5), we have

(11) ?R }_K S /\ieﬂv{r,s;loop s(ZmTZ, j—\‘l — vjEJ?’S;IOOP s Zm”r’], j—\‘])

0,0
il,s;l . il,s; il,s;
From I7'77°% * # () and Lemma (3.6.19), we have Vi € I7 (7% * : J7"¥°% * C
nil,s;loop s nil,loop s __ nil,s;loop s . nil,s;loop s . tnil,s;loop s nil,s;loop s
Loo . From I; %y =iy o and Vi € I 0 C o :
. nil,s;loop s . qnil,s;loop s nil,loop s . . nil,s;loop s
we have Vi € I; 'y 2 I3 C Lo " From (i) and Vi € I} :

J;‘”’S;'O"p e ]I?(il,’(l)‘mp * and Rule (3.25), we have

?R }_K |00p S viE]Ir.]”’ISOP s Zer,TZ
iQ,

2. m=s;m.

From Lemma (3.6.20), we have I":5™ £ (. From I""5™ £ 0, Q € R = (Q? <

10,0 10,0

7 A Q.stk < K) and Lemma (3.6.25), we have type judgment (i) below for s
is well formed. From the type judgment (i) below for s is well formed and

Lemma (3.6.37), we have the type derivation for s:
(1) ?R I_K;)(ijl,f);m’ S /\ieﬂzg:g;m’(im’ri, Tz - vjeﬂgil,s;m’ imrj, T])

From I™5™ £ () and Q € R = Q.stk < K and Lemma (3.6.38), we have

10,0

K?(ilv’os;m/ < K. From K?y:g;m’ < K, (i) and Lemma (3.4.5), we have

(i) TrFxs : /\ieﬂf)'lg;mr(imm T — vjejgi',w"’ imrﬁfj)

From I7"™ - () and Lemma (3.6.19), we have Vi € INsm . pribsim’  pnilm’

10,0 20,0 )

From the induction hypothesis, we have



178

(111) ?R I_K m’ : V I["” m/ z'mr,-,?i
From (i), (iii), Vi € I"™ s’ s’ I and Rule (3.26), we have

10,0 )

= ! - T
TR Fr s;m’ Vieﬂnn,s;m/ imr;, ;.
i9,0

We finally prove the type derivation for handlers can be derived.

Lemma 3.6.40 (Type derivation for handler) If Q € R = Q.? < T and the

type judgment for h (3.61) is well formed, then we can derive

TR I—Kc_;l,h h : /\ zmr,,i—> \/ zmrj, (3.61)

ie]l.
Z

Proof From the type judgment for h (3.61) is well formed and Item (3) of Defini-
tion (3.4.2), we have ]I"h # 0.

We prove by induction on h. There are two cases.

1. h = iret.

To prove T l_Ka,iret iret : /\-eﬂa,iret(imri,T' — vjejf,iret imr;,T;), we need to

o,iret KO’ iret

N ) which consists of the following

prove the safety condltlon safe(TR, I,
two items:

(i) el*

(i) Jy CIg

(i) K +1 <K
(

(a) (i €17 Aue Plimr, Th)) =

-~ =

i) 0,(T:)<T

(b) Vi€ IZ" : O(imr;, T;) <7
. o,iret | fojiret o,iret . B u : .
(C) \V/Z € ]Ii’,v . Jl = U{JJ | ] € Uueﬁ(imm,fi) JZ } U {gwet(l)}

e Proof of Item (a).
— Proof of (i). From i € ]IZ’j;et and Item (1) of Proposition (3.6.8), we
have (imr;, T;, 0, iret) € R. From (imr;, T;, 0, iret) € R and Item (1)

of Definition (3.6.8), we have i € [, From i € [/ ';et, n(iret) € L, u €
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Pimr;, i) and Item (3) of Lemma (3.6.32), we have ¢, (i) € Tret:o:h(w),
From i € 197t ¢, (i) € Tret">m®) and Ttem (1) of Definition (3.6.9), we
have 7 € I*.

~

— Proof of Ttem (ii). From n(iret) € L, i € ]If,’jft, w € P(imr;, T;) and
Lemma (3.6.28), we have J¥ C HZ”i;et.

— Proof of Item (ii7). From i € H;’jft and Item (2) of Lemma (3.6.34),
we have K¥ 4+ 1 < K", From i € ]I‘;’j;et and Lemma (3.6.14), we have
Kot < Kg”i;et. From K* + 1 < K7™ and K" < Kg”i;et, we have
K¢ +1 < Kghee.

— Proof of Ttem (iv). From i € H‘;’j;et and u € P(imr;, T;) and Q € R =
Q.? <7 and Item (2) of Lemma (3.6.36), we have @L(i) <

3|

e Proof of Item (b).
From i € ]IZ”i;et and @ € R = Q.? < 7 and Item (1) of Lemma (3.6.36),

~ ~

we have 0(imr;, T;) <T.

e Proof of Item (c).
From Hg’vi;et # 0 and Item (1) of Lemma (3.6.34), we have Vi € ]If,’j;et :

Jg,lret — U{J;T,Iret ‘ .] € Uueﬁ(imm,?i) Jg} U {58(7’)}
2. h=s;N.
From h = s; 1, we have I7 = 77", From 7} # 0 and I7 = I77", we

have 195" £ 0. From 155" £ 0, Q € R = (Q.T < T A Q.stk < K) and
Lemma (3.6.25), we have type judgment (i) below for s is well formed. From
the type judgment (i) below for s is well formed and Lemma (3.6.37), we have
the type derivation for s:

(i) Tr I_K;yl,i;h’ s /\Z.Eﬂmh/(z'mri,i — \/jejg,s;h/ imrj,?j)
From ]If,}; # 0, h = s; 1’ and Item (3) of Lemma (3.6.31), we have K;zh/ < K;’,Z

and K;’,Z, < K;’,Z From Kf,‘zh/ < K;’,Z, (i) and Lemma (3.4.5), we have

(11) ?R }_K;v’}:} S /\Z-E]I;,i;h’(im’l“i, TZ — vjejg,s;h’ Zm’f’], T])

From I77"" # @ and Corollary (3.63), we have I71" # 0. From I77 7 0,
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QeER= (Q? <7 AQ.stk < K) and Lemma (3.6.26), we have the judgment
for b’ is well formed. From the judgment for A’ is well formed and the induction
hypothesis, we have

(i) 7 b B Ao (i, TV o imrj,?j)
From K;’,Zl g]l%j,iﬁ, (iii) and Lemma (3.4.5), we have

(iv) 7w }_K?Z n /\ieﬂj'ﬁi'(émri’?i — Vjle"L' imrj,%j)
From h = s; b’ and Item (3) of Lemma (3.6.30), we have

(v) I =UI7" [ 37
From (ii), (iv), Vi € 175" : J7%" C 17" (from Lemma (3.6.19)) , (v) and
Rule (3.27), we have
TR I—K;,;; h : /\ieﬂg,};(imri,i — \/jejg,h imrj,?j)

We are ready to prove the Theorem that states if the abstract model checks, then

there exist types for the periodic interrupt calculus such that the program type checks.
Lemma 3.6.41 IfQ € R = Q.f <T, thenTr b h : T

Proof Letwu € 1..N. From Corollary (3.6.4), we have I* # (). Consider ¢ € I*. From
Item (1) and (2) of Definition (3.6.9) and I* # (), we have ¢,(i) € 1% where
a:: o€ WY From ¢, (i) € I“*"® and Proposition (3.6.9), we have ]IZ ghu ={G()}.
From I Uh(u = {6}, Q ER = (QT < TAQ.stk < K) and Lemma (3.6.26),

we have Tr b auoii) h(u) : A - ahm(zmm,T — \/ Joso imrj,fj) is well
Cu (4),u _ Cu (2),u _
formed. From Q@ € R = QT <7, Tr bpawonw h(u) - /\Z - oy (i, Ty —
Cu(d),u Cu (4),u

V. jeg e imr;, T ;) is well formed and Lemma (3.6.40), we have the derivation

(1) TR l_KZul(Tz’)E(u) E(u) : /\ileﬂa L(TZ)h(u)(ZmTZ 7T2’ - v EJa o, h(u) Zmr‘]7 Tj)

From ]I'”h = {(.(7)} is a singleton set, and Item (5) of Definition (3.6.8), we have

Kzug)h( ) — Kzug)hi ). Fromi € I, a :: 0 € W* and Item (4) of Definition (3.6.9),

we have K¢ = Ka“”.’ﬁ(u). From Kguz)ﬁ ® = Kgug)ﬁ i") and K¢ = Kgug)ﬁ i"), we have

Kgug)hi W = = K¥. Replacing KC ()h(u) in (i) with K and ]Igug)ﬁiu) in (i) with {(,(7)}, we
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have

a::a,ﬁ(u) Zmr]7 T]
Cu (%)

From ¢ € 1% a :: 0 € W¥ and Item (3) of Definition (3.6.9), we have J* = JZ:J.’)E(L‘).

(11) 773 }_K;‘ E(U) . imTcu(i), TCu(Z) — VjEJ

“ in (i) with J¥, we have

. a::o,h(
Replacing J i) g B
(11) ?R }_Kf E(u) . imrcu(i), TCu(Z) — Vjeq]];‘ imrj, Tj

From (ii) and Rule (3.24), we have 75 - h(u) : Tr(u). [

Theorem 3.6.1 IfQ € R = (Q? <TAQ.stk < K), then there exists Tr such that

TR Fr P

Proof From Q € R = (Q? < 7 AQ.stk < K) and Lemma (3.6.39), we have

derivation

From I'&"™ = {io} and (imr,, T;,) = (0,0) and (i), we have
(ii) Tr Fxpm : 0,0

From Q € R = Q? <7 and Lemma (3.6.41), we have derivation
(i) TrEh : Tr

From (ii), (iii) and Rule (3.19), we have Tr Fg p. u

3.7 Equivalence relation

In the light of model checking, our abstract semantics is a model (an abstract in-
terpretation) of the concrete periodic interrupt program. Furthermore, Theorem 3.4.1
states that the execution of the model is a type-preserving process; while Theorem
3.6.1 states that the types of the program can be based on the information derived
from the process of model checking/abstract interpretation.

Therefore, Theorem 3.4.1 and Theorem 3.6.1 combined together reveal an impor-
tant equivalence relation between the model checking and the type checking presented

in this chapter, which we formally state as follows:
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Theorem 3.7.1 (Equivalence) Given a number K > 0 and program p. We have
(Q, —™ Q = Q.stk < K) if and only if there exists T and that T p.

Proof Combine Theorem 3.4.1 and Theorem 3.6.1. [ ]

3.7.1 Model checking vs. type checking

Software model checking and program type checking are the two major tools which
are both used to ensure that the software (1) observes desired properties, and (2) is
free of bugs. Each has its advantages and disadvantages.

Model checking has a number advantages. It does not usually require the user to
input annotations along with models, while type systems need type information from
the program. This property makes model checking more appealing than the type
system approach. Model checking is generally less strict than type checking, while a
type system approach has to encode the property into the types and make sure that
the type preservation works correctly for the program code. This lends model checking
more flexibility and power in its real-world applications, such as being capable of
dealing with more programs, leading to encompassing larger problem /program space.
In contrast, type systems tend to end up with fewer programs being type checked.

However, model checking suffers from some disadvantages. Model checking is
generally done on the entire model rather than in a modular fashion. If some part
of a program is modified, then one has to model check the whole program again
to make sure that some property does not break or that bugs are not introduced
with the modification [8,9]. This repeatedly running model checker for the sake of a
small change of the program is often unacceptable in the real world. However, type
checking is modular and can be done on just a slice of code. Therefore, type checking
can achieve much more efficiency.

In addition, such model checking would offer little help with the maintenance
and further development of those systems because model checking, in general, does

not offer more insight into bugs than giving a counter-example on the model (an
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error trace). Moreover, the bugs found by the model checker are sometimes spurious
ones caused by the model abstraction [49]. While model checking is able to produce
counter-examples of a bug, it is well-known that pinpointing where the program
point is that causes the bug is very difficult to do [4,49]. Type systems, on the
other hand, can capture the bugs “on the spot” and provide sufficient information to
programmers or designers about the nature of bugs. This should be a tremendous
benefit to programmers and testers in helping them understand the program code
during debugging.

An equivalence relation between the model checking and the type checking, such as
the one shown in Theorem 3.7.1, allows us to further and better understand programs.
Furthermore, it would allow us to choose a better approach whenever we face a
problem and have both tools, the type system and the model checking, available
together.

3.8 Related work

Our work is based on the research done by Naik and Palsberg [40]. Both of works
are concerned with the timing property of periodical interrupt-driven programs which
are based on Palsberg and Ma’s interrupt calculus [44]. We further develop a version

of interrupt calculus by Naik and Palsberg which leads to differences.

1. Their work is solely concerned with interrupt deadline safety within each inter-
rupt device’s period. In contrast, we consider the bounded stack size problem as
well as interrupt latency. More precisely, we consider the problem of bounding

stack size that is impacted by the constraint of meeting interrupt latencies.

2. There are differences in the semantics. (a) We allow imr OR V operations while
theirs does not. This difference is critical because allowing OR operations on
imr allows for more interrupt handlers to be called. The analysis is consequently
more complex. (b) We consider latencies rather than deadlines (see Item 3).

(c) As a consequence of (b), we have a special latency transfer function for the
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interrupt rule, rather than for the iret rule as shown in their work. (d) We have
a completely different abstract transfer function than their work to ensure that

the abstract semantics is an approximation of the concrete semantics.

3. We consider handler latencies rather than deadlines. The deadline of a handler
is the time interval between an interrupt arrival and the end of handling it. The
latency of a handler is the time interval between an interrupt arrival and the
start of handling it. Naik and Palsberg make the restriction that the deadlines
of a handler should be shorter than its periods. This restriction leads to the fact
that a handler will always finish its handling before the next interrupt arrival.
In contrast, our latency analysis does not impose such a restriction, yet it still
ensures that all interrupts are handled in a timely manner and that there can
be no interrupt which is missed. It is in this sense that our latency analysis is

more relaxed than their deadline analysis.

4. Their type system gives types, and those types contain all the contexts of that
term may enter. In contrast, our types for each term makes sense only for the
process of type checking a handler within a particular context in which the
handler is called. This is because for each calling context of a handler, the type
judgment for the handler contains the stack size budget. For this reason, our

type construction mainly involves a delimited version of reachability analysis.

There is a large body of work related to ours, among which model checking and

type systems are of particular interest.

3.8.1 Model checking

Brylow and Palsberg [9] study the deadline problem of interrupt-driven software.
They build a control flow graph out of an interrupt-driven program, with each node
containing an address, an imr value and a stack. Their method identifies program

loops in the graph. In particular, they differentiate (1) an unbounded loop; (2) the
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loop that depends on external input; (3) fake loops caused by graph abstraction; (4)
a race condition between interrupt handlers. They then run a reachability algorithm
to ensure that all computation paths meet their deadline. In essence, their method
is a variant of model checking, in which the model is the graph abstracted away from
the program by using address, imr, and stack information. Our work is similar to
theirs because both consider the deadline analysis problem and both works involve
an abstract model. However, our work is a type based approach. The type system
we give not only ensures whether or not the deadlines of handling can be met, but
also ensures bounded stack size. Furthermore, the type checking process is modular,
which makes it more appealing in real-world applications than model checking. More
importantly, our work unveils an equivalence relation between model checking and
type checking. It shows us what kind of type system there might be that is equivalent
to model checking. The equivalence relation allows us to choose an appropriate tool,
between model checking and type checking, when facing an application. Therefore,
the revelation of the relation itself may shed more light in the fields of software
engineering and analysis than the type system itself.

Basu, Kumar, Pokorny and Ramakrishan [6] develop a resource-constrained model
checking technique that differentiates stack-bounded runs of programs from stack-
diverging runs of programs for abstractions of recursive programs (push-down sys-
tems). Both their work and ours can predict whether program execution requires
unbounded stack size or not. Despite the surface similarity, their work and ours are
different in a number of significant ways. First, we consider the problem of possible
unbounded stack size that arises in a very different situation, namely, interrupt han-
dling from their work, Second, we consider timing issues (latencies) for each handler.
If the latency can not be met, then the interrupt program is considered to be incor-
rect. This constraint enables us to have more quality control over the software than
theirs. Third, resource constrained model checking is implemented on the push-down
system and Biichi automaton; in contrast, we employ a simple abstraction to build

the model. Finally, their model checking does not bound the stack size a priori,
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rather, it takes into account all the runs as long as they have finite stack size usage;
while we give a priori stack size K and check against the K.

There is also a large body of work dedicated to the problem of how to automat-
ically abstract models from program code and how to solve the state explosion and
expressivity problem for software model checking [3,11,14,20,27]. Although our main
focus is on what model checking process can be encoded in/equivalent to a type sys-
tem and what such a type system should look like, it is worth pointing out that our
abstract model of the periodic calculus is aligned with all the other work which has
been done on this issue because the calculus is a straightforward abstraction of Zilog
80 assembly code. This fact makes it relatively effortless to construct the model and

types directly from the assembly source code.

3.8.2 Type systems

We use intersection type [51,52] to show the equivalence relation between type
systems and model checking. Intersection types have been studied extensively in
many contexts. Some recent developments on intersection types show that it has
increasingly been of interest in the programming languages community. Mossin [38§]
uses intersection types to achieve precise redex prediction of type-based flow analysis.
Palsberg and Pavlopoulou [45] establish a equivalence correspondence between poly-
variant flow information and intersection and union types. Davies and Pfenning [16]
study the intersection types in the presence of computational effects (mutable refer-
ences, exceptions, etc.) and give a sound type system for a language with mutable
references.

Our treatment of intersection types is a form of finite polymorphism with a flavor
of value-sensitivity (imr values in our case). It differs from the bounded polymorphism
[51,52] in that our use of intersection types is value-sensitive, (values of imrs) rather

than bounded quantification (not bounded imrs).
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There is some work that uses type systems to bound the run-time space usage of
programs in different contexts. Xi and Pfenning [61-63] show that dependent types
over constraint domains (integer domain, etc.) can be used to eliminate the runtime
array bound checking in practical programming. The application of dependent types
shows a resemblance to ours in terms of commanding the bounded memory space of
program execution. However, the differences are substantial. The dependent types
are mainly concerned with the size of data types indexed over a certain domain while
we focus on the stack size growth that arises from the handler calls in the strict
context of interrupt-driven systems. Neither can dependent types meet our needs nor
our type system cover array bound elimination.

Hughes, Pareto and Sabry [29,31,47] propose sized types to ensure bounded size
of recursion and data structure that is potentially unbounded at runtime. Their
approach can be viewed as a restricted application of dependent types that aims only
at the recursive datatypes with recursion in mind. Their work was done as part of
moving functional programming (ML) into the field of embedded/reactive systems.
However, their work cannot be applied to the context of interrupt handling.

Our treatment of parametric polymorphism is similar, in spirit, to Agesen’s Carte-
sian product algorithm [2]. The similarity comes from the fact that we combine an
imr value (imr) and a stack growth value (4) into a context and intersect together
all such contexts as the type for each handler and that, for each context, we treat it
as a mono-morphic combination of imr and §. Doing it in this way allows us to have
better and more accurate control of the contexts in which the handlers are called.

The value-sensitivity of our type systems is mainly a result of this choice.
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4 CONCLUSION

The goal of this thesis has been to bound the stack size of interrupt-driven real-time
embedded systems. The bounded stack problem is especially crucial to mission-critical
real-time applications because a stack overflow will cause a system crash, which may
result in a disaster or even the loss of human life. On the other hand, predicting a safe
and tight upper of memory usage should be of great interest to system manufacturers
because they can put as little hardware as would be possible into the chips without
the fear of causing any software problems, thus reducing manufacturing costs and
increasing profit margins.

Looking at things from a broader perspective, the techniques used in this the-
sis demonstrate a useful strategy for resource-constrained compilation. Our type
judgments contain a natural number K which is capable of formulating the space
requirement for a handler. We believe this technique is useful in its own right, and
can be naturally extended to other applications.

Our designs of the interrupt calculus and periodic interrupt calculus are the first
theoretical attempt to employ formal language techniques to analyze resource (space)
boundedness problems in real-time, embedded, interrupt-driven systems.

Recent developments in type related research [36,37,43] have vastly and rapidly
pushed its frontier beyond its original use in programming language design. As one
of many in this trend, the interrupt calculus and its periodic cousin can be viewed as
testing ground for future experiments.

While model checking, in general, can be used to solve the problem, we believe that
type systems provide more desirable flexibility because of their capability for doing
modular type checking. For example, modern integrated programming development

environments (IDE) usually incorporate a sub-system which collects type information
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on demand from the source code; even when the source code is not completely written.
The system attempts to type check the partially complete code. If it finds a definite
error, it will then alert the programmer of the error “on the spot”. In an ideal world,
interrupt-driven programs should also be developed in such an environment. The
compiler should be able to collect the type information in order to predict whether
periods constraints are satisfied or not. This kind of facility will greatly increase the
quality of the real-time embedded systems by locating the bugs and by predicting
whether software specification could be met at compile time.

Our type systems for interrupt-driven programs can be characterized as context-
sensitive (interrupt calculus and periodic interrupt calculus) and value-sensitive (pe-
riodic interrupt calculus). The value-sensitive nature of the type system lends us a
helping hand in gaining some insight into how type systems can facilitate resource-
aware compilation, that is, whether and how quantified resources — either space, time,
energy /battery requirements or any other constraint — can be readily and soundly
typed.

Types, in general, also serve as convenient program documentations and specifi-
cations. This is especially useful when maintaining programs and updating programs
because any modification to the program should observe the constraints enforced by
types. For example, the type system of the periodic interrupt calculus guarantees the
stack size boundedness and also maintains the period constraints at the same time.
If one would like to further modify the code, then the modification part should pass
the type checking. Doing so will also greatly reduce testing time, therefore shortening

the software development cycle.



LIST OF REFERENCES



1]
2]

3]

190

LIST OF REFERENCES

Martin Abadi and Luca Cardelli. A Theory of Objects. Springer-Verlag, 1996.

Ole Agesen. The Cartesian product algorithm. In Proceedings of ECOOP’95,
Seventh FEuropean Conference on Object-Oriented Programming, pages 2-26.
Springer-Verlag (LNCS 952), 1995.

Thomas Ball, Rupak Majumdar, Todd Millstein, and Sriram Rajamani. Auto-
matic predicate abstraction of C programs. In Proceedings of PLDI’'01, ACM
SIGPLAN Conference on Programming Language Design and Implementation,
pages 203-213, 2001.

Thomas Ball, Mayur Naik, and Sriram Rajamani. From symptom to cause:
Localizing errors in counterexample traces. In Conference Record of the 30th
Annual ACM Symposium on Principles of Programming Languages, 2003.

Henk P. Barendregt. The Lambda Calculus: Its Syntaxr and Semantics. North-
Holland, Amsterdam, 1981.

Samik Basu, K. Narayan Kumar, L. Robert Pokorny, and C. R. Ramakrish-
nan. Resource-constrained model checking of recursive programs. In Tools and
Algorithms for Construction and Analysis of Systems, pages 236-250, 2002.

Gerard Berry and Georges Gonthier. The esterel synchronous programming lan-

guage: Design, semantics, implementation. Science of Computer Programming,
19(2):87-152, 1992.

Dennis Brylow, Niels Damgaard, and Jens Palsberg. Static checking of interrupt-
driven software. In Proceedings of ICSE’01, 23rd International Conference on
Software Engineering, pages 47-56, Toronto, May 2001.

Dennis Brylow and Jens Palsberg. Deadline analysis of interrupt-driven soft-
ware. In Proceedings of FSE'03, ACM SIGSOFT International Symposium on
the Foundations of Software Engineering joint with ESEC’03, European Software
Engineering Conference, pages 198-207, Helsinki, Finland, September 2003.

Luca Cardelli and Andrew D. Gordon. Mobile ambients. In M. Nivat, editor,
Proceedings of Foundations of Software Science and Computation Structures,
pages 140-155. Springer-Verlag (LNCS 1378), Berlin, Germany, 1998.

Sagar Chaki, Sriram K. Rajamani, and Jakob Rehof. Types as models: Model
checking message-passing programs. In Proceedings of POPL’02, SIGPLAN-
SIGACT Symposium on Principles of Programming Languages, pages 45-57,
2002.



[12]

[13]

[15]

[16]

[17]

[18]

23]

[24]

191

Krishnendu Chatterjee, Di Ma, Rupak Majumdar, Tian Zhao, Thomas A. Hen-
zinger, and Jens Palsberg. Stack size analysis of interrupt driven software. In

Proceedings of SAS’03, International Static Analysis Symposium, pages 109-126.
Springer-Verlag (LNCS 2694), San Diego, June 2003.

M. Coppo, M. Dezani-Ciancaglini, and B. Venneri. Principal type schemes and
lambda-calculus semantics. In J. Seldin and J. Hindley, editors, To H. B. Curry:
Essays on Combinatory Logic, Lambda Calculus and Formalism, pages 535—560.
Academic Press, 1980.

James C. Corbett, Matthew B. Dwyer, John Hatcliff, Shawn Laubach, Corina S.
Pasareanu, Robby, and Hongjun Zheng. Bandera : Extracting finite-state models
from Java source code. In Proceedings of ICSE’00, 22nd International Conference
on Software Engineering, pages 439448, 2000.

Matteo Corti, Roberto Brega, and Thomas Gross. Approximation of worst-
case execution time for preemptive multitasking systems. In Proceedings of
LCTES 00, Languages, Compilers, and Tools for Embedded Systems, 2000.

Rowan Davies and Frank Pfenning. Intersection types and computational effects.
ACM SIGPLAN Notices, 35(9):198-208, 2000.

Giorgio Delzanno and Andreas Podelski. Constraint-based deductive model

checking. International Journal on Software Tools for Technology Transfer,
3(3):250-270, 2001.

Matthew B. Dwyer, John Hatcliff, Roby Joehanes, Shawn Laubach, Corina S.
Pasareanu, Robby, Hongjun Zheng, and W Visser. Tool-supported program
abstraction for finite-state verification. In International Conference on Software
Engineering, pages 177-187, 2001.

Jakob Engblom and Andreas Ermedahl. Modeling complex flows for worst-case
execution time analysis. In Proceedings of RTSS 00, 21st IEEE Real-Time Sys-
tems Symposium, 2000.

Cormac Flanagan. Automatic software model checking via clp. In ESOP, 2003.

Alexandre Frey. Satisfying systems of subtype inequalities in polynomial space.
In Proceedings of SAS’97, International Static Analysis Symposium. Springer-
Verlag (LNCS), 1997.

Thomas A. Henzinger, Benjamin Horowitz, and Christoph Meyer Kirsch. Em-
bedded control systems development with giotto. In LCTES/OM, pages 64-72,
2001.

Thomas A. Henzinger, Benjamin Horowitz, and Christoph Meyer Kirsch. Giotto:
A time-triggered language for embedded programming. In Proceedings of EM-
SOFT 2001. Springer-Verlag (LNCS 2211), 2001.

Thomas A. Henzinger and Christoph M. Kirsch. The embedded machine: Pre-
dictable, portable real-time code. In Proceedings of PLDI’'02, ACM SIGPLAN

Conference on Programming Language Design and Implementation, pages 315—
326, 2002.



[25]

28]

[29]

[30]

192

Thomas A. Henzinger, Christoph M. Kirsch, Rupak Majumdar, and Slobodan
Matic. Time-safety checking for embedded programs. In Proceedings of EM-
SOFT’ 02, Second International Workshop on Embedded Software, pages 76-92.
Springer-Verlag (LNCS 2491), 2002.

J. Roger Hindley. Types with intersection: An introduction. Formal Aspects of
Computing, 4:470-486, 1991.

G. J. Holzmann and M. H. Smith. Software model checking: extracting verifica-
tion models from source code. In Proceedings of FORTE/PSTV’99, November
1999.

Paul Hudak. The Haskell School of Fxpression—Learning Functional Program-
ming through Multimedia. Cambridge University Press, 2000.

John Hughes and Lars Pareto. Recursion and dynamic data-structures in
bounded space: Towards embedded ML programming. In International Con-
ference on Functional Programming, pages 70-81, 1999.

John Hughes, Lars Pareto, and Amr Sabry. Proving the correctness of reactive
systems using sized types. In Proceedings of POPL’96, 23nd Annual SIGPLAN-
SIGACT Symposium on Principles of Programming Languages, pages 410-423,
1996.

John Hughes, Lars Pareto, and Amr Sabry. Proving the correctness of reac-
tive systems using sized types. In Symposium on Principles of Programming
Languages, pages 410-423, 1996.

A.J. Kfoury, J. Tiuryn, and P. Urzyczyn. An analysis of ML typability. Journal
of the ACM, 41(2):368-398, 1994.

Harry G. Mairson. Decidability of ML typing is complete for deterministic ex-
ponential time. In Seventeenth Symposium on Principles of Programming Lan-
guages, pages 382401, 1990.

R. Milner. A Calculus of Communicating Systems. Springer-Verlag (LNCS 92),
1980.

Robin Milner, Joachim Parrow, and David Walker. A calculus of mobile pro-
cesses, Part I/11. Information and Compuation, 100(1):1-77, September 1992.

Greg Morrisett, Karl Crary, Neal Glew, and David Walker. Stack-based typed
assembly language. In ACM Workshop on Types in Compilation, pages 95-118,
Kyoto, Japan, March 1998.

Greg Morrisett, David Walker, Karl Crary, and Neal Glew. From system F to
typed assembly language. In Proceedings of POPL’98, 25th Annual SIGPLAN-
SIGACT Symposium on Principles of Programming Languages, pages 85-97,
1998.

Christian Mossin. Exact flow analysis. In Fourth International Static Analysis
Symposium (SAS), pages 250-264, Paris, France, 1997. Springer-Verlag.



[39]

[40]
[41]

[42]

193

Mayur Naik and Jens Palsberg. Compiling with code-size constraints. ACM
Transactions on Embedded Computing Systems. To appear. Preliminary version
in Proceedings of LCTES’02, Languages, Compilers, and Tools for Embedded
Systems joint with SCOPES’02, Software and Compilers for Embedded Systems,
pages 120-129, Berlin, Germany, June 2002.

Mayur Naik and Jens Palsberg. A type system equivalent to a model checker.
Manuscript, 2003.

Peter G. Neumann. Risks to the public in computers and related systems. SIG-
SOFT Softw. Eng. Notes, 20(3):7-12, 1995.

Greger Ottosson and Mikael Sjodin. Worst-case execution time analysis for mod-
ern hardware architectures. In ACM SIGPLAN 1997 Workshop on Languages,
Compilers, and Tools for Real-Time Systems (LCT-RTS’97), 1997.

Jens Palsberg. Type-based analysis and applications. In Proceedings of
PASTE’01, ACM SIGPLAN/SIGSOFT Workshop on Program Analysis for Soft-
ware Tools, pages 20—27, Snowbird, Utah, June 2001. Invited paper.

Jens Palsberg and Di Ma. A typed interrupt calculus. In FTRTFT 02, 7th
International Symposium on Formal Techniques in Real-Time and Fault Tolerant
Systems, pages 291-310. Springer-Verlag (LNCS 2469), Oldenburg, Germany,
September 2002.

Jens Palsberg and Christina Pavlopoulou. From polyvariant flow information
to intersection and union types. In Conference Record of POPL 98: The 25TH
ACM SIGPLAN-SIGACT Symposium on Principles of Programming Languages,
San Diego, California, pages 197-208, 1998.

C.H. Papadimitriou. Computational Complexity. Addision-Wesley, 1994.
Lars Pareto. Sized types. M.S. Thesis, Chalmers University of Technology, 1996.

Lars Pareto. Types for Crash Prevention. PhD thesis, Chalmers University of
Technology, 2000.

Corina S. Pasareanu, Matthew B. Dwyer, and Willem Visser. Finding feasible
counter-examples when model checking abstracted Java programs. Lecture Notes
in Computer Science, 2031, 2001.

Stefan Petters and Georg Farber. Making worst case execution time analysis for
hard real-time tasks on state of the art processors feasible. In Proceedings of 6th

International Conference on Real-Time Computing Systems and Applications,
1999.

Benjamin C. Pierce. Programming with Intersection Types and Bounded Poly-
morphism. PhD thesis, 1991.

Benjamin C. Pierce. Intersection types and bounded polymorphism. In M. Bezem
and J. F. Groote, editors, Proc. of 1st Int. Conf. on Typed Lambda Calculi and
Applications, TLCA’93, Utrecht, The Netherlands, 16—18 March 1993, volume
664, pages 346-360. Springer-Verlag, Berlin, 1993.



[53]

[54]

[57]

[58]

[59]
[60]
[61]

[62]

[63]

194

Andreas Podelski. Model checking as constraint solving. In Static Analysis
Symposium, pages 22—37, 2000.

Andreas Podelski. Model checking as constraint solving. In Proceedings of
SAS’00, International Static Analysis Symposium, pages 22-37. Springer-Verlag
(LNCS 1824), 2000.

T. Reps, S. Horwitz, and M. Sagiv. Precise interprocedural dataflow analysis via
graph reachability. In POPL 95: Principles of Programming Languages, pages
49-61. ACM, 1995.

Thomas Reps. Program analysis via graph reachability. Infor-
mation and Software Technology, 40(11-12):701-726, November 1998.
http://www.cs.wisc.edu/wpis/papers/tr1386.ps.

Jerzy Tiuryn. Subtype inequalities. In LICS’92, Seventh Annual IEEE Sympo-
stum on Logic in Computer Science, pages 308-315, 1992.

Zhanyong Wan, Walid Taha, and Paul Hudak. Real-time FRP. In Proceedings
of ICFP’01, ACM SIGPLAN International Conference on Functional Program-
ming, pages 146-156, 2001.

Zhanyong Wan, Walid Taha, and Paul Hudak. Event-driven FRP. In Proceedings
of PADL’02, Practical Aspects of Declarative Languages, pages 155-172, 2002.

Wayne Wolf. Computers as Components, Principles of Embedded Computing
System Design. Morgan Kaufman Publishers, 2000.

Hongwei Xi. Dead code elimination through dependent types. Lecture Notes in
Computer Science, 1551:228-242, 1999.

Hongwei Xi and Frank Pfenning. FEliminating array bound checking through
dependent types. In SIGPLAN Conference on Programming Language Design
and Implementation, pages 249-257, 1998.

Howgwei Xi and Frank Pfenning. Dependent types in practical programming. In
Conference Record of POPL 99: The 26th ACM SIGPLAN-SIGACT Symposium
on Principles of Programming Languages, San Antonio, Texas, pages 214-227,
New York, NY, 1999.

Tian Zhao, Di Ma, and Jens Palsberg. Stack-size analysis of interrupt-driven
software. Manuscript, 2002.



VITA



195

VITA

Di Ma was born in Beijing, P.R. China, in 1972. He received his bachelor’s
degree in Computer Science and Engineering from National University of Defense
and Technology (formerly known as Changsha Institute of Technology) in June 1995.
After working for three years in a couple of software companies, he came to Purdue
University to study computer science in Fall 1998. In May 2000, he received his
master’s degree in computer science, after which he continued to pursue a Ph.D.

degree, which he received in August 2004.



